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L N WE, THE PEOPLE OF INDIA, having
0 solemnly resolved to constitute India into a
(\% SOVEREIGN SOCIALIST SECULAR
S DEMOCRATIC REPUBLIC and to secure to
all its citizens:
.“'0 JUSTICE, social, economic and political ;
Q d LIBERTY of thought, expression, belief, faith
0Ny and worship;
(¥ EQUALITY of status and of opportunity;
& S| and to promote among them all
“eeRR FRATERNITY assuring the dignity of
the individual and the unity and integrity of the
g Nation;
7 o? IN OUR CONSTITUENT ASSEMBLY this
N Rpy  twenty-sixth day of November, 1949, do HEREBY
0% §8b ADOPT, ENACT AND GIVE TO OURSELVES
77 AL, THIS CONSTITUTION.
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NATIONAL ANTHEM

Jana-gana-mana-adhinayaka jaya hé
Bharata-bhagya-vidhata,

Panjaba-Sindhu-Gujarata-Maratha
Dravida-Utkala-Banga

Vindhya-Himachala-Yamuna-Ganga
uchchala-jaladhi-taranga

Tava subha namé jage, tava subha asisa mage,
gahé tava jaya-gatha,

Jana-gana-mangala-dayaka jaya hé
Bharata-bhagya-vidhata,

Jaya hé, Jaya hé, Jaya hé,
Jaya jaya jaya, jaya hé.

PLEDGE

India is my country. All Indians
are my brothers and sisters.

I love my country, and I am proud
of its rich and varied heritage. I shall
always strive to be worthy of it.

I shall give my parents, teachers
and all elders respect, and treat
everyone with courtesy.

To my country and my people,
I pledge my devotion. In their
well-being and prosperity alone lies
my happiness.
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| PREFACE |

Dear Students,
Welcome to the eleventh standard!

You have successfully completed your secondary education and have entered the
higher secondary level. You will now need to learn certain mathematical concepts and acquire
some statistical skills to add more applicability to your work. Maharashtra State Bureau of
Textbook Production and Curriculum Research has modified and restructured the curriculum in
Mathematics in accordance with changing needs.

The curriculum of Mathematics is divided in two parts. Part 1 covers topics in Trignometry,
Algebra, Co-ordinate Geometry and Statistics. Part 2 covers Complex Numbers, Sets and
Relations, Calculus and Combinatorics. There is a special emphasis on applications. Activities
are added in chapters for creative thinking. Some material will be made available on E-balbharati
website (ebalbharati.in). It contains a list of specimen practical problems on each chapter. Students
should complete the practical exercises under the guidance of their teachers. Maintain a journal
and take teacher’s signature on every completed practical.

You are encouraged to use modern technology in your studies. Explore the Internet for
more recent information on topics in the curriculum. Get more examples and practice problems
from the Internet. You will enjoy learning if you study the textbook thoroughly and manage to
solve problems.

On the title page Q.R. code is given. It will help you to get more knowledge and clarity
about the contents.

This textbook is prepared by Mathematics Subject Commitee and members of study
group. This book has also been reviewed by senior teachers and subject experts. The Bureau
is grateful to all of them and would like to thank for their contribution in the form of creative
writing, constructive criticism, and valuable suggestions in making this book useful to you and
helpful to your teachers.

The Bureau hopes that the textbook will be received well by all stakeholders in the right
spirit.

You are now ready to study. Best wishes for a happy learning experience.

Date : 20 June 2019 (Dr. Sunil Magar)

Indian Solar Date : 30 Jyeshtha 1941 Director
Maharashtra State Bureau of Textbook
Production and Curriculum Research, Pune.
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Mathematics and Statistics Std XI (Part II)
Arts and Science

Sr.
No Area Topic Competency Statement
The students will be able to -
 understand set of complex numbers and
different ways of expressing complex
| Complex Complex numbers.
Numbers Numbers perform algebraic operations on complex
numbers.
simplify algebraic expressions involving
complex numbers.
Revise AP, learn GP and HP.
Sequences and Sequences :
2 Series . Find the general term and the sum of the first n
and Series terms of these sequences.
. count the number of arrangements of given
Permutations . . o . o\
Permutations, objects satisfying specific conditions.
3 and .. . .
. Combinations count the number of possible selections of
combinations . . : .
objects with certain conditions.
Method of understand the method of induction and apply
Method of Induction it to verify mathematical statements.
4 Induction and
Binomial expand binomial expressions and find its
theorem Binomial general term.
Theorem simplify the binomial expression for negative
index or fractional power.
work with sets and operations on sets.
5 Sets construct sets from given conditions.
solve problems on applications of set
Sets and theory.
relations
: identify the types of relations.
Relations

study equivalence relations.




Functions

Functions

work with function defined on different
domains.

identify different types of functions.

carry out algebraic operations on functions.

Limits

Limits

understand the concept of limit of a function.
determine the limits of functions if they exist.

Continuity

Continuity

Define and study the continuity of a function
at a point and in an interval.

Differentiation

Differentiation

understand and study the differentiability of a
function.

understand and study differentiation of various
functions.




INDEX

Sr. No. Chapter Page No.
1 Complex Numbers 1
2 Sequences and Series 23
3 Permutations and Combination 43
4 Methods of Induction and Binomial Theorem 69
5 Sets and Relations 87
6 Functions 106
7 Limits 133
8 Continuity 160
9 Differentiation 179

Answers 196




1 COMPLEX NUMBERS
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@é‘% Let's Study

e A complex number (C.N.)
e Algebra of C.N.

e Geometrical Representation of C.N.
e Polar & Exponential form of C.N.

e De Moivre's Theorem.

Let's Recall

e Algebra of real numbers.

e Solution of linear and quadratic equations

e Representation of a real number on the number
line

e Representation of point in a plane

e Trigonometric ratios

Introduction:

Consider, the equation x> + 1 = 0. This
equation has no solution in the set of real numbers
because there is no real number whose square is
—1. We need to extend the set of real numbers to a
larger set, which would include solutions of such

equations.

We introduce a symbol i (greek letter iota)
such that i = ~/~1 and ## = —1. i is called as an

imaginary unit or an imaginary number.

mathematician Leonard Euler

Swiss
(1707-1783) was the first mathematician to

introduce the symbol i with i = J=1 and 2=-1.

1.1 A Complex number :
1.1(a) Imaginary Number :

A number of the form bi, where be R, b #0,
i= /-1 is called an imaginary number.

Ex : /=25 =5i, 2i, %i, —11i etc.

Note:
The number i satisfies following properties,
1) ix0=0
ii) IfacR,then \_z> =+i’a®> =%ia
iii) Ifa,beR,andai=Dbithena=>b

1.1 (b) Complex Number :

Definition : A number of the form a+ib, where
a, be R and i = /-1 with 2= -1 is called a

complex number and is usually denoted by z.

That is z = a+ib, a, beR and i =+/—1

Here 'a' is called the real part of z and is denoted
by Re(z) or R(z). 'b' is called imaginary part of z
and is denoted by Im(z) or I(z)

The set of complex numbers is denoted by C

;. C={atib/a,be R, and i=+-1}

Ex:
z a+ib Re(z) Im(z)
2+4i 2+4i 2 4
5i 0+5i 0 5
3—4i 3—4i 3 —4
s5+y_16 | S+4i 5 4
2+.f5i |2+45i 2 J5i
T3 (T30 [(T+43) | O




Note :

1) A complex number whose real part is zero
is called a purely imaginary number. Such a
number is of the form z=0+ib =ib

2) A complex number whose imaginary part is
zero is a real number.
z=a+ 0i = a, is a real number.

3) A complex number whose both real and

imaginary parts are zero is the zero complex
number. 0 =0+ 0i

4) The set R of real numbers is a subset of the
set C of complex numbers.

5) The real part and imaginary part cannot be

combined to form single term. e.g. 2 + 3i # 5§

1.2 Algebra of Complex Numbers :

1.2.1 Equality of two Complex Numbers :

Definition : Two complex numbers z, = a+ib
and z, = ¢ + id are said to be equal if their
corresponding real and imaginary parts are

equal.

ie. atib=c+id ifa=c and b=d
Ex.:1) If x+iy = 4+3ithen x=4 and y=3

Ex. : i) If 7a + i (3a — b) = 21 — 3i then find a
and b.

Solution : 7a+ (3a—b)i=21—-3i

By equality of complex numbers

Ta=21 Soa=3
and3a—b=-3 .. 33)+3=b
S 12=b

Note : The order relation (inequality) of complex
number can not be defined. Hence, there does not
exist a smaller or greater complex number than

given complex number. We cannot say i < 4.

1.2.2 Conjugate of a Complex Number:

Definition : The conjugate of a complex

number z = a + ib is defined as a — ib and is

denoted by Z
Ex:1)
z z
3+4i 3—4i
7i =2 =7i -2
3 3
5i —5i
2+ 3 2+3
7+5i | 7-5i

2) Properties of Z

D )=z

2) 1Ifz=7Z,then z is purely real.

3) Ifz=7Z, then z is purely imaginary.

Now we define the four fundamental
operations of addition, subtraction, multiplication
and division of complex numbers.

1.2.3 Addition of complex numbers :
Let z, = at+ib and z,=ctid
then z + z = (atib) + (ctid)
= (atc) + (b+d) i

In other words, Re(z +z,) = Re(z,) + Re(z)

and Im(z +z,) = Im(z,) + Im(z))

Ex. 1)2+3i) + (4+3i)=2+4) + (3+3)i
=6 +6i

2) (-2 +5i) + (7+3i)+(6—4i)

=[(-2) +7+6] +[5+3+(—4)]i
=11 + 4i

Properties of addition : If z, z, z, are complex
numbers then

) z+z = z+z (commutative)

i) z +(z,+z) = (z,tz,) + z,(associative)




iii) z + 0 = 0 + z = z (identity)
iv) z + Z = 2Re(z) (Verify)
v) (ZFZ) =7, +7%

1.2.4 Scalar Multiplication :

If z = a+ib is any complex number, then for
every real number k, define kz = ka + i (kb)

Ex. 1) If z = 7+ 3ithen
5z = 5(7+3i) = 35+ 15i
2) z, = 3-4iand z, = 10— 9i then
2z +5z, = 2(3 —4i) +5(10 - 9i)
= 6—8i+50—45i
= 56 —53i

Note: 1) 0.z=0(a+ib)=0+0i=0

1.2.5 Subtraction of complex numbers :
Let z =atib, z, = c+id then define
z~z, = z+(~1)z,= (atib) + (=1)(c+id)
(atib) + (—c —id)
= (a—¢) + i (b—d)
Hence, Re(z—z,) = Re(z,) — Re(z,)

Im(z~z,) = Im(z) — Im(z,)

Ex.1) z = 4+3i,z, = 2+
Sz~ 7, = (4430) — (2+)
=@4-2)+(3-1)i
= 2+2i
2) z,=7T+, z, =4i, z,=—3+2i
then 2z, — (5z, + 2z,)
= 2(7+i) — [5(4i) + 2(—3+20)]
= 14+2i—[20i — 6 + 4i]
= 14+2i—[-6+24i]
= 14+2i+6—24i

= 20-22i

Properties of Subtraction :
1) z — 7= 2Im(z) (Verify)
-7, -7

1) (2,72, 2

1.2.6 Multiplication of complex numbers:

Letz, = a+ib and z, = c+id. We denote

multiplication of z and z, as z .z, and is given by
z,.z, = (atib)(ct+id) = a(c+id)+ib(c+id)
= ac + adi + bei + i’bd
ac + (ad+bc)i —bd
(ac—bd) + (ad+bc)i

(- 2=-1)

Zl.Z2

Ex. 1)z, = 2+3i, z,= 3-2i
Sozpz, = (2430)(3-260) = 2(3-2i) + 3i(3-2i)

— 6—4i +9i — 67
=6-4i+9i+6 (. i=-1)
= 12 +5i

Ex. 2) z = 2-7i, z, = 4-3i, z, = 1+i then
(22).(z,).(z)=22-Ti).(4-30) . (1+0)
= (4-14i) . [4+4i—3i—3/]
(4—140) . [7+i]
= 28 +4i—98i—14:

= 42-94;

Properties of Multiplication :
i) z.z,= z,z (commutative)
i) (z,.z).z, = z,(z,.2,) (associative)
iii) (z,.1) = 1.z, = z, (identity)

iv) (Z,Z) =7, .Z, (Verify)

v) Ifz=atib zZ =a’+b’




1.2.7. Powers of i : We have J—1 =i, i = —1,
i =—i, i* = 1. Let us consider ", where n is a

positive integer and n > 4.

We divide n by 4 and obtain the remainder '7'.
Let m be the quotient.

Then, n= 4m + r, where(0<r<4

l'n — l‘4m+r — l‘4m. l'r — (l4)m l'r — llr — l‘r
Similarly,
1
dm — — _—  — 4m
m=1=——=1i
1
P=-1,P=ixP?=—i
N i
17 == 7 = :_l
i 1 -1

The above equations help us to find # for any
integer k.

L.
1 =1

l"2= i2=-1 :i6 l'-4= i4=1 _.8
i'=li’=-i|=i’
Fig. 1.1
cg () P = (A= =-1
() 2% = ("2 =-1
(i) # = (1-4)249+3 = (. P =i

Remark : In general,

l‘4n+1 — i,

l'4n+3 —

—iwheren e Z

1.2.8 Division of complex number :

Let z, = at+ib and z, = c+id be any two
complex numbers such that z,#0

Now,

Z a+ib

z, = etid where z,#0 i.e. c+id #0

Multiply and divide by conjugate of z,.
Z,  atib _ c-id
c—id
~ (atib)(c—id)
(c+id)(c—id)
_ (actbd)+(bc—ad)i
- C2 +d2

B act+bd N ac—bd ;
- C2+d2 c2+d2

actbd ac—bd
it R
Where (c2+d2 j €R and ( il j €

z, c+id

Ilustration : If z = 3+2i, & z, = 1+,

4 342
then z, =14
By multiplying numerator and denominator with

zz=1—z

2 3420 1
z, " 1+ 1
B 3-3i+2i—2?

R

5—i

-2
Ao 1
z, 2 2!




( SOLVED EXAMPLES j

Ex. 1 : Write (1+2i) (1+3i) (2+i)"" in the form
a+ib

Solution :

(142i) (1437) 24y = L2050

2+i

143i+2i+6%7  —5+5i  2—i
24 24 2

—10+5i+10i—5  —5F15i
4—p2 - 4+1

:—5+15i
5

(. 2=-1)

=—1+3i

2 3 5
2 tE T

1
Ex. 2 : (Activity) Express - ;

in the form of (a + ib).

Solution : ?=—1, 3=—i, i*=

L D+2(
= 1+ ]
a=L_1 p=[_]

D+3(_D+50C D

Ex. 3 : Ifaand b are real and
(#*+3i)a+ (i—1)b + 5= 0, find a and b.
Solution : (i*+3i)a + (i—1)b + 5= 0+0i
ie. (1+3i)a+ (i—1)b — 5i=0+0i
soa+3ai +bi—b—5=0+0i
ie. (a—b)+ (3a+tb—5)i = 0+0i
By equality of complex numbers, we get
a—b=0and 3a+b—5=0
.. a=b and 3at+b=35
s 3ata =5
4a =5

Ex.4:1If x +2i+15/% = 7x + ¢ (y+4)
find x + y, given thatx,y € R.

Solution :
x +2i+158% = Tx + 2 (y+4)
Sox +2i—15y = Ix —(y+4)i
(it=—1,2=-0)
SLox — 15y +2i=Tx —(yt4)i

Equating real and imaginary parts, we get
x —15y= 7x and 2 = —(y+4)
So—6x —15y=0 ....(1) y+6= 0...()
S y=—6, x= 15 [Solving (i) and (ii)]
Lxt+y=15-6=9

3
3
Ex. 5 : Show that (§+§J =1.

Solution :

)
LHS. =|—=*3|~=

2 2 2

(\@)3 +3(\/§)2 i +33i% + (i)’
B 2y
33491~ 33—

(EXERCISE 1.1)

1) Simplify :

i) V=16+3+-25 +4/-36 —/-625

i) 44 +5J=9 —34-16




2)

3)

4)

5)
6)

7)

Write the conjugates of the following
complex numbers

) 3+ ii) 3— iii) —/5—/7i
iv)=v-5 V) 5i vi) \f5—i
vil) V2 +3i viii) cos® + i sin®
Find a and b if

i) a+2b+2ai=4+6i

il) (a-b) + (atb)i=a+5i

iii) (atb) 2 +7)=b+ 1+ (10 + 2a)i
iv) abi=3a—b+ 12i

v) a+ib
vi)(a+ib) (1 +i)=2+1i

=3-2i

Express the following in the form of a+ib,
a,beR i =/-1. State the values of a and b.
1) (1420)(—2+i)  11) (1+)(1—0)™

o i(4+30) (2+)

i) — V) 3= (1+27)
1+iY 3427 3-2i

v (f) W osi s

2443
vii) (1+7)7° viii) 1id3 3

iX) (/5 +2v=4) + (1=/=9) + (2 +3i)(2—3i)

4% —3{° +3

x) (2+37)(2-3i) xi) m

Show that (—1+ \/51')3 is a real number.
Find the value of (3 + gj @@=i)(1+i")
i

Evaluate the following :

1) l'35 11) l'888 111) 1‘93 116

1v) i

v) 4% vi) o vii) 17888

Vlll) l’30 + l’40 + l‘SO + i60

8) Show that 1 + i'°+72°+ 7% is a real number.

9) Find the value of
1) l'49 + l'68 + l‘89 + l‘llO
i) i+P2+2+i
l'592 + l'590 + l'588 + l'586+ l'584

10) Slmphfy : l‘582 + l‘580 + l‘578 + l‘576+ l‘574

11) Find the value of 1 + 2+ i*+i5+ 8+, +i%
12) Show that 1 + {10+ 100 — 1000 ()

13) Is (1 + "+ i"®+%?) a real number? Justify
your answer.

14) Evaluate : (1’37 +%j

i
1 4

15) Prove that (1+i)* x [l-i-—_j = 16.
i

64Ty
16) Find the value of 1124

i3
1443 —1-43i
17) Ifa= 2\/_’, b=—

show that a?=b and b*=a.

then

X
18) Ifx+y = (atib)’, show that -+ 3 = 4(a>-b?)

a+3i )
19) If b 1—i, show that (5a—7b) = 0.
20) Tfxtiy = |22
+id’
a’+b’
prove that (x>+)?)* = 2

y
21) If (atib) = i—_z , then prove that (a>+b?) = 1.

xﬁ+ix/§+\/7—ix/§ . 1
ﬁ_i\/g \/74-1'\/5 1S real.

23) If (x+iy)® = y+vi the show that

22) Show that [




24) Find the value of x and y which satisfy the
following equations (x, yeR)
1) (xt2y) + 2x3y)i+4i =5
.. x+1 —1 .
= - + =
i) 1+i -

oo (ctiy) | 240 :i .
1i1) A +—2—3i 13 (1+0)

iv) Ifx(1+3i) + y2—i) — 5+ #=0, find x+y

v) Ifx+2i+15% = Tx+i* (y+4), find x+y
1.3 Square root of a complex number :
Consider z = x+iy be any complex number

Let \/x+iy =atib,a, beR

On squaring both the sides, we get

x+iy = (atib)?

x+iy = (a>-b*) + (2ab) i
Equating real and imaginary parts, we get

x = (a’-b?) and y =2ab

Solving these equations simultaneously, we can
get the values of a and b.

Solved Examples:
Ex.1 : Find the square root of 6+8i.

Solution :
Let, \/6+8i = atib (a, beR)
On squaring both the sides, we get
6+8i = (a+tib)’
-, 6+8i = (a’~b?) + (2ab) i

Equating real and imaginary parts, we have

6= a>b? e (D)
8=2ab e (2)
Lasy

4 2
- (1) becomes 6 = (Zj —b?

putb? = m

. m*+om—16=0

S (mA8)(m—-2)=0
“m=-8 or m=2
ie.b? =—-8 or b*=2
but b is a real number
So,b>=2 .. b=%2
For,b=\/§,a=2\/§

s J618 =242 +2i=202+0)
For,b=—\/§,a=—2\/§

coJ618i =2\V2-V2 i=-20+0)

6181 =32 (2+ 1)

Ex. 2 : Find the square root of 3 — 4i

sob? #-8

Solution :
Let \/3—4i =atib a, beR
On squaring both the sides, we have
3 — 4i = (atib)?

.3 —4i=(a*>-b?)+ (2ab) i

Equating real and imaginary parts, we have
a*~b*= 3, 2ab =—4

As (a*th?)? = (a’>-b?)> + (2ab)’
(a*th?)?*=32+(-4)*=9+16=25
(a’+b?)* =52
soatbr=5

Solving a*>+b? = 5 and a’>~b*= 3 we get
2a>= 8

a’= 4
a =32
For a=2;
-4 4
b_ 2a - Tz) __1




1.4 Fundamental Theorem of Algebra :

'A polynomial equation with real coefficients
has at least one root' in C.

or 'A polynomial equation with complex
coefficients and of degree n has n complex roots'.

1.4.1 Solution of a Quadratic Equation in
complex number system :

Let the given equation be ax* + bx + ¢ =0
where a, b, ceR anda #0

The solution of this quadratic equation is
given by
B ~b+/b* —4ac
2a
Hence, the roots of the equation ax*+ bx + ¢ =0

. ~b+~b* —4ac and —b—~b* —4ac

2a 2a

X

ar

The expression (b>—4ac) = D is called the
discriminant.

If D <0 then the roots of the given quadratic
equation are complex.

Note : If p + ig is the root of equation ax*+ bx + ¢
=0 where a, b, ceR and a # 0 then p — ig is also
a solution of the given equation. Thus, complex
roots occur in conjugate pairs.

Solved Examples :

Ex.1:Solvex*+x+1=0

Solution : Given equation is x>+ x+ 1 =0
Comparing with ax> + bx + ¢ = 0 we get
a=1, b=1,c=1

These roots are given by

3 —b+b* —4dac

2a
~-1+43
2
—1+/3i
N 2
-1++3i —1-+/3i
. Roots are 2[1 and ! 2\/51

Ex. 2 : Solve x’~(2/3 + 3i))x + 6/3i=0
Solution : Given equation is

=23 +30)x+63i=0

The method of finding the roots of

ax? + bx + ¢ =0, is applicable even if a, b, ¢

—b+~b* —4dac

2a
Here,a=1,b=—(2~3 +3i),c =63 i
B —4dac =[-Q2B3+3)P—4x1x643i
=12-9+123i— 243
=3-123i
=3(1-430)

So, the given equation has complex roots. These
roots are given by

(2\/§+3i)i\/3(1—4\/§i)

2

Now, we shall find \/1—4\/3 i
Leta +ib=1-43i

=B+ 2iab=1-43i

are complex numbers. where x =

X =

L a@—b=1 and 2ab=-4.3
@-b=1 and ab =-2.3

Consider (@* + b%)* = (a® — b*)* + 4 a*b*

= 1+4(12)=49
oat+ b? =7 ..(1)
andalsoa®>— b= 1 ..(2)
Solving (1) and (2)
2a*=8 L at=4

~a=+2 and b=+.3

.. We have four choices
b=3 .. (3)
b=—y3 .4




a=-2, b= . (5)
a=-2, b=—3 .. (6)
With this combination, the

ab =—2/3 should also be satisfied.

condition

Ex.4 : If x=-5+ 2\/1, find the value of

x*+9x3 4+ 35x2 — x + 64.

We can verify the values of a and b given by

(4) and (5) satisfy the condition and that from (3)

and (6) do not satisfy the condition.

b--3

b=3

m =+(2-4/30)

.. The roots are given by
(2v3+3i)+3(2-3i)

2
So, the roots are 2 /3 and 3i.

Hence, a=2,

and a=-2,

Ex. 3 : Find the value of x*—x*>+2x+ 10
whenx=1+./3 i

Solution : Sincex =1+ /3

Sox—1= \/3 i

squaring both sides, we get
(1) = (J3iy
SxP=2x+ 1 =37
ie.x?2x+1=-3
LxX=2x=-4 .

X=x2+2x +10=x*— (x>—2x) + 10

=X —(-4)+ 10 =x+ 14

=(1+J3i)+14
=1+33i-9-33i+14
=6

Solution : x=-5+2J-4 =-5+2Q2i)=-5+4i

Let P(x) =x*+ 9x* + 35x> — x + 64

Form the quadratic expression g(x) with real

coefficients and roots o = —5+4i and o =—5—4i.

a@ = (~5+4i)(—5—4i) =25 + 16 = 41
o+ a = (—5+4i) + (-5-4i) =—-10
Therefore g(x) = x* + 10x + 41

Now g(a) =a?+ 10 +41=0 ..(1)
We divide the given polynomial
p(x) by q(x).
x—x+4
10541 | x'+ 96+ 35 —x+64
X'+ 10x°+41x?
—x’ +6x°—x
—x3—10x’— 41x

(By D)

)

4x*+ 40x + 64
4x> + 40x +164

— 100
px)=(@*+10x +41) (x> —x+4)— 100
p(o) = g(a) (* — o+ 4) = 100

p(a)=0~-100=—100 (By 1)

( EXERCISE 1.2 )

Find the square root of the following
complex numbers

ii) 7+24i i) 1+4+/3 i
V) 2(1=+/3 1)

) —8—6i
iv) 3+2. /10




2) Solve the following quadratic equations.
) 8x*+2x+1=0
i) 2x2—Bx+1=0
i) 3x>—7x+5=0
iv) x>~4x+13=0
3) Solve the following quadratic equations.
i) x*+3ix+10=0
i) 2x2+3ix+2=0
i) x> +4ix—4=0
iv) ix>~4x—4i=0
4) Solve the following quadratic equations.
) ¥*—Q+tH)x—(1-7)=0
i) = (32 +20)x+642i=0
i) x> —(5—i)x+ (18+i)=0
iv) Q+ix*—(G5-i)x+2(1-))=0
5) Find the value of
iii) x> —x*tx+46, if x = 2+3i.

25
iv) 22— 11x*+44x+27, ifx =37,

5
V) x+xixt22, ifx =75
vi) x*+9 x’+35x*—x+4, ifx =-5+J—4.
vil) 2x* + 53+ T7x2—x+41, ifx = -2-/3 i

1.5 Argand Diagram or Complex Plane :

A complex number z = x + iy, x, yeR and
i= /-1 is expressed as a point in the plane whose
co-ordinates are ordered pair (x, y). Jean Robert
Argand used the one to one correspondence
between a complex number and the points in a
the plane.

Let z =x + iy be a complex number.
Then the point P(x, y) represents the complex

number z = x + iy (fig.1.2) i.e. x + iy = (x, ),
x = Re(z) is represented on the X-axis. So, X-axis

is called the real axis. Similarly, y = Im(z) is
represented on the Y-axis, so the Y-axis is called

the imaginary axis.

N
.:Cz;
o (XK P y)=2
£ D
L
) 0 (Real Axis) -
v
Argand Diagram
Fig. 1.2

eg. (1)(1,2)=1+2i
(3)(0,0)=0+0i
$)O,-1H)=0—-i

(2) —4+3i=(-4,3)

(4) 5+0i = (5, 0)

(6) 2-2i=(—2,2)
A diagram which represents complex

numbers by points in a plane with reference to

the real and imaginary axes is called Argand's
diagram on complex plane.

1.5.1 Modulus of z :

If z = a+tib is a complex number then the
modulus of z, denoted by | z | or 1, is defined as

| z | = Ja*+b* . (From fig. 1.3), point P(a, b)
represents the complex number z = a+ib.

nr=|z|=+a*+b*=0P

Hence, modulus of z is the distance of
point P from the origin where the point P
represents the complex number z in the plane.
e.g. For, z=4+ 3,

Modulus of z=|z | = V16 +9=25=5
1.5.2 Argument of z :

OP makes an angle 6 with positive direction

of X-axis. 0 is called the argument or amplitude

of the complex number z = a+ib, denoted by

arg(z).




A

NY

P(a,b)

Modulus and Argument of z

0]

\

“O=tan!' =

e.g. If z=2+2i then

-
arg(z) =0 = tan )

T

sotan!i(1) = 4

b
) -t

Note : If tan x = y then its inverse funtion is given
byx=tan!' yorx=arctany

Fig. 1.
ig. 1.3 ce:
b T 1 1 1 T
a - IR . B
nsind =—, cosh =——, r#0 D Astan o= T thentan = | 77 )=
C = - T
©- b =rsind , a =rcosd 2) Astan (—EJZ—tan — =—1 then
b 4 4
andtan® = —, ifa#0
a e P
t - j— [ ——
an’' (—1) 1
1.5.3 Argument of z in different quadrants/axes :
O=argz
b
z=a+ib Example Quadrant/Axis = tan™! (;) , from Example
(0<0<2n)
a>0b=0 ,=3 Onposmeareal 0=0 0=0
(X) axis
b
0 = tan™! (—] , -
a>0,b>0 z=1+i In quadrant I g ()=
i 0=tan'| - =
0<06<—2) 1 4
2
4=0 b<0 L= 5 On Positive G—E 0= —
' imaginary (Y) axis 2 B
b
0 =tan™' (—) +n |O=tan’ (Lj + 7
a<0,b>0 z=—-3 +i In quadrant 11 T a —\/55
(5<6<m) & __ 5%
2 6 """ %)
4<0,b=0 =6 Onnegatlv.ereal 0=n 0=n
(X) axis




b
0 =tan™' R 6=tan—1(_ 3]_,_7[
a<0,b<0 z=-1-3i In quadrant III I —14
T
(m<0<—) SRt
2 3750
: 3n 3n
_ _ o On negative g s
a=0,b<0 2= imaginary (Y) axis 8= 5 U= 2
b =
0 = tan-! (—j+2n 0 = tan 1( ] j+2n
a>0,b<0 z=1-i In quadrant IV a
CA R O .
- = — 4 = —
2 g Ty

: SOLVED EXAMPLESﬁ

Ex. 1: If z= 1434, find the modulus and amplitude
of z.

Solution : z=1+3; herea=1,b=3 anda,b>0

Lz = V1P +32 =410

b 3
amp z = tan™' - = tan’! 1 =tan'(3)

Ex. 2 : Find the modulus,
complex number —7 + 24i.

argument of the

a=-7,b=24

=625 =

Solution : let z = —7+24i

2=+ (24)

Here,

b
arg z = tan‘( j—tan (24j
a —7

Asa<0,b>0,0 lies in 2™ quadrant.

Properties of modulus of complex numbers :
Ifz, z,, z, are complex numbers, then

1) |z] =0 z=01e.Re(z) =Im(z) =0

i) [z|=[-z|=[Z|=I-Z]
iii) —[z]| < Re(2) < |z|;—|z| < Im(2) < |z
iv) zZ = |z

2| =1zl |z

vi) H —Z—l, z,#0

vil) 2,42 < 2]+ ]z
viil) | z +z|* =]z, + | z|* + 2Re (z,Z])
iX) |z,—z] =]z +]|z]—2Re (z,Z)
X) |z tzPtlz—z=2(z+|z/)
xi) |az,— bz +|bz+ az|

= (@+b?) (| z, +]|z) wherea, beR

Properties of arguments :

1) arg(z.z,)=argz targz,

2) arg(i—D =argz —argz,

3) argztargz =0, arg(zZ)=0

4) arg?z—argzzargL
z

5) [Ifargz =0 then z is real

1.5.4 Polar form of a complex number :

Let the complex number z = at+ib be
represented by the point P(a, b) (see fig 1.4)

b
Let msZXOP =0 = tan™! (;j and /[(OP) =r
=Ja*> +b*> >0, then P(r, 0) are called the Polar

Co-ordinates of P.




We call the origin as pole. (figure 1.4)

AY
P(a,b)=P (r,O )
X
Y
& b
0 =arg(z)
& '_ N
Pole O a M X
v

Polar Form of

Fig.1.4

As a

rcosf, b = rsind
.z =a+ib becomes
z =rcosO + irsin@

z =r(cosO + isinf)

This is called polar form of complex number
z =a+ib

1.5.5 Exponential form :

It is known and can be proved using special
series that e® = cosf + isin0

.~z = a+ib=r(cosO +isinf) = re®

where » = | z | and 6 = arg z is called an
exponential form of complex number.

Solved Example:

Ex. 1 : Represent the complex numbers

z=1+i, 7 = 1-i, —Z = —1+i, —z= —1-i in
Argand's diagram and hence find their arguments
from the figure.

Solution :

arg z is the angle made by the segment OA
with the positive direction of the X-axis. (Fig.1.5)

Fig. 1.5

Thus, 6 together with r gives the position of
the point A in the Argand's diagram.

Hence, from the figure 1.5,

3n
arg (—z)=135°= T

T
arg z=45° = 4

5m T

arg (—z)=225°= T’ arg z =315°= 7

Ex. 2 : Represent the following complex numbers
in the polar form and in the exponential form

)a+43i )2 ii)3i  iv)—<3+i
Solution :

i) Let,z=4+43i

a=4,b=4.3

F o= 42 +(43) =16+48 =+/64 =8

As 0 lies in quadrant I

D
I

(2] e (B

T
=tanI({f3) = g or 60°




The polar form of z=4 + 43 i is

z = 1 (cosO +isin0)

V4

8 (cos 60° + i sin 60°)

T .. =
= 8(cos?+zsm?)

The exponential form of z = 8§ el(SJ
i) Letz=-2
~a=-2,b=0

Hence, r = /(=2)> +0° = /4=2

As point (-2, 0) lies on negative real axis
0 =n° or 180°

.. The polar form of z=2(cos180°+i sin180°)
=2 (cos m+ isin )

.. The exponential form of z = 2¢™

iil) Letz= 3i
a=0, b=3
Hence, r = {J0* +3> =3

As point (0, 3) lies on positive imaginary axis

C

0= 5-or 90°

.. The polar form of z = 3(c0s90° + i sin90°)
T oom
=3 (cos 5 +isin7)
.. The exponential form of z = 3¢ 2

iv) Let, z=—+f3 +i

na=—3, b=1
r Zm:\BJr =J4=2

As (— /3, 1) lies in quadrant I

1 T
= tanl(—j tn=—-—+n

-3 6
_ om
6
The polar form of
z = 1 (cosO +isinb)
B St 5¢;
z = 2 (cosTJrzsmT

The exponential form of

)

z=re®=2e
3y,
Ex. 3 : Express z = V2.4 inthea+ ib form.
3n .
Solution: z= 2.es ' =r1e®

3n
ST= \/5, 0= a
As the polar form of z is
z=r1 (cosO + i sinB)
3 3
-2 (cosTnJrisinTn)

By using allied angles results in trigonometry, we
get

37‘5_ (ﬂ_ﬁ]_ T L
COST—COS ——COSZ——

4 P
[l

=1+

Sm o T -

Ex. 4 : Express (i) 3.e? x4.ei2

\/5 cos£+z'si11£
12

12

in a + ib form

ii)

( S5t .. 57rj
2| cos — +i sin—
6 6




Sm n

Solution: (i) 3.e”? x 4.0’
Strom).
~ Gy din)

=12e2 =12e

=12 (coszﬂ’sinzj
- 2 2

—12(0+4)=12i

bn T
2

\/5(005124'1811'112] - \/56121

(ii) P
2(00557T+isin57rJ 2e 6"
6 6

(L))

(EXERCISE 1.3 J

1) Find the modulus and amplitude for each of
the following complex numbers.

i) 7 —5i i) 3+2i iii) -8+ 15i
iv) =3(1-i) v)—4—4i vi) /3 i
vii) 3 viii) 1+ iv) 1 +i3

x) (1424 (1-i)

1-2isin@

2) Find real values of O for which [
is purely real.

4+3isin0J

3) Ifz=3+ 5i then represent the z, z,—z,—Z in
Argand's diagram.

4) Express the following complex numbers in
polar form and exponential form.

i) —1++/3i

1+ 2i
1-3i

i) —i
1+ 70
Dy

i) —1 i) o

v)

5) Express the following numbers in the form
x+iy

T T
i) /3 (cos <t isin <)

n T
ii) /2 (cos ——+isin —)

iii) 7| cos| —— |+isin| ——
6 6

T o, 5
v) e3 V) e? vi) e ©

6) Find the modulus and argument of the
1+ 2i

1-3i °

complex number

7) Convert the complex number
i—1

z= T 0T
COST-I-lsmT

in the polar form.

8) For z = 2+3i verify the following :
@)=z

iii) (z4+7) is real

i) zz =z
iv)z— 7 = 6i

9) z,=1+1i, z,=2 - 3i. Verify the following :

) ztz =2z + z
) 27z, =12 —
111) z,.z, =2z z,
Z—
1 ::1
v) 2 =




1.6 De Moivres Theorem: T T
. . cos| 8x— |+isin| 8x—
Ifz =re® and z, = 1 e ( 3 j ( 3 j

Then z,. z, = (r,e"1) (r,e) cos(z—ﬂJ —iSin(z—ﬂj
3 3

— i(0, +05,)
rl.rze 172

That is if two complex numbers are ( 8m _ o = Z_EJ
multiplied then their modulii get multiplied and 3 3
arguments get added. ( nj .. ( ﬂj

= cos 71'—3 +isin n—g

i0,
1 he 1 _ i i(6,-6,)
B 0, € T .. T
Z, r,e r, =_COS| — |[+1i1SIn| —
3 3

That is, if one complex numbers is divided

by the other, then their modulii get divided and =_ l+ iﬁ
arguments get substracted. 2 2
In 1730, De Moivre propsoed the ~ r ooz )
following theorem for finding the power of (i) (cosﬁ—zsm Ej
a complex number z = r (cos® + i sinB), as
[r(cos® + i sinB)]" = r" (cos n6 + i sin n6)] B 15nj . (ISnj
= cos| — |—isin| —
for any n € z. 10 10
The proof of this‘theorem can be given using — cos 3n ) _isin (3_”j
the Method of Induction (Chapter 4). 2
For example: = cos| w+ %) —isin(n + %j
i) (cosB +isinB)’ = (cos50 + i sin50) - .
ii) (cos0 + i sinB)™' = cos(=0) + i sin (-0) = T8y i (‘Smg)
2 2 2 - _0—i(-D =i
iii) (cos +isin0)3 = cos (EQJ + i sin (gej = 0-i(=D=i
. . 2
Solved Examples: (iii) (cos 50 +isin 50)
. . (cos40 —isin 40)’
Ex. 1 Use De Moivres Theorom and simplify. )
cos100 +isin1060

cos120 —isin126
cos100 +isin106

|

ii) (cos——zsm—)ls cos(—129)+isin(—129)
(
(

8
COS—+lSll’l —j

= cos[100—(-120)]+isin[100—(-120)]
cos 50 +isin 59)
cos40 —isin 49)

cos 220 + i sin 220

1i1)

Ex. 2 Express (1 +i)*in a + ib form.

8
Solution: (i) [cos%ﬂ'sin%} Solution : Letz=1+
x=1,y=1




i
4
- z=r1(cosb + isinf) = \/E{cos % +isin %}

=tan’' 1 =

4
Lz =(+ir= cosZ +isin ™
4 4
= \E cos4—ﬂ+isin4—ﬂ
4 4
= x/z[cosnﬂ’sinﬂ]

= 2[-1+i(0)]
= V2[-1]=—V2 =2 +0i

1.7 Cube roots of unity :

Number 1 is often called unity. Let x be the
cube root of unity i.e. 1

=1

xX=1=0

x—DH(x*+x+1) =0
x—1=0or x¥*tx+1 =0

—1£4/(1)° —4x1x1

x=1orx=
2x1
“1+/-3
x=1orx =—"7"—
2
_1+i3
x=10rx=T

Cube roots of unity are

L ~1+i3 Z1-iV3
2 2
Among the three cube roots of unity, one is
real and other two roots are complex conjugates
of each other.

1

[(~1)2x(=1)xi/3 (i3 )]

-I=|»—~ 4>|

(1-2i 3 -3)

1
= (2720 \3)
—1-i3
-2

1-i3)
Similarly it can be verified that [_ —21 J

B —1+ix/§
2

Thus cube roots of unity are 1,

2
4i3 (143
2 2

2
~1+i\3 ~1+i\3
= w, then =w?

2 2

Let

Hence, cube roots of unity are 1, w, w?

2
_1+i\/§ —1+i\/§
where w = and w?=

2 2

2 ; 4n;

Also note that | =2, w=e3 y?=e?
Properties of 1, w, w?
1)  wis complex cube root of 1.

sLowi=1
i) w-1=0

ie. (w—1) wW+w+l1) =0

Sow=1 or w+w+l =0

but w#1

o owrtwtl =0

vi) w=w? w=w21=w? Sow?=wn?

S}

vil) W=w

viil) w2=w




1.8 Set of points in complex plane

If z = x + iy represents the variable point
P(x,y) and z = x, + iy, represents the fixed point
A (x,,y,) then (i) |z—zl| represents the length of

AP
/ P(x.»)

A(xn yl) |2-2,|= AP
Fig. 1.6

(2) |z—zl| = a represents the circle with centre
A(x,y,) and radius a.

P(x, y)=P(2)

A(z))

|z-z,|=a

Fig. 1.7

3) | z—zl| =| Z—Zz| represents the perpendicular
bisector of the line joining the points A and
B.

\ B (z)
A(z)
A | z-z,|= BP
|z-z,|= AP \\P(Z)
\\
\
\
\
\
Fig. 1.8

Ilustration:

Forz,=2+3i,z,=1+iand z=x+ iy

(i) |z—z|=|(x+i)-Q2+30)|=|x+iy-2-3i
= |x=2)+i(y=3)| = J(x=2)* +(y-3)

represents the distance between (x,)) and
(2,3).

(ii) If |z—2z|=5, then
|(x+iy)—(=1+0)| =|(x+D+i(y-1)|=5
@) +(y-1)7 =5
LD H(y-1)72 =5

represents the circle with centre (—1,1) and
radius 5.

(iii) If |z—z|=|z—2z,| then
|(x+iy)—(2+3i)|=|(x+iy)—(—1+i)|
|(x—2)+i(y—3)|:|(x+l)+i(y—l)|
L (x=2 + (=3 =(x+ D)+ (y-1)°
X —4x+4+1Y"—6y+9

=X +2x+1+y* =2y +1
So—6x+4y+11=0 je. 6x+4y—-11=0

represents the perpendicular bisector of line
joining points (2,3) and (-1,1).

( SOLVED EXAMPLESj

Ex. 1 : If wis a complex cube root of unity, then
prove that

) 1
I)W

i) (1w =-1

1
t o2 =1

i) (1-w+n?)} =-8

Solution : Given, w is a complex cube root of

unity.

Sw=1 Also w*+w+1 =0




Sowr+l =—w and w+l =—w?
1 1 wtl —w?
1) W t o2 = 2w =-1

i) (1+w?? =(-w)y=-w* =-1
iii) (1-w+w?)® = (1+w’—w)?
= (—w-w)* (. 1+w*=-w)
= (2w)=-8w=-8x1=-8
Ex. 2 : If wis a complex cube root of unity, then
show that
1) (I-wtw?)’ + (1+w—w?)’=32
i) (1-w)(1-w?) (1-wH(1-w’)=9
Solution :

i) Since w*=1

and w#1 . w+w+1 =0
Also w*+1 =—w, w?+w =-1
and w+l =—w?

Now, (1-w+w?)?
= (wmw)? (1w =—w)
= (2w’
— 30

(Ihw—w?)° = (-w—w?)’
= (2w?)’
— 30

S (I=ww?)s + (T+w—w?)’ = 32w =32w!°
= =32w(1+w?)
= —32wix(-w) =32w° = 32(w’)
=32 x (1)?=32

i) (I=w)(1=w?) (I=wH)(1-w)
= (I=w)(1=w?) (I=w . w)(1=w’w?)
= (I=w)(1=w?) (1I=w)(1=w?)

= (1-wy(1-w?)®

= [(1-w)(1—w)P
= (1-w—w+w?)?
= [1-(w*+w)+17?
= [1-(-D)+1P = (1+1+1)* = (3)* =9
Ex. 3 : If w is a complex cube root of unity such

that x=a+b, y=aw+bw? and z=aw’+bw, a, beR
prove that

1) x+ty+z=0 ii) x*+y*+z3=3(a’*+b’)
Solution : Since w is a complex cube root of unity
~ w¥=1and w’+w+1 =0 but w#1 given

LWl =—w, wtl=—w? wi=wt=1

1) xtytz = atbtawtbw*taw’+bw
= a(l+w+w?)+tb(1+w+w?)
= a.0+b.0
=0

il) x*=a*t3a’b+3ab*+b’
y* = a’w*t3a’bw+3ab’wi+bws
z3 = a*w'+3a’bw’+3ab*w+b’w?
adding the above three equations

xX+y+z3 = ad(1+w+nw®)+3a’b(1+w+w?) +
3ab? (1+w*tw)+b3(1+w'+tw?)

= 3a% +32°b(0) +3ab’(0)+3b?
= 3(a’ + bY)

Ex. 4 : Prove that
1+w"+w?= 3, if n is multiple of 3
1+ww?= 0, if n is not multiple of 3, neN

Solution : for n, keN, if n is multiple of 3 then
n=3k and if n is not multiple of 3 then n=3k+1 or
3k+2

. if n is multiple of 3
1.e. n=3k

then 1+w+w? = 1+w¥p?3k




= [+(w3)+(w?)* 4) Ifaand B are the complex cube root of unity,

L)) show that
2_|_ 2 —
=1+141 (@) arprrop =0
5 (b) a*+B*+a'p! =0
Ifn=3k+r ,r=12. 5) Ifx=atb,y=oaat+pband z = af+ba wh@re
o and B are the complex cube-roots of unity,
As w is complex root of Unity. show that xyz = a’+b’

w', r= 1,2 is also complex root of Unity. 6) Find the equation in cartesian coordinates of

Ll wt+rwr=0 the locus of z if

we have, 1+w™+w?>=0, if n is not a multiple of 3. Q) lz =10 () lz-3l=2
(i)l z=5+6id =5 (iv) |z+8 =lz-4
) lz=2-2i = |z+2+2i

(EXERCISE 1.4 )

(Vl) |Z+3i| -1
|z - 6i|
1) Find the value of

i) wis ) w ) w0 iv) WS 7) Use De Moivres theorem and simplify the
following
2) If wis a complex cube root of unity, show i) (cos20 +isin 29)7
that (cos40 +isin 40 )3
i 2-w)(2—w?) =7
) (1 X " )64 i) cos 50 +isin 50
) (Irw=w? (cos30 —isin30)’
i) (1+w)y’—(1+w?)* =0
T LAY
iv) (2+w+w?)—(1-3w+w?)* =65 (cos3 +isin 13)
2\6 _ 2)3 — 1)
v) (BE3w+5w?)°—(2+6w+2w?)’ =0 Cosﬂ_isinﬂ 6
vi) _atbwrew? = 2 13 13
ctaw+bw?
vii) (a + b) + (aw + bu?) + (aw? + bw) =0 8) Express the following in the form a + ib,
viii)(a = b) (a — bw) (a — bw?) = a* — b’ a, be R, using De Moivre's theorem.
ix) (a + b)* + (aw + bw?)* + (aw? + bw)* = (=i i)+ i) (1 _\/gi)4
6ab

iv) (23 = 2i)’

3) Ifwisacomplex cube root of unity, find the

5

value of Let's Remember
1
N L Nl 2y
yw w i) wirww tit) (1w e A number a+ib, where a, be Rand i = /-1,
iv) (1-w—w?)* + (1-w+w?) is a complex number.
v) (1+w)(1+w?)(1+w*) (1+wb) e Letz =atibandz, = ct+id. Then

z, +z, = (atc) + (b+d)i




z,—z, =(a—) + (b-d)i
z,.z, = (ac—bd) + (ad+bc)i

z, (ac+bd bc—ad ).
P s a2 |
, \c"+d c +d

e For any non-zero complex number z = a+ib
1 a —b

+1
7z a2+b2 a2+b2

e For any positive integer k,

=1, A 4t = ] A3 =

=101 , 1 I

e The conjugate of z=a+ibis Z,is given by z
=a—ib

e The polar form of the complex number

z = xt+iy is r (cos® + i sin®) = r ¢® where

r = \/x*+y* is called modulus and

cos® =X | sind = % (0 is called argument

a1 | 2
of z) arg (z) = tan (xj

e w is complex cute root of unity then
l+w+tw?=0, w’=1.

MISCELLANEOUS EXERCISE - 1

I) Select the correct answer from the given

alternatives.

1) Ifnisanodd positive integer then the value of
1 + (l')Zn + (l‘)4n + (l‘)6n iS :

A)—4i B)0O Q)4 D)4

2) Th 1 f ] l‘592+i590+l‘588+l‘586+l‘584 ) 1
€ valuc o1 1S p . p 574 1S €qua
l582+l580+l578+1576+1574 q

to:

A)-2 Bl 00 D) -1

3) -3 /-6 is equal to
A)-32 B)3.2 0)3J2i D)-32i

4)

6)

7)

8)

9)

10)

1))
1)

If w is a complex cube root of unity, then the
value of w”+w!%0+w!0! is :

A)-1 B)1 )0 D)3
If z=r(cosO+isin®), then the value of i+z

z z

A) cos26 B) 2c0s20 C)2cosb D) 2sin6

If w(#1) is a cube root of unity and (1+w)’
= A + Bw, then A and B are respectively the

numbers
A)0,1 B)1,1 01,0 D)-1,1

The modulus and argument of (1+i NE) )8 are
respectively

2n 8n
A) 2 and 3 B) 256 and 3

C) 256 and 23—TE D) 64 and 43_7:
If arg(z) = 0, then arg (z) =
A)-6 B)6 C)n—6 D) n+6
If —1++/3i =re®  then 0 = ......cc....... .
21 T s 2n
A~z B3 O-73 D)3
If z=x+iy and |z—zi| = 1 then
A) z lies on x-asis B) z lies on y-asis
D) z lies on a rectangle C) z lies on a circle

Answer the following.

Simplify the following and express in the
form a+ib.

D) 3+J=64 i) 2P iil) (2+3i)(1—4i)

31'
1-

vii) (1+—) (3+ ) (5+i)7! viii) ﬁ—kil

1V) > i(—4-30) v) (1+30)*(3+i) V1)

354217+° 5+7i 5+7i

1X)

243 A3 4-3i




2)

3)
4)

5)

6)

7)

8)

9)

L
10) Show that (—=+ ﬁ)lo

Solve the following equations for x, yeR

D) (4=5ix + 2+3i)y = 10-7i
.. x+iy
)
i) (x+iy) (5+6i) = 243

=7-i

iv) 2x+% (2+i) = xi+10i'

Evaluate 1) (1—i+i?)™"° i) (iB1+%)
Find the value of
1) x+2x*-3x+21, if x = 1+2i.

i) x*™9x+35x*—x+164, if x = —5+4i.

Find the square roots of

i) ~16+30i ii) 15-8i iii) 2+2~/3

iv) 187  v) 3—4i vi) 6+8i

Find the modulus and amplitude of each

complex number and express it in the polar
form.

N Bt
v) 7
5L,
vil) —— + —=i

J2 A2

—3-2i,

1+\/§i
2

D) 8+15i i) 6-i i)

v) 2i vi) —3i

Represent 1+2i, 2—i,
in Argand's diagram.

—2+3i by points

5
Show that z = (1 1)(2 1)(3 1) is purely

imaginary number.

Find the real numbers x and y such that

x y  5%6i
142i T 3+2i = —1+8i

1 i o
+($—$) 0

11)

12)

13)

14)

15)

16)

17)

18)

19)

20)

Show that (1+ij8+ (1—1']8 2
ow that | —/= —= | =2.
V2 V2
Convert the complex numbers in polar form
and also in exponential form.

2+6\/§i

) 2= 5+\/§i
i) z=—6+2i
N L
2 2

+ib
If x+iy = AT prove that x*+y* =1.

a—ib ’

3
—-1++/-3
Show that z = (T\/_j 1s a rational
number.
1-2i 1+2i .
+
Show that 34 3ra; S real.
e e PP L. 1
Simplify 1) 04 10450 ii) (,65 +11T)

l‘238+l‘236+l‘234 +l'232 + l‘230
l'228+l'226+l'224 + l‘222 + l'220

] 2]

If a and B are complex cube roots of unity,
prove that (1—a)(1-B) (1—a?)(1-p* =9

iii)

Simplify |:

If w is a complex cube root of unity, prove
that (1—-w+w?)*+(1+w—w?)°* = 128

If w is the cube root of unity then find the
value of

14i3) (—1-i3)
2 172
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2 SEQUENCES AND SERIES

A
\v
|
\

@é}’ Let's Study

e A.P and G.P.

e  Sum of n terms of a G.P.

e  Sum of infinite terms of a G.P.
e H.P and A.G.P.

e AM.,GM, HM.

Let's Recall

2.1 Sequence :

A set of numbers where the numbers are
arranged in a definite order,like the natural

numbers, is called a sequence.

Examples : Natural numbers, Even integers

between 10 and 100, Squares of integers.

In general, a sequence is written as t, t, t,

t, t where t - first term, t, - fourth term, ...,

Finite sequence — A sequence containing finite

number of terms is called a finite sequence.

Itis written as {t, t, t, t } for some positive

integer n.

Infinite sequence — A sequence is said to be

infinite if it is not a finite sequence.
Itis written as {t t, t, }or {t}n=>1

Sequences that follow specific patterns are

called progressions.

In the previous class, we have studied

Arithmetic Progression (A.P.).

2.2 Arithmetic Progression— ( A.P.)

In a sequence if the difference between
any term and its preceding term (7 ) is
constant,then the sequence is called an Arithmetic

Progression ( A.P.)

Consider the following sequences

1) 2,5,8,11,14, ...

2) 4,10,16,22,28, ...

3) 416,064,256, ...

R

57257125777

5) -3,2,7,12,17, ...

The sequences 1), 2) and 5) are A. P. but the

terms in sequences 3) and 4) are not in A. P. as
the difference between their consecutive terms is

4)

not constant.

Ift tt

1,2, 3.,
for all n.

t arein A.P.thent —t =d,is constant

Hence the sequence can also be written as
a, atd, at2d, ... . Its n" term is t = a + (n—1)d,
t =aand sum of n terms i.e.

S =t +t 4.+t = g[2a+(n—1)d].

Ift t t

1, 2, 3.,
i) t+k trkttk, ... t +kare also in A.P.
i) kt,kt,kt, .., kt arealsoinA.P. (k#0)

m :
( Let's Learn

2.3 Geometric progression :

t are in A.P. then

A sequence t t, t, t ... is G.P. (Geometric

...... )

. . . 1 .

rogression) if the common ratio —— = r is
t

constant for all n.




Hence a G.P. can also be written as a, ar?, ar’, ....

where a is first term and r is common ratio.

Examples :

1) 2,4,8,16,....[herea=2,1r=2]

.. 1 1 1 1
m 1, —, —, —, ... [a=1,r=—+
) 3797 27 [ 3]

iy 1,-1,1,-1,1, -1, ...[a=1,r=—1]

2.3.1 The General term or the n* term of a G.P.
ForG.P,t =a,t,=ar, t,=ar’, t,=ar, ..

If a and r are the first term and common ratio
of a G.P. respectively. Then its n* term is given

by t=ar"" (Verify)
Ex. Find n™ term of the following G.P.
i) 3,-6,12,-24, ...
Herea=3,r=-2
Since t = ar™! =3 (-2)!

ii 1 —_—, .
11) 57 s ’ 25 s

| —

1
Here a=5 , r=z

S‘ t - n71_5 l nl_(ljn—Z
1mce T ar- - = 3 = 5 .

Properties of Geometric Progression.

Ift t t, ... t are in G.P. then

1, 2,3
1 11

1) — = —, i are also in G.P.
Lttt t

n

ii) (k#0) kt,kt,kt, ... kt_are also in G.P.

i) t°t"t" ... are also in G.P.

( SOLVED EXAMPLES j

39 7
2 2 4 9 4 9 e
G.P, if it is a G.P. Find its ninth term.

Ex. 1) Verify whether 1,

- 9
Solution : Heret =1 ,t= 73 L

-3
; -
Consider Z% -2 _

Z B 9 -3
and 2 _@( 3]‘ 2

Here the ratio of any two consecutive terms

is constant hence the given sequence is a G.P.

3
Nowt,= ar’'=ar®=1 (7)

Ex. 2) Which term of the sequence
3 ,3,33 052437

Solution : Here a= \/5 , I= \/3 , t=243
andt =ar"'
Lar'=243
(3 1=243=3°
)

S.n=10
*. Tenth term of the G.P. is 243.

Ex.3)ForaG.P.Ifa=3andt,=192findrandt, .

Solution : Given a=0]t = all=192

192
S O(nH=192 , H=—" =64

3
=20
=2,
alsot =a rH=3 (2)|:|: Ll

Ex 4) In a G.P. ,if the third term is % and sixth

term is é , find its n" term .

1 1
Solution : Here t,= 5%= 605




1
t3=ar2=§ ...(1),

S 1
te=ar =5z ...(2)

Divide equation (2) by equation (1), we get

ar’ _(1/625)

ar*  (1/5)
11
™75 =5

1
=3

1 n—1
t=ar"'=5 (gj =5x (5= (5

n-2

Ex 5) If for a sequence {t },t = Wshow that
the sequence is a G.P. Find its first term and the

common ratio.

511—2
Solution: t_ = 3
5n—1
ST g
5n-1
. t+1 42 5nt 43
Consider “t = 52 = g X gm
! 4n*3
5n—l—n+2 5
W = 74 =constant, v n € N.

5
The given sequence is a G.P. withr = e

16
and t="5

Let’s Note :

i) Three numbers in G.P. can be conveniently

a
assumed as s a.ar

ii1) Assume 4 numbers ina G.P. as

a a o
—- — ar, ar’ (Here ratio is 1°)
r

1v) Assume 5 numbers in a G.P. as

a a 5
7, —, d, ar, ar
r

Ex 6) Find three numbers in G.P. such that their
sum is 42 and their product is 1728.

Solution : Let the three numbers in G.P. be

a

. a.ar.

As their product is 1728

4 gar=1728
r

soad=1728 =(12)°
Soa=12.

According to first condition, their sum is 42
a
7+a+ar=42

12
St 12+4 12r=42

12
o 120=30

Multiply by r
2124122 =30r
212 =30r+12=0

Dividing by 6, we get
L2 =5r+2=0

L 2r-1)(r=2)=0

S2r=lorr=2

1
SLT=T r=2




If a=12, r =
24,12, 6.

5 then the required numbers are

If a = 12, r =2 then the required numbers are
6, 12, 24.

oo 24, 12, 6 or 6, 12, 24 are the three required

numbers in G.P.

Ex 7) Find four numbers in G. P. such that their
product is 64 and sum of the second and third
number is 6.

. a a
Solution : Let the four numbers be 3 ar, ar’
(common ratio is r?)

According to the first condition

a a
§X7Xar><ar3=64
soat=64

L a= (26)1/4 — 931

a=22 .

Now using second condition % +ar=6
& +232r =6.

Multiplying by r,

22+22 P=6r
Dividing by 2

2+ 2 2=3r

L2r-3r+ .2 =0,

J2 12 22r—1+ 2 =0,
Lre-J)-1@-)=0.
r-J2)(far—-1)=0.

1
r=+2 or r=—
2

Ifa= 2\/5, r= \/E then 1, 2, 4, 8 are the four
required numbers in G.P.

1
Ifa=2.2,1r= ﬁ then 8, 4, 2, 1 are the four

required numbers in G.P.

Ex 8) If p, q, 1, s are in G.P. then show that
(g1’ +(r=p) >+ (s—q)* = (p-s)’

) ) . q ' s
Solution : Since, p, q, 1, s are in G.P. _p 4= 7

S QP=pr,r*=qs,qr=ps
consider LH.S.=(q-r)*+(r—-p)*+(s—q)°

= @*-2qr + >+ r>=2rp + p* + s>-2sq + ¢

= pr —2qr +qs + qs —2rp + p? +s* —2sq + pr

—2qr +p*+s? = —2ps +p*+s? (- qr=ps)

(p—s)*=R.H.S.

Ex9) Shraddha deposited Rs. 8000 inabank which
pays annual interest rate of 8%.She kept it with the
bank for 10 years with compound interest. Find
the total amount she will receive after 10 years.
[given (1.08)'%=2.1575)]

Solution:

The Amount deposited in a bank is Rs 8000 with
8% compound interest.

Each year , the ratio of the amount to the

108
principal to that year is constant = 100

Hence we get a G.P. of successive amounts.

We consider the amount at the end of each year
for Rs 100 , the amount is 108.

amount 108
principal ~ 100

For P=28000,

The ratio of

the amount after 1 year is

8 8
— - 1+ —
8000 +8000 x 7= 8000( +1ooj

100
108 108

the amount after 2 years is 8000 X

100 100

108 \*
=8000 x |[—x
<1oo>




. 108 108

the amount after 3 years is 8000 X 100 % 100
108
100

3
~ 8000 x <%> .
Therefore after 10 years the amount is
= 8000 <%>w
8000 (1.08)'°
= 8000 x 2.1575 = 17260.

Thus Shraddha will get Rs 17260 after 10 years.

The formula to find amount by compound interest
1s

R N
A=P(l+—
100
A R
—_— 1+_
P 100

R N
Note that, (| 1+ —— | isa G.P]
100

( EXERCISE 2.1 )

1) Check whether the following sequences are
G.P. If so, write t

iy 2,6,18,54, ...

i) 1,-5,25,-125 ...
11 |
5:—,—5—)
Vs NN NG

iv) 3,4,5,6, ...
v)  7,14,21,28, ...

2) For the G.P.

3)

4)

S)

6)

7)

8)

9)

10)

11)

12)

e T
i1) Ia—243,

i) If r=-3andt,=1701, find a.

r=23 find t,.

2
v) IfaZE,t6= 162, find r .
Which term of the G.P. 5, 25, 125, 625, ... is
5109

For what values of x, the terms
4 4

X, —

3

are in G.P?

511—3
If for a sequence, t = i show that the

sequence is a G.P. Find its first term and the
common ratio.

Find three numbers in G.P. such that their
sum is 21 and sum of their squares is 189.

Find four numbers in G.P. such that sum of
the middle two numbers is 10/3 and their
product is 1.

Find five numbers in G. P. such that their
product is 1024 and fifth term is square of the
third term.

The fifth term of a G.P. is x , eighth term of
a G.P. is y and eleventh term of a G.P. is z
verify whether y’=x z .

If p,q,1,s are in G.P. show that p+q, g+r, r+s
are also in G.P.

The number of bacteria in a culture doubles
every hour. If there were 50 bacteria
originally in the culture, how many bacteria
will be there at the end of 5™ hour ?

A ball is dropped from a height 0f 80 ft.
3 th
The ball is such that it rebounds (Zj of the

height it has fallen. How high does the ball
rebound on 6™ bounce? How high does the
ball rebound on n™ bounce?




13) The numbers 3, x and x + 6 form are in G.P.
Find (i) x, (ii) 20™ term (iii) n™ term.

14) Mosquitoes are growing at a rate of 10%
a year. If there were 200 mosquitoes in
the begining. Write down the number of
mosquitoes after (i) 3 years (ii) 10 years
(111) n years.

15) The numbers x — 6, 2x and x? are in G.P. Find
(i) x (i) I**term (iii) n™ term.

r&% Let's Learn

2.3.2 Sum of the first n terms of a G.P. (S )

Consider the G.P.t, t,t,, ..... t ... we write

the sum of first n terms

Note : ) is the notation of summation, the sum is
ofallt (1<r<m)
n
In 2. the variable is 1.
r=1
Theorem : If a,ar,ar?, ....,ar" ! (r# 1)isa G.P. then

S =ag+ar’+ ... +am!'=t+t+t + ... +t
n 1 2 3 n

= itr = al—r") . (r;tl)

r=i (1—7") .
Proof : Consider S,=a+tar+ ar*+ ... +ar!
S, = a(l+r+r’+r+ .. + ") .. (1)

Multiplying both sides by r we get
rS =a(rtr+ri+ .+ 1) ..(2)
Subtract (2) from (1) we get S —S r=a (1-1")
S (1I-r)=a (1-1")

a(l—r")
n 1 —r

, T#1.

Let’s note :

1) Ifris positive and r < 1, it is convenient to
a(l1—r")
1—r

write S, =

2) Ifris positive and r > 1, it is convenient to
a(r'—1)

write S =—""—73

3) If r=1then G.P. is a, a, a ...a (n times),
So,S =a.n

4) Sn - Sn—l - tn

( SOLVED EXAMPLES j

Ex1) If a=1,r=2findS_ for the G.P.

Solution: a=1,r=2

S —a| Ty [ 22 oy
o) o) T

Ex 2) For a G.P. 0.02, 0.04, 0.08, 0.016, ...,
find S .

: _ _ 004
Solution : Herea=0.02, r= 002~ 2

r"—1 n_
S = a( ]20.02 (2 IJ
" r—1 2-1

= 0.02.(2"-1)

Ex 3) For the following G.P. 3, -3, 3, -3, ...,
find S .

Solution :
Case (i)

Ifniseven,n=2k

S, =(3-3)+(3-3) +(3-3) + (3-3) + ... 2k terms
= (3+3+ ... k terms) + (-3, -3, -3, ... k terms)
=3k-3k=0

Case (ii)

If nisodd ,n=2k +1

S, = (3 +3+3 .. kterms)
+(-3,-3,-3, ... kterms) + 3 =3k -3k +3=3




Ex4) ForaG.P.ifa=6,r=2,find S

r"—1
Solution: S =a ( j s

r—1

2" -1
S,=6 ( 71 J =6 (¥j=6(1023)=6138.

Ex 5) How many terms of G.P.
2,22,23,24..... are needed to give the sum 2046.

Solution : Herea=2,r=2, letS = 2046.

C20d46=a | =t oo (222 g o
2086 =a | T =2 | o 72 @

1023 =2"-1,2"=1024=2" .. n=10

Ex 6) If foraG.P.r=2,8 =1023,finda.

10
Solution : S L=a 2 -1
2-1

- 1023 = a (1023)

soa=l1.

Ex7)ForaGP.a=3,r=2,S =765,findn.

n

Solution :S =765 =3 ( 1 j =3(2"-1),

L0255 =2"-1,
2" =256 =128,

n=_8.

Ex 8) For a G.P. if S;= 16, S =144, find the first
term and the common ratio of the G.P.

Solution : Given

(FS_IJ
S,=a =16 .. (D)
r—1

Dividing (2) by (1) we get,
Se _ 0=l 144
s, opP-1 16
(F-DHE+D)
-
r’+1=09,
r=8 =23,
r=2
Substitute r=2 in (1) We get

21
a =16,
2-1
-6
o)™

a(7)=16,
a=16/7

Ex 9) Find 5+55+555+5555+ ... upto n terms.

Solution:
LetS,

5+55+555+5555+... upto n terms.

5 (I+11+111+... upto n terms)

5
=9 (9+99+999+... upto n terms)

9 [(10-1) + (100-1) + (1000-1) + ... to n
brackets]

5
9 [(10 + 100 + 1000 +... upto n terms)

— (1+1+1+ .....upto n terms)]
[@=10,r=10)and (a=1,r=1)]




Ex 10) Find the sum to n terms 0.3+0.33+0.333+

... h terms
Solution :

S = 0.3+0.33+0.333+ upto n terms

n

3[0.1+0.11+ 0.111+ ... n terms]
Multiply and divide by 9

3
= 5 [0.9+0.99+ 0.999+ ... n terms]

% [(1-0.1)+(1-0.01)+(1-0.001)+ ... to n

terms]

% [(T+1+1 ...... n terms)

—(0.1+0.01+ 0.001+ ...... n terms)]

[@a=1,r=1)and (a=0.1,r=0.1)]
3 _n—O.l(l_—O'IH)}

9 | (1-0.1)

1 0
_n—§(1—0.1 )}

ofw

Ex 11) Find the n® term of the sequence
0.4,0.44,0.444,...

Solution :

Here t =0.4

t,=0.44=0.4 +0.04

t,= 0.444 = 0.4+0.04+0.004

t =0.4+0.04+0.004 +0.0004 + ... upto n terms
here t_is the sum of first n terms of a G.P.

witha=0.4and r=0.1

Il
o| &
~
=

|
~~~
o
=
p—1
3

Ex 12) For a sequence , if Sn = 5(4"-1), find the

n" term, hence verify that it is a G.P., Also find r.

Solution :S_= 5(4"-1), S =5 (4r1-1)

1
We know that t = S —S
= 5@"—1)—-5@""'-1)
= 5M@")-5-5@""H*5
= 5(4"— 4
= s@H@E-1
= 5@ )
oot = 154"
Then,t = 15(4")

REREIC)

and t =15 (411—1)

— 4nfn+l — 4
= constant v n € N.

r=4.
The sequence is a G.P. with t =15(4"").

Ex 13) A teacher wanted to reward a student by
giving some chocolates. He gave the student two
choices. He could either have 60 chocolates at
once or he could get 1 chocolate on the first day,
2 on the second day, 4 on the third day and so
on for 6 days.Which option should the student
choose to get more chocolates?

Ans : We need to find sum of chocolates in 6
days.

According to second option teacher gives
1 chocolate on the first day , 2 on the second day,

4 on the third day, and so on.Hence itisa G. P.
with a= 1,r = 2.

. "—1
Byusing S = a (r j




64 -1 = 63
Hence the student should choose the second way

to get more chocolates.

Ex 14) Mr. Pritesh got a job with an annual
salary package of Rs. 4,00,000 with 10% annual
increment. Find his salary in the 5" year and also

find his total earnings through salary in 10 years.
[Given (1.1)*=1.4641, (1.1)!1*=2.59374]

Solution : In the year he will get a salary of
Rs. 4,00,000.

He gets an increment of 10% so in the second year

his salary will be

4,00,000 x (@j =4,40,000
100

In the third year his salary will be

2
4,00,000x 110 and so on ...
100

hence it is a G.P. with a =4,00,000 & r=1.1.
So, his salary in the fifth year will be

110\
t =ar*= 4,00,000x| — | =585640.
5 100

His total income through salary in 10 years

.|
will be S,=a { ]

r—1

[ (1.1)'0 = 2.59374]

— 4,00,000 x (2.59374—1)

0.1
1.59374}

=4,00,000 ( 01

=4,00,000 [15.9374] = 63,74,960.

Mr. Pritesh will get Rs. 5,85,640 in the fifth year
and his total earnings through salary in 10 years
will be Rs 63,74,960.

( EXERCISE 2.2 )

1) For the following G.P.s , find S_
) 3,6,12,24, ..

2 3

i) p,q L, 4
P

p2

9 e

iii) 0.7, 0.07, 0.007, ....

iv) /5,-5,55,-25...

2) ForaG.P.

2
1) a=2,r= —?,ﬁndS6

i) IfS,=1023,r=4, Finda
3) ForaG.P.
i) Ifa=2,r=3, S =242 findn.
i1) For a G.P. sum of first 3 terms is 125

and sum of next 3 terms is 27,
find the value of r.

4) ForaG.P.
i) Ift,=20,t=160,findS,
i) Ift,=16,t,=512,find S

5) Find the sum to n terms

i) 3+33+333+3333+...
i) 8+88+ 888+ 8888 + ...

6) Find the sum to n terms
i) 04+044+0.444 + ...
i) 0.7+0.77+0.777 + ...

7) Find the sum to n terms of the sequence
i) 0.5,0.05,0.005, ...
i) 0.2,0.02,0.002, ...




8) For a sequence, if S =2 ( 3"-1), find the
n™ term, hence show that the sequence is
aG.P.

9) IfS,PR are the sum, product and sum of the

reciprocals of n terms of a G. P. respectively,

S n
then verify that {E} =PpP2,

10) IfS_,S, .S, are the sum of n,2n,3n terms of

a G.P. respectively , then verify that
Sn (S3n_ SZn) - ( SZn_ Sn) 2'

11)1ﬁndﬁ)§i(3xzw (ii) §i5x3’

12) The value of a house appreciates 5% per year.
How much is the house worth after 6 years
if its current worth is Rs. 15 Lac. [Given :
(1.05)°=1.28, (1.05)° = 1.34]

13) If one invests Rs. 10,000 in a bank at a rate of
interest 8% per annum, how long does it take
to double the money by compound interest?

[(1.08) = 1.47]

2.4 Sum of infinite terms of G. P.

Consider a G.P. of the positive terms. The sum of
am—D:aﬂ—ﬂ
(r—1) 1-7r

If|#|> 1, » =1 is constant but 7 approaches oo

first n terms is

as n approaches oo, so the infinite terms cannot be

summed up.

Iflrl<1,m approaches 0, as n approaches c and

a(l—r) a
ﬁ approaches -

the sum Sn =

o SV a
Here the infinite sum E ¢, is said to be 1
—-r

r=1

1 1 1 1
Example : 1 + > Tat g tT1e

Solution :
here a = 1,r=7, ie.lrl<i

.. Sum to infinity is given by

iy

Visual proof : This can be visualised taking a

rectangle of 2x1 containing smaller rectangles of

1 1

area 1, 5 4 --square units.

0| —

ne
4 1

Fig. 2.1

These rectangles are seen to be completely in the
big rectangle and slowly fills up the big rectangle
of area two square units.

1

) 1
Thatis 1+ > + 2 +...=2.

( SOLVED EXAMPLESj

Ex. 1) Determine whether the sum of all the terms
in the series is finite. In case it is finite find it.

p L1 L
3?3

9 oo

25 125 625
iii) 1,-3,9,-27,81, ...

?)




Solution:
1) H S —l—L<1
1) ere:a—3,|r|—3—3

.. Sum to infinite terms is finite.

L B

.. 3 3 -3 3
i) Herea=—,r=——,|f|=|—|==-<1
5 5 5 5
.. Sum to infinite terms is finite.
SINE
5 5 3
go—a _\s) _\5)_3
l-r 1_(_;) 8 8
5 5

1) Herea=1,r=-3 |rf|=|-3|=3 £1

.. sum to infinity does not exist

2.4.1 Expressing recurring decimals as rational

numbers :
We know that recurring decimal fraction can
be written as rational numbers e.g. 0.666 ...0.6

= % This can also be checked using G.P.

Ex i) 0.66666...
=0.6 +0.06 + 0.006 +...
the terms are in G.P. with a=0.6, |r|=0.1| <1

.. Sum to infinite terms is finite and is

a 0.6 06 6

-7 1701 " 99 ~ 9

_2
3
i) 0.46 = 0.46+0.0046+0.000046 +
the terms are in G.P. with a = 046 ,
[r| =10.01] < 1.
.. Sum to infinite terms is finite and is
a 0.46 046 _ 46

1—r 1-(0.01) = 099 — 99

iii) 2.5=2+0.5+0.05+ 0.005+0.0005 + ...
After the first term,the terms are in G.P. with
a=0.5,=10.1<1

.. Sum to infinite terms is finite and is

a 05 05 5
1-» 1-01 09 9
7y, 23
2.7 =2+ 9 =9
( EXERCISE 2.3 )

1) Determine whether the sum to infinity of the
following G.P.s exist, if exists find them

v) 9,8.1,7.29, ...

2) Express the following recurring decimals as
a rational number.

i 0.7
i) 2.4
i) 2.35
iv) 51.02

3) Ifthe common ratio of a G.P. is % and sum

to infinity is 12. Find the first term.

4) If the first term of the G.P. is 16 and its sum

to infinity is % find the common ratio.




5) The sum of an infinite G.P. is 5 and the sum
of the squares of these terms is 15 find the
G.P.

6) Find (i) i4(0.5)’

(iii) g(—s)ﬁ—%j

7) The mid points of the sides of a square of
side 1 are joined to form a new square. This
procedure is repeated indefinitely. Find the
sum of (i) the areas of all the squares (ii) the
perimeters of all the square.

o5

(iv) 20.4”

8) A ball is dropped from a height of 10m. It
bounces to a height of 6m, then 3.6m and so

on. Find the total distance travelled by the
ball.

2.5 Harmonic Progression ( H. P.)

Definition : A sequence t, t, t,,t,,....t, ..

n’

(t#0,n € N) is called a harmonic progression if

111 :
1) t3...,t_n, ... arein A.P.
e.g., 1) 1, 1, 1 ...arein H. P. as
7 11 15
1—1, 1—1, 1—1 1e.7,11,15 ... arein A.P.
@) @ 69
1) L, 3 , 3 ... 18 H.P. as 4, 14, 16, ... are
4 14 16 3 3
in A.P.
( SOLVED EXAMPLES j

Ex. 1) Find the nterm of the H.P.
1 2 1 2

2757377
. 5 7 . )
Solution : Here 2, - 3, > are in A.P. with

1
a=2andd= o hence
H.P.

1
ForAP.t =a+(n-1)d=2+(n-1 )7

I S
=2t
_3.n
-2
3+n

- 2

Therefore in H.P. t = Ry

Ex. 2) Find the n term of H.P. % , 1, _?1 , _71 yeu

Solution: Since 5, 1, -3, -7, ... are in A.P.
witha=5and d=-4

Hencet=a+ (n—1)d

=5+ (n-1)(-4)
=5 —4n +4 = 9—4n.
1

For H.P. tn: 9—4n

2.6 Types of Means:
2.6.1 Arithmetic mean (A. M.):

If x and y are two numbers, their A.M. is given by
_ Xy
2

We observe that x, A, y form an A.P.

. xty
Le.A-x=y—-A . 2A=x+y .. A= 3

2.6.2 Geometric mean (G. M.) :

If x and y are two numbers having same sign
(positive or negative), their G.M. is given by

G=Jxy.
We observe that x, G, y form a G.P.

A

G- G*=xy

ie.—=
X




2.6.3 Harmonic mean (H.M.) :
If x and y are two numbers, their H.M. is given

2xy
xty -

by H=

We observe that x, H, y form an HP .

1e.L,L,LisinA.P.
x H vy
1 1
1 X Ty xty 2xy
“H o D =2xy S H= Xty

Note 1) : These results can be extended to n
numbers as follows

x1+ x2+ x3+... + X

A:

G = {x,.x,.%5... X,

H= L
1 1 1 1
ettt —
X X X X,

2) fx=ythenA=G=H
Theorem : If A, Gand H are AM., GM., HM.
of two positive numbers x and y respectively, then
1)G>*=AH ii)A>G>H
Proof : Let A, G and H be A.M., G.M and H.M.

of two positive numbers x and y

Then
2xy

Xty
A= 3 ,G=\/E,H= iy

. x-l-y 2xy
1) RHS=AH=< 5 ><xTy>

=xy=G*=L.H.S.

Xty
i) ConsiderA-G="75 — [xy

- 3 Gy 2 i)
5| (-2

1 2
=7(*/;‘\/;) 0

Since squares are always
non-negative.

LA-G=20 L A=G (0
A
—=>1 II
e i
Now since G*= AH
G A
H-G >1 (From II)
LG >1..G>
..H_l..G_H (111)
From (I) and (III)
A>G>H
(SOLVED EXAMPLES)

Ex. 1 : Find AM.,.G.M.,HM. of the numbers
4 and 16

Solution : Here x= 4andy = 16
xty 4+16 20

A= "7 2T

G~ = JAx16 = Vo4 =8
2xy 2x4x16 128 32

H: —_— —

xty — 4+16 ~ 20 T 5

Ex. 2 : Insert 4 terms between 2 and 22 so that the
new sequence is in AP.

Solution: Let A, A,, A,, A, be the four terms
between 2 and 22 so that

2,ALA, AL A, 22 are in AP with
a=2,t=22,n=6.

22 =2+ (6-1)d=2+5d

20 = 5d,d=4

A = atd=2+4=6,

A, = at2d=2+8 =10,




A

3

A

4

at3d=2+3x4=2+12=14

atdd =2 +4x4=2+16=18.

.. the 4 terms between 2 and 22 are 6, 10, 14, 18.

Ex: 3 Insert two numbers between % and 1—12 SO

that the resulting sequence is a HP.

1
Solution : Let the required numbers be H and

1 1

" 2 1 1 1 are in HP.

)

1 2
- and 19 are to be

1

. 2
inserted between 9 and B

Ex: 4 Insert two numbers between 1 and 27 so
that the resulting sequence is a G.P.

Solution: Let the required numbers be G, and G,
1,G,G,27arein G.P.
t=1,t,=G,, t,=G,,t,=27

=27

1°

a=1,t=ar’=27

r=27=33 ..1r=3

t2=G1=ar=1><3=3.

t=G,=ar’=13)*=9

3 and 9 are the two required numbers between
1 and 27.
Ex: 5 The A.M. of two numbers exceeds their

18
G.M. by 2 and their H.M. by 5 Find the
Numbers.

Solution : Given A= G + 2
G=A-2 . (D

18 18
Also A=H +5 H=A—? ..... D)

We know that G2=AH

18
(A-2) 2=A(A—?) .... from (I) and (II)
A>4A + 22=A2—15—8A
18 A _4a=—4
5
—2A =—4x35,
A=10

Also G=A-2=10—-2=8

Now, let the two numbers be x and y.

xty
As A= =10, xt+y =20,

2
y=20-x.. (1)
Now G = \/xy =8
xy =64 .. (IV)
x(20 —x) =64 ... from (III) and (IV)
20x —x?* =64

x>=20x + 64 =0

(x—16) (x—4)=0

x=l6orx=4

Ifx=16theny =4

If x=4theny=16.

The required numbers are 4 and 16.




1)

2)

3)

4)

S)

6)

7)

8)

( EXERCISE 2.4 )

Verity whether the following sequences are
H.P.

p L Lo
3 5 7 9
.. I 1 1 1
) —,—,—=,—
376 °712°24°
i) s, 19, 19,19,
17 32 47

Find the n®™ term and hence find the 8 "term

of the following HPs
. 1 1 1 1
1) A 0~ 2 o 9 440
2578 11
.. 1 1 1 1
11) RN T Y
46 8 10
NS I I T
"5 70015020,

Find A.M. of two positive numbers whose

16
G.M. and H. M. are 4 and 75~ respectively.

Find H.M. of two positive numbers A.M. and

G.M. are 12—5 and 6

Find GM of two positive numbers whose
A.M. and H.M. are 75 and 48

1 1
Insert two numbers between e and 3 SO

that the resulting sequence is a HP.

Insert two numbers between 1 and —27 so

that the resulting sequence is a G.P.
If the A.M. of two numbers exceeds their

G.M. by

numbers.

18
2 and their H.M. by = find the

9) Find two numbers whose A.M. exceeds their

1 25
GM by 5 and their HM by 26

|£ = Y
( /\1/% Let's Learn

2.7 ARITHMETICO-GEOMETRIC
PROGRESSION (A.G.P.) :

Definition : A sequence in which each term is
the product of the corresponding terms of an A.P.
and G.P. is called and arithmetico — geometric
progression (AGP).

e.g. Consider the sequence

(a) (a+d) | (a+2d) [ (a+3d)

A.P. 2 5 8 11

G.P. 1 3 9 27
(D (r) () ()

A.G.P.is a, (at+d)r, (at+2d) 12
i.e. 2x1, 5x3, 8x9, 11x27,...

,(at3d)r,

Here the first factors of the terms are in AP and the
second factors are in G.P.

Therefore the given sequence forms an A.G.P.

n™ term of A.G.P.
t =axl, t, = (atd)r, t, = (a+2d)r, ...
sot=[a+ (- 1)d] !
2.7.1 Sum of n terms of A.G.P.:
LetS =a+(a+dyr+(a+2dr+ ..
+la+ (- Dl
S =atartdr+ar+2dr+ ...
+ar' + (n—1)dr™! (1)
sorS =ar+ar’ +dr’ + ar’ Y2dr + ..

+ar + (n -1)dr ..(i0)

Subtracting (ii) from (i) we get




S —rS =a+dr+dr+..dr' —ar'—(n-)dr
nS (I=r)=a+dr+dr+ ..
+dr' — [a + n(n—1)d]r

S, (I-r)=a+dr [1(1—_7";)1}_ [a + (n—-1)d]r"
a dr(1=rY  [at(n—1)d]r

n 1-r (I-rn7 I-r
(r#1)

Note that, sum to infinity of A.G.P. is
a dr
1=r © (1-rp

: SOLVED EXAMPLE j

Ex 1) Find t_and the sum of n terms of
1,4,12,32,80,192, ...

Solution: Given sequence can be written as

1x1, 2x2, 3x4, 4x8, 5x16, ...

We observe that first factors in each term 1, 2, 3,
4,5, ...areinA.P.witha=1,d=1

and the second factors in each term 1, 2, 4, 8, 16,
...arein G.Pwithr=2
sot=[a+ (n— 1)dJrm!
=[1+(n— 2" =n2""!
We know that S of A.G.P. is given by

a (1=rY  [at(m—1)d]r
STt oy e (D
Substituting the values of a,d,r we get ,

1 (121 [I+(n—1)1]2"
S, = T2t 1270 T

1
S, = {+2(1-20)+n. 2

S, = —1+2-2"+n.2"
= 1-2"+n 20
= 1-2°(1-n) = 1+ (n-1) 2.

( EXERCISE 2.5 J

1) Find S of the following arithmetico —

geometric sequences

1) 2,4x, 6x% 8x%, 10x%, ...

i) 1, 4x, 7x%, 1023, 13x4, ...

1) 1, 2x3,3x9, 4x27, 5x81, ...
iv)) 3, 12, 36, 96, 240, ...

2) Find the sum to infinity of the following

arithmetico — geometric sequence

i) l’i’i’i""
4 16 64
iy 3,69 12 15
5 25 125 625
-4 7 -10
111) 1’ 3 b 9’ 27

Properties of Summation

Sk = kY k£0
r=1 r=1

where k is a nonzero constant.

n n

ii) Z (a+b)= le a+ >, b
r=1 r= r=1
iii) Zn: I=n
1
V) Yk=k Yl=kn, . k#0
1 1
Result: 1) The Sum of the first n natural numbers

z n (n+1)
r=1 2

Result 2) The Sum of squares of first n natural
numbers

B Z”: ,_ n(nt1)(2ntl)
r=1 ! 6




Result 3) The sum of the cubes of the first n 50

C n(n+1) : :z S
natural numbers = z = ( 5 j !
r=1 50 50
=242
The above results can be proved using r=1 r=1
i i S S 50(50+1
Mathematical Induction. (Chapter No. 4) _ 42 r_z 1 =4 x ( . ) _50
r=1 r=1
(SOLVED EXAMPLES) —2x50>51=50
=50(2x51-1)
Ex 1) Evaluate Z 8r—7) =>0(101)
r=l =5050.
Solution - Z; ®r=7)= ;&_ Z 7 Ex4)Find 1 x5+3x7+5x9+7x 11
U " ... upto n terms.
8 Y -7 Y 1-8 (”("—”)j—m
r=l r=l 2 Solution : Note that first factors of each term
=4 (n*n) —7n = 4n> + 4n —7n = 4n’-3n. 1,3,5,7,...are in A.P. with a =1, d=2.
t=a+(r-1)d=1+(r-1)2=2r-1.
Ex 2) Find 32 +4%+ 5° + ... +29. Also the second factors 5,7,9,11, ... are also in
Solution: 32+4*+ 52+ .. + 292 AP witha=5,d=2.
=(17+ 22+32+...+29?) - (12 +2%) t=5+(-1)2=5+2r-2=2r+3
29 2 n
Se- Y e WS = D @2r—1)(Q2r+3)

r=1

_ 29(29+16)(58+1) B 2(2+1g(4+1) _ Z; 4+ ar—3)

—(29%x30%x59)/6-(2x3x5)/6 ) o
= (29 x 5% 59) 5 4er2+4er—le

=5029x59-1)=5(1711-1)
n(n+1)(2n+1) n(n+1)

Ex 3) Find 100> — 99> + 982 - 972 + ... + 22 —1?
Solution : 100> —-99%+982—-97>+ ...+ 2212

=n [2(n+1)3(2n+1)} +2n(nt+l)—-3n

= (100> +98 +96*+ ... +22)—(992+ 97> + n
=?[2(2n2+n+2n+1)+6(n+ 1)-9]

95+ ...+ 1)
50 50 n

=D Q2= @r-1y =3 [(4n*+6n+2)+ 6n-3]
r=1 r=1

50
n
=D (4r-4r+4r-1) =3 (4n>+ 120 1)
r=1




2.8 Power Series

Some functions can be expressed as infinite sums
of powers of x. They are called powers series.

Some examlpes of Power Series are,

xZ x3 x4

X

1) e =1+1—!+T+ﬁ+ﬂ+...
X XX

2) sinx =xX—3rtE AT T

3) cosx =1-— 2—!+ﬂ—6—!+...
L x , x x x_“
5) Iflx| <1 then
2 x X
log(l+x)=x—7+T—T

The proofs of the equations given above are
obtained at more advanced stage in mathematics.

( EXERCISE 2.6 )

1) Find thesum Y, (r+1) 2r—1)

r=1

2) Find Y, (3r2—2r+1)

r=1

(14243
3 Fmdz(uj

n (P2t
4) FindZ( e j

5) Findthe sum 5 x7+9 x 11 + 13 x 15+ ...
upto n terms.

6) Find the sum 24+4% + 6>+ 8%+ ... upto n terms.

7) Find (70° — 69%) + (68°~6T°)+(66°~65%) + ...
+(2-12)

8) Find the sum 1x3x5 + 3x5x7 + 5x7x9 + ... +
(2n-1) (2n+1) (2n+3)

1x2+42x3 +3x4+4x5+ ... upto n terms

9) If
1 +2+3+4+.. upton terms

= 13&, find n.

10) If S,,S,and S, are the sums of first n natural

1272
numbers, their squares and their cubes

respectively then show that -
9S7 =S, (1+88)).

’—WLH'S Remember

1) ForAP.t =a+(n-1)d

a(r" 1)
(r=1)

xty
3) A.M. of two numbers A=""75

2) For GP.t=ar"", S =

4) G.M. of two numbers G = \/E

2xy
xty

5) H.M. of two numbers H=
6) G*=AH

7) Ifx=ythenA=G=H
8) Ifx#y then H<G<A.

MISCELLANEOUS EXERCISE - 2

(I) Select the correct answer from the given
alternative.

1) Thecommonratio forthe G.P. 0.12,0.24,0.48,
is —

A) 0.12 B) 02 (C)0.02 D)2.

2) The tenth term of the geometric sequence

1 -1 .

—4,—2,1,—2, .18 —

A) 1024 B) —— ) -128 D)——t
) ) 1024 ) - ) 128




3)

4)

5)

6)

7)

8)

9)

10)

t 1458
If for a G.P. t_: =54 then r =2
A)3 B)2 CO1  D)-l

Which term of the geometric progression
1,2,4,8, ...1s 2048.

A)10% B)11*  C)12"  D)I13®

If common ratio of the G.Pis 5, 5" term is

1875, the first term is -

A) 3 B)5 C)15 D)-5

21
The sum of 3 terms of a G.P. is I and their

product is 1 then the common ratio is —

A) 1l B)2 04 D)8
Sum to infinity of a G.P. 5 ,— é, é , — é ,
5 2 4 8
—, ... 18—
16

1 10 3
A)S5 B)- — C) — D) —
) ) 5 ) 3 )10
The tenth term of H.P. Z, l, 3, L, .. 18 -

9 7 19 12
1 9 5

A) — B) - C) - D) 27.
) > ) 5 ) 5 )

Which of the following is not true, where
A, G, H are the AM, GM, HM of a and b
respectively. (a, b > 0)

a+b
A)A= 2 B) G= Jab
C)H= 2ab D)A= GH
)H= a+b VA= )

The G.M.of two numbers exceeds their H.M.

by g , the A.M. exceeds G.M. by 3 the two
2

numbers are ...
A)6,15/2
0)3,12

B) 15, 25
D) 6/5, 3/2.

(I) Answer the following.

1) InaG.P, the fourth term is 48 and the eighth
term is 768. Find the tenth term.

2) Find the sum of the first 5 terms of the G.P.
whose first term is 1 and common ratio is 2

3) F G.P 4 dt 243 find th

oraGP a= — andt = ——, find the
value of r. 3 1024
n-2

4) For a sequence , if t = PI=E verify whether
the sequence is a G.P. If it is a G.P. , find its
first term and the common ratio.

5) Find three numbers in G.P. such that their
sum is 35 and their product is 1000.

6) Find five numbers in G.P. such that their
product is 243 and sum of second and fourth
number is 10.

7) Forasequence S =4 (7"-1) verify that the
sequence is a G.P.

8) Find 2+22+222+2222+ ... upto n terms.

9) Find the n™ term of the sequence
0.6,0.66,0.666,0.6660, ...

10) Find . (51 +4r-3)

r=l1
11) Find Y, r(r =3 )(r-2)
r=1
n 2 2 2 2

12) Find F+2°+3 +..+r

r=l1 2r+1
' P23
13) Find

r=1 (V+1)2

14) Find2x6+4x9+6x 12+ ... upto n terms.

15) Find2x5x8+4x7x10+6x9x12+ ..
upto n terms.




1P 1P+2?
16) Find T +

terms.

17) Find 122+ 132+ 14+ 15* + ... 207

1 +22+3°
_|._
2 3

+...upton

1+2+3+4+5+... upto n terms _i
1x2+2x3+3x4+4x5+... upto n terms 22

18) If
Find the value of n .

19) Find (50°—49?) + (48°~47* }+(46>~45% ) + ..
+ ( 22_12 )

5
20) If 1x3+2x5+3%x7+... upto n terms _ 55 find

I’ +2° +3° +...upto n terms

the value of n.

21) ForaG.P.if t,=7,t,=1575find a
22) IfforaG.P.t=1/3,t=1/81 find r

n 2 r
23) Find ), (5) ~
r=1

24) Find k so that k—1,k , k+2 are consecutive
terms of a G.P.

25) If for a G.P. first term is (27)* and seventh
term is (8)*, find S,.

26) If p*, q * and r" terms of a G.P. are x.y,z
respectively .Find the value of x%*.y*P .zP™

27) Which 2 terms are inserted between 5 and 40
so that the resulting sequence is G.P.

28) Ifp,q,r are in G.P. and p"*= q'¥ = r "7 verify
whether x,y,z are in A.P. or G.P. or neither.

29) If a,b,c are in G.P. and ax’*+2bx+c=0 and
px*+2qgx+r=0 have common roots then verify
thatpb’—2qgba+ ra> =0

30) If p,q.r,s are in G.P., show that (p*+ ¢*+ 1?)
(q* +r*+ 8*) = (pg+qrtrs)’

31) If p,q,r,s are in G.P. , show that (p" + q"),
(q" + 1) , (r"+s") are also in G.P.

32) Find the coefficientof x° in the expansion of
e** using series expansion .

33) Find the sum of infinite terms of

4 7 10 13
l+—+—+—+ —
5 25 125 625
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3 PERMUTATIONS AND COMBINATIONS
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&é} Let's Study

e  Fundamental principles of counting

e  Factorial notation

e Permutations

e  Permutations of distinct objects

objects are

e  Permutations when

identical

some

e  Circular permutations

e Combinations

Let's Recall

e The number system.

e The four basic mathematical operations:
addition, subtraction, multiplication,
division.

3.1 INTRODUCTION

Counting is a fundamental activity in
Mathematics. Learning to count was our first
step in learning Mathematics. After learning to
count objects one by one, we used operations
of addition and multiplication to make counting
easy. We shall now learn two more methods of
counting to make complicated counting easier.
These two methods are known as permutations
and combinations.

Permutations refer to the number of different
arrangements of given objects, when the order of
objects is important. Combinations are related to
the number of different selections from a given
set of objects, when the order of objects in the

selections is immaterial.

The theory of permutations and combinations
is central in problems of counting a large number
of objects that are impossible to count manually.
The theory of permutations and combinations
enables us to count objects without listing or
enumerating them.

Let us begin with the following simple
example. Every smartphone requires a passcode
to unlock it. A passcode is formed by four of the
ten digits on the screen. The order of these four
digits cannot be changed for passcode to work.
How many distinct passcodes are possible? Note
that a passcode consists of four digits. The first
digit of a passcode can be any of the ten digits,
the second digit can be any of the ten digits, and
similarly for the third and fourth digits. This
gives a total of 10 x 10 x 10 x 10 = 10,000 as the
number of distinct possible passcodes.

Consider one more example which is not
as easy as the last example. The school cricket
team has eleven players. The school wants a
photograph of these players, along with the
principal and the two vice principals of the
school, for school magazine. Seven chairs are
arranged in a row for the photograph. Three chairs
in the middle are reserved for the principal and
the two vice principals. Four players will occupy
the remaining four chairs and seven players will
stand behind the chairs. The question then is: “In
how many different ways can the eleven players
take positions for the photograph?” This example
will be considered later in the chapter. Till then,
we can try, on our own, to find the number of
different ways in which the eleven players can sit

or stand for the photo.




Let us understand three principles of counting
that are fundamental to all methods of counting,

including permutations and combinations.

3.2 Fundamental principles of counting
Tree Diagram

We have learnt in set theory that subsets of
a set can be represented in the form of a Venn
diagram. An alternative method is to draw a tree
diagram if the subsets are disjoint. For example,
The games students play at school are of two types
1) Indoor games, 2) Outdoor games. Available
indoor games in school are chess, carrom and
table tennis. While outdoor, games in school are
cricket, volleyball, basketball and badminton.
Such information is presented with the help of

tree-diagram as follows: (see fig 3.1)

School Games

Indoor Outdoor
Chess Carrom  Cricket / \Volley ball
Table Tenniss Basket  Badminton
ball
Fig. 3.1

Diagrams of this nature are called tree diagrams.
A tree diagram shows the division of a set into

disjoint subsets.

The fundamental principles of counting
provide an efficient way of finding the number of
different ways to carry out two or more activities,

either simultaneously or successively (that is, one

after another).

3.2.1 Addition Principle:

Consider the situation where a boy wants
to go for movie. He has three T—shirts of three
different colours: white, green, and blue. He also
has four shirts of four different colours: red, green,
yellow, and orange. How many choices does he
have to wear? This situation can be represented

using a tree diagram as follows. (see fig 3.2)

What to wear?

Shirt T-Shirt
Red Green White Green
Yellow Oran ge Blue

Fig. 3.2

The tree diagram shows that the boy has 4 choices
in shirt and 3 choices in T-shirt, i.e. seven choices
in all.

The boy can choose from 4 Shirts OR from
3 T-shirts. Hence, the number of ways of choosing
are 3 +4="71nall.

This example shows that the total number
of outcomes is obtained by adding the number of
outcomes of each characteristic when only one
characteristic is to be chosen.

Statement of The Addition Principle.

Addition Principle : Suppose one operation
can be done in m ways and another operation can
be done in n ways, with no common way among
them. If one of these operations is to be performed

then there are m + n ways to do it.




Ex. 1) A restaurant offers five types of fruit
juices and three types of milk shakes. If a customer
wants to order a drink, how many choices does

the customer have?

Solution : Since the restaurant offers five fruit
juices, the customer has five ways of selecting a
fruit juices. Similarly, since the restaurant offers
three types of milk shakes, the customer has three
ways of selecting a milk shake. Finally, since the
customer wants to select only one drink, there are

5 + 3 = 8 choices for the customer.

Ex. 2) Consider an experiment of drawing
a card from a pack of 52 playing cards. What is
the number of ways in which the drawn card is a

spade or a club?

Solution : Since there are 13 spade cards and
13 club cards hence the number of ways in which
the drawn card is spade or club is 13 + 13 = 26

ways.

Note : The word ‘OR’ in the statement

suggests addition, i.e. ‘+’.

3.2.2 Multiplication principle

Now, consider the following situation. An
Ice creamis served eitherinacup orinacone. Also,
Ice cream is available in three flavours: vanilla,
chocolate, and strawberry. This information can
be represented in the form of a tree diagram as
follows. (see Fig 3.3)

Ice Cream

[ |
cup Colne
. — |
Chocolate ~ Strawberry Vanila  Chocolate Strawberry

Vanila

Fig. 3.3

There are 2 ways of choosing mode of serving

and 3 ways of choosing flavours.

So, the tree diagram shows that there are six
possible outcomes, i.e. 2 x 3 = 6 ways to serve
Ice cream.

In the example of Ice cream, the final count
of six is obtained by multiplying 3 (number
of flavours) by 2 (number of serving options),
in either order.

Definition of The Multiplication Principle

If one operation can be carried out in m
ways, followed by the second operation that can
be carried out in n ways, and these two operations
are independent then the two operations can be
carried out in m x n ways.

Ex. 1) : Samadhan Bhojanalay offers a thali
that has four items: roti, rice, vegetable and dal.
Following choices are available and one option is
to be selected for each item.

Roti: chapati, tandoor roti

Rice: plain rice, jeera rice, dal khichadi

Vegetable: dum aloo, paneer masala, mixed
veg

Dal: dal fry, dal tadka

How many different menus are possible?

Solution : Since one option is to be selected
for each item, the number of different possible
thali choices are identified as follows.

Roti 2, Rice 3, Vegetable 3, Dal 2 and hence
the total number of different possible thali menus
is2x3x3x2=36.

Ex. 2) A company decides to label each of
its different products with a code that consists of
two letters followed by three digits. How many
different products can be labeled in this way?




Solution : Since the first two characters
in a label are letters, they can be formed in
26 x 26 =676 ways. The next three characters are
digits and can be formed in 10 x 10 x 10 = 1000
ways. The total number of distinct labels is, by
the multiplication principle, given by 676 x 1000

=6,76,000.

Activity 1) Suresh has 4 pencils and 2 erasers.
He wants to take one pencil and one eraser for the
examination. Can we find the number of ways in

which he can select a pencil and an eraser?

Activity 2) Sunil has 4 ballpens of one
company and 3 ballpens of another company. In
how many ways can he select a ball pen?

In the above activities, can we decide when
to use the addition principle and when to use the
multiplication principle? Can we give reasons?

What are answers in the above examples?

Remark: The addition and multiplication
principles can be extended from two to any finite
number of activities, experiments, events, or

operations.

Extended Addition Principle :
there are three possible choices with no common

Suppose

outcome for any two, the first choice can be made
in m ways, second in n ways and third in » ways.
If only one of the choices is to be made, it has
m + n + r possible ways.

Extended

Suppose an experiment

Multiplication Principle:
of three

independent activities, where first activity has

consists

m possible outcomes, second has n possible
outcomes, third has  possible outcomes. Then the
total number of different possible outcomes of the

experiment is m x n x r.

3.3 Invariance Principle

The result of counting objects in a set does
not depend on the order in which these objects are
counted or on the method used for counting these
objects.

For example, 1) In earlier example of
addition principle of choosing first from
4 Shirts, then from 3 T-Shirts is same as
choosing first from 3 T-Shirts and then from
4 Shirts.

2) In earlier example of multiplication
principle choosing first from 2 modes of servings
and then from 3 flavours is same as choosing first
from 3 flavours and then from the 2 modes of
servings.

( SOLVED EXAMPLESj

Ex. 1) : From the figure below, find the total
number of routes from A to B. e.g. one upper route

is A>D—->N—>E—B. (See fig 3.4)
N

S
Fig 3.4

Solution: A—2 sN—E 3B is one route
through N. A—>N—5B

through N. Thus there are in all 2 x 3 = 6 routes

1s another route

through N. There are 2 routes through S. Hence

the total number of routes is 6 + 2 = 8.




Ex. 2) : Suppose 5 chocoloates of different
type are to be distributed among 4 children and
there is no condition on how many chocolates a
child can get (including zero.) How many different
ways are possible for doing so?

Solution: The first chocolate can be given
to any of the four children. Therefore, there are
four different ways of giving the first chocolate.
Similarly, the second chocolate can be given in
four different ways, and similarly for each of
the remaining chocolates. The multiplication
principle then gives the total number of different
waysas 4 x4 x4 x4 x4=4=1024.

Ex. 3) : How many even numbers can
be formed using the digits 2, 3, 7, 8 so that the
number formed is less than 1000?

Solution: The condition that the number
formed from the given digits is less that 1000
means that this number can have upto 3 digits. Let
us therefore consider the three cases separately,

case i) One digit numbers

Since the number must be even, the one—
digit number can be only 2 or 8. Hence, there are
2 ways of forming a one digit even number.

case ii) Two digit numbers

Since the required number is even, the units
place of a two—digit number must be either 2 or
8 i.e. 2 ways. The ten’s place can be filled with
any of the four given digits. Therefore, there are
4x2=8 ways of forming a two—digit even number.

case iii) Three digit numbers

Finally,since the requried number is even,
the units place can be filled in two ways, ten’s
place can be filled in four ways, and hundred’s
place can also be filled in four ways. The number
of ways of forming a three digit even number is
4x4x2=32

The addition principle finally gives the total
number of ways of forming an even number less
than 1000 using digits 2,3,7,8 is 2+8+32=42.

( EXERCISE 3.1 )

1. A teacher wants to select the class monitor
in a class of 30 boys and 20 girls. In how
many ways can the monitor be selected if the
monitor must be either a girl or a boy?

2. ASignalis generated from 2 flags by putting
one flag above the other. If 4 flags of different
colours are available, how many different
signals can be generated?

3. How many two letter words can be formed
using letters from the word SPACE, when
repetition of letters (i) is allowed, (ii) is not
allowed?

4. How many three—digit numbers can be
formed from the digits 0, 1, 3, 5, 6 if
repetitions of digits (i) are allowed, (ii) are
not allowed?

5. How many three—digit numbers can be
formed using the digits 2, 3,4,5,6 if digits
can be repeated?

6. A letter lock contains 3 rings and each
ring containing 5 letters. Determine the
maximum number of false trials that can be
before the lock is open.

7. In a test, 5 questions are of the form 'state,
true or false'. No student has got all answers
correct. Also, the answer of every student
is different. Find the number of students
appeared for the test.

8. How many numbers between 100 and 1000
have 4 in the units place?

9. How many numbers between 100 and 1000
have the digit 7 exactly once?

10. How many four digit numbers will not
exceed 7432 if they are formed using the
digits 2,3,4,7 without repetition?




11. If numbers are formed using digits 2, 3, 4, 5,
6 without repetition, how many of them will
exceed 4007?

12. How many numbers formed with the digits
0,1,2,5,7, 8 will fall between 13 and 1000
if digits can be repeated?

13. A school has three gates and four staircases
from the first floor to the second floor. How
many ways does a student have to go from
outside the school to his classroom on the

second floor?

14. How many five—digit numbers formed using
the digit 0, 1, 2, 3, 4, 5 are divisible by 5 if

digits are not repeated?

3.4 Factorial Notation.

The theory of permutations and combinations
uses a mathematical notation known as the
factorial notation. Let us first understand the
factorial notation, which is defined for natural

number.

Definition: For a natural number n, the
factorial of n, written as n! or |[n and read as “n
factorial”, is the product of n natural numbers

from 1 ton.

That is, n! or [n is expressed as

1 x2x3x..x(Nn-2)x(n-1) xn.

Note: The factorial nonation can also be
defined as the product of the natural numbers
fromnto 1.

Thatis,n!'=nxn-1) x.x3x2x1

For example, 5! =5 x4 x3x2x1=120

It is read as “5 factorial is equal to 120.”

Ilustrations:

Factorial 1 = 1! =1

Factorial 2=2!=2x1=2

Factorial 3=3!=3x2x1=6

Factorial 4 =4! =4 x 3 x 2 x 1 =24, and so on.
Note: Though 0 is not a natural number, we

define 0! = 1.

Properties of the factorial notaction.
For any positive integers m,n.,

1) nl=nx(n-1)!

2) n>1, nl=nx(n-1)x(n-2)!

3) n>2,nl=nx(n-1)x(n-2)x(n-23)!

4) (m+n)!isalways divisibleby m!aswellasby
n! e.g. (3 +4)! is divisible by 3! as well as 4!

5) (mxn)!#m! xn!
6) (m-+n)! #m!+n!

7) m>n, (m—n)! #m!-n! but m! is divisible
by n!

8) (m+n)!#m! +n!
Ex. 1) : Find the value of 6!
Solution : 6! =6 x5 x4 x3x2x1=720
Ex. 2) : Show that (7-3)! = 7! — 3!
Solution: (7-3)!=4!=4x3 x2 x1=24.
TN=Tx6x5%x4x3x2x1=5040
Also, 3! =3 x2 x 1=6.
7! —31'=5040 — 6 = 5034
Therefore, (7-3)! #7!-3!




Ex. 3): Find n if (n+6)! = 56 (n+4)!
Solution: (n+6)! = 56 (n+4)!

(n+6) (nt+5) (nt+4)! =56 (n+4)!

(n+6) (n+5) =56
Here instead of solving quadratic in n, we write
56 as product of 2 consecutive numbers as
56 = 8x7

(n+6) (n+5) = 8x7

Equating bigger factors from either side

(nt+6) =28
n=8-6=2
! !
Ex. 4) : Show that 12! + 21 _ 13!
517! 6'6!  6!7!
Solution: Consider,
! ]
L.H.S. = £+£
517! 6'6!

= 12! ! + I
5!x7x6! 51x6x6!

(" 7'=T7Tx6! 6!=6x5")

12![1 1}
= /| —+=
516117 6
- ]
S5!6! 6x7
12!x13
(5!'x6)x(6!%x7)

13!
6!x7!

R.H.S.

( EXERCISE 3.2 )

1. Evaluate:

(i) 8! (if) 10!
(iii) 10! - 6!

(iv) (10 - 6)!

Compute:
) 12! . 12
) (i) (?j!
(ii1) (3 x2)! (iv) 3!x2!
9! . 6!—4!
™) Zrer Vi) T
. 8! !
(vii) I—al (viii) m

Write in terms of factorials
(1) 5x6x7x8x9x10
(i) 3x6x9x12x15
(i) 6 x7x8x9

(1v) 5 x 10 x 15 x 20

|
Evaluate : — " for
ri(n—r)!

(i) n=8,r=6
(i) n=15,r=10

(i) n=12,r=12,
(iv) n=15,r=8

Find n, if

mr_3 1 (ii)£:i+i
8! 6! 4! 6! 8! 6!
Lo 11 4

T

(iv) (n+D)!=42x(n-1)!
(V) (n+3)!=110x(n+1)!

Find n, if:

. (17—n)!:' .. (A5-m)!
O oy ™ WGt
(i) — " !

S =5:3
3(n—3)! 51 (n—5)!




| |
(v) —= " _1:6
31(n=3)! 5i(n—"7)!
(2n)! n!
: —24:1
O TT T Y RTTSY
7. Show that
n! n! (n+1)!

M=) =Dl n—r+1) rln—r+1D)!

8. Show that
91 91 10!
—+ =
316! 4151 416!
9. Show that

(2_”?’ =2"2n-1)2n-3)..5.3.1
n.

10.  Simplify

. (2n+2)! . (n+3)!
W= W) Dy
(i) — - — 1

nl (n=1)! (n-2)!

(V) nln+ (n=DN+n*(n =D+ (n+1)!

() 230+l
n!  (n+1)!

1 1-—
(vi) =

-1 (1!

o 1 3 n’*—4
(vil) —— —
n! (n+1)! (n+2)!

-9, 6 1
(n+3)! (n+2)! (n+D)!

(viii)

3.5 Permutations: (When all objects are distinct)

If we want to place 3 persons on 3 chairs in a
row, in how many ways can we obtain the seating

arrangement?

Suppose the 3 seats are numbered 1, 2 and 3

and the 3 persons are named A, B and C.

We can fill the 1% chair in 3 ways. Having
done that, we can fill the 2™ chair with any of
the remaining two people, hence in 2 ways. The
3 chair is then filled in a unique way as there is
only one person left. Thus the total number of the

seating arrangements are
3Ix2x1=31=6

This can also be checked by listing them as

follows
ABC BAC CAB
ACB BCA CBA.

Extending this result for n persons to be
placed in n chairs in a row, we get n! ways of

arrangement.

Note that all persons are distinct and chairs

have their own ordinal numbers (1%, 2", 3™ etc.)

Now we see a different problem. There are
4 persons and 2 chairs in a row to be filled. The
1% chair can be filled in 4 ways. Having done this,
the 2" chair can be filled in 3 ways. So the number

of different arrangements is 4 x 3 = 12.
See the enumeration
AB BA CA DA
AC BC CB DB
AD BD CD DC

Extending this argument if 7 different
objects are available and 3 boxes are in a row. We

want to place one object in each box. There are
7x(7—1)x(7-2)=7x 6 x 5 different ways to
do it.




A permutation is formally defined as follows.

Permutation A permutation is an
arrangement, in a definite order of a number of

objects, taken some or all at a time.

The number of distinct permutations of r
distinct objects chosen from a given collection of
n distinct objects is denoted by nPr, "P , or P(n,r).

3.5.1 Permutations when all objects are
distinct [r <n]:

Theorem 1. The number of permutations of
n distinct objects taken r (r < n) at a time, without
repetitions, 1s

nx(m—1)xmn-2)x.x(n—-r+1).

Proof. The number of ways of arranging n
distinct objects taken r at a time without repetitions

is same as the number of ways r places can be
filled using n objets (r < n).

For this, consider the following table.

Place || 22 | F< (=2)" | =1yt oy
Number| n [n-1|{n-2|...| [n—(— | [n—(— | [n—(r—
of ways 3)] 2)] ]

The table shows that the first place can be
filled with any of the n objects. As the result,
there are n ways of filling the the first place. After
putting one object in the first place, only n—-1
objects are available because repetitions are not
allowed. Therefore, the second place can be filled
in n—1 ways. After putting two distinct objects in
the first two places, only n—2 objects are available
for the third place, so that the third place can filled

in n—2 ways.

Continuing in this way, after putting r—1
objects in the first r—1 places, the number of

available objects is [n — (r—1)] for the r" place.

Hence, the r'" place can be filled in [n—(r—1)] ways.

Now, using the multiplication principle of

counting, the total number of ways of filling r

places using n distinct objects is denoted by "P

and given by the product

*([n=(r-2)]x[n—(r-1)]
=n x(n—-1)x(n-2)x...

n xX(n—1)x(n-2)x...
X(n—r1+2)x(n-r+1)
Hence"P =nx(n—1)*(n-2)x... X(n-r+2)*(n—r+1)
If we multiply and divide this product by
(n—1)X(n—r-1)%... x3 x2 x1,

we find that
(n=r)x(n-r-1)x..x3x2x1

(n-r)x(n-r-1)x..x3x2x1

"P =nx(n-1)x..x(n-r+1)x

= nx(n-)x(n-2)x.x(n—r+Dx(n—-r)x(n—r—-1)x..x3x2x1
(n=r)yx(n—r—-1)x..x3x2x1

n!
- (n—r)!
We have thus found that
n!
"P = for r <
S (forr<n)

Note:
When » = n i.e. all n objects are placed in a
row.
"P,=nx(n-Dx(n-2)x..x[n—(n-1)]
=nx(n-)xmn-2)x..x1 =pnl
Alternatively, from the above formula, we
obtain

" n! n!

":(n—n)!:& =n!

(since 0!=1, by definition)




( SOLVED EXAMPLES)

Ex. 1) Find the value of °P,.

S 5! 5x4x3!
5-2)! 31 3!
=5x4=20.

Solution: 5P, =

Ex. 2) How many different ways are there to
arrange letters of the word "'WORLD'? How many
of these arrangements begin with the letter R?
How many arrangements can be made taking

three letters at a time?

Solution: The word WORLD has 5 letters
W, O, R, L, D. These can be arranged among
themselves in °P =5!=120! different ways.

If an arrangement begins with R, the
remaining four letters can be arranged among

themselves in ‘P,=4!=24 ways.

The Number of arrangements of 5 letters,
51

taken 3 at a time, is 5P3=2—; =60

Ex. 3) How many three digit numbers can be
formed from the digits 2,4,5,6,7 if no digit is
repeated?

Solution: Every arrangement of digits gives
a different number. Therefore, the problem is to
find the number of arrangements of five digits

!
taken two at a time This is given by °p, = R 60

21

Ex 4) How many numbers can be formed with the
digits 3, 4, 6, 7, 8 taken all at a time? Find the sum
of all such numbers.

Solution : The five digits can be arranged in
°P, = 5! =120 ways.

Now, consider any one of the five given

digits, say 3. Suppose the digit 3 is in the unit’s

place. The other four digits can be arranged in
‘P, = 4! = 24 ways to form numbers that have 3
in the unit’s place. This shows that 24 of the 120

numbers have 3 in the unit’s place.

Similarly, each of the other four digits is in
the unit’s place in 24 of the 120 numbers.

The sum of the digits in the units place among
all 120 numbers is 24 (3+4+6+7+8) = 24x28 =
672.

Similary, the sum of the digits in the ten’s
place among all 120 numbers is 672. The same is
also the sum of the digits in each place among all
120 numbers.

The required sum is 672 units + 672 tens
+ 672 hundreds + 672 thousands + 672 ten
thousands.

=672 x (1+10+100+1000+10000)
=672x11111 = 74,66,592

Ex 5) A teacher has 2 different books on
English, 3 different books on Physics, and
4 different books on Mathematics. These books
are to be placed in a shelf so that all books on any
one subjects are together. How many different

ways are there to do this?

Solution : First, let us consider all books on
each subjects to be one set, so that there are three
sets, say E,P,M. These three can be arranged in
*P, = 3! = 6 different ways. Now, in each of these
ways, the 2 books on English can be arranged in
°P, = 2! =2 different ways the 3 books on physics
can be arragned in °P, =3! = 6 different ways, and
the four books on Mathematics can be arranged
in *P, = 4! = 24 different ways.

The required number of arrangments is then
given by 6x2x6x24 = 1728




Ex 6) Find n if "P, = 42 x "P,
Solution: We are given that "P_ =42 x "P,

That is, n! =42 n!
(n—5)! (n—-3)!

.oonl n!
(=5 T (n=3)n—-4)(n-5)!

s (n=3)(n—4)=42
c(n=3)(n—-4)=7x6
Sn=3=7
Sn=3+7=10

3.5.2 Permutations
allowed:

when repetitions are

We now consider problems of arranging
n objects taken r at a time when repetitions are

allowed.

Theorem 2. The number of arrangements of n
distinct objects taken r at a time, when repetitions
are allowed, is same as the number of ways of
filling r places using n distinct objects when
repetitions are allowed. Consider the following
table.

Place Ist [ 20d | 3¢ | [ (r=2)"| (r=1)®"| r®
Number| n n|n|... n n n

of ways

Because repetitions are allowed, each place

can be filled in n different ways.
Using multiplication principle, it can be
concluded that the number of permutations of n

distinct objects taken r at a time, when repetitions

are allowed, is given by

nxnx...xn(r times) = n"

( SOLVED EXAMPLES)

Ex 1: It is required to arrange 8 books on a
shelf. Find the number of ways to do this if two
specified books are

(1) always together  (ii) never together.

Solution:

(1) Consider 2 books as one single set. These
2 books can be arrannged among themselves
in 2! ways. The total 7 books can be arranged
among themselves in 7! ways.

The total number of ways = 2! 7! =2 x 5040
=10080.

(i1)) We take one of the two books and remaining
6 books and arrange these in 7! ways. Then
we can place the remaining book in such
a way to avoid 2 places adjacent to the
1 book, so there are 6 places available hence
6 x 7! = 6 x 5040 = 30240.

Alternative Method :
The number is also obtained by subtracting
from the total arrangements those when these
books are together i.e.

Bl -2xT7'=(8-2)x7=6x7!=6x5040
= 30240.

Ex 2:
examination papers be arranged so that papers

In how many ways can 7

6 and 7 are never together?

Solution : By the same argument as in
example above, the number of ways in which any

two papers are never together is.
(7-2) (7-1)! = 5%6! = 3600
Ex 3: A family of 3 brothers and 5 sisters is to

be arranged for a photograph in such a ways that,

(1) all brothers sit together. (i1) no two brothers sit

together.




Solution :

(1) Since all 3 brothers are together, treat them as
one person, so that there are 5+1=6 persons.

the number of arranging them is

°P, = 6! = 720.

Once this is done, the three brothers can be
arranged among themselves in °P, = 3! = 6
ways.

The total number of arrangements is then
given by 6!x3! =720 x 6 = 4320.

(i1) S sisters can be arranged among themselves
in °P_ = 5! = 120 ways.

Consider the following arrangement.

*S]*SQ*S3*S4*S5*

Where * indicates a position where one
brother can be placed so that no two brothers
are together. Since there are 6 such positions and

3 brothers, the number of arrangements is

|
%=9=u0
3!

The required number of arrangements is
then given by

5P5 X 6P3 =120 x 120
= 14400.

If some of the n objects are always kept
together in a permutation problem, then the

following theorem is useful for such cases.

Theorem. The number of permutations taken
all at a time, when m specified objects among n

always come together, is m!(n—m+1)!

Proof. Since the specified m objects always
come together, let us consider them as a single
object. This makes the number of distinct objects

n—-m+1 for the purpose of permutations. The

number of permutations of n—m+1 objects taken all
at a time is (n—m+1)!. The m specified objects are
together, but can be rearranged among themselves.
The number of permutations of these m objects
taken all at a time is m!. Since this argument
holds for each of the (n—m+1)! permutations,
the required number of permutations of n objects
taken all together, when m specified objects are

always together is m! (n—-m+1)!

Remarks:

1. The number of permutations of n distinct
objects taken all at a time, when 2 specified

objects are always together, is 2x(n—1)!.

2. The number of permutations of n distinct
objects taken r at a time, when a specified
object is always to be included, is.
rx®vp

First keep the specified object aside. Arrange

(r—1) from the remaining (n—1) objects in

(n-1)

Py
in r possible ways. Hence the total number of

ways. Then place the specified object

arrangements is r x (n‘l)P(H).
3.  The number of permutations of n distinct
objects taken r at a time, when a specified
object is not be included in any permutation,

is ®-DP,

( EXERCISE 3.3 )

1. Findn, if P, : "P, = 120:1
2. Find m and n, if ™™P, = 56 and
mp =12

3. Findr,if"P_ :"P_ =3:14

4. Show that (n+1) ("P) = (n—1+1) [(n+1)Pr]




10.

11.

How many 4 letter words can be formed
using letters in the word MADHURI if
(a) letters can be repeated (b) letters cannot
be repeated.

Determine the number of arrangements of
letters of the word ALGORITHM if.

(a) vowels are always together.
(b) no two vowels are together.
(c) consonants are at even positions.

(d) O is the first and T is the last letter.

In a group photograph, 6 teachers are in the
first row and 18 students are in the second
row. There are 12 boys and 6 girls among the
students. If the middle position is reserved
for the principal and if no two girls are
together, find the number of arrangements.

Find the number of ways so that letters of
the word HISTORY can be arranged as,

(a) Y and T are together

(b) YisnexttoT.

(c) there is no restriction

(d) begin and end with vowel
(e) end in ST

(f) begin with S and end with T

Find the number of arrangements of the letters
in the word SOLAPUR so that consonents
and vowels are placed alternately.

Find the number of 4—digit numbers that can
be formed using the digits 1, 2, 4, 5, 6, 8 if
(a) digits can be repeated

(b) digits cannot be repeated

How many numbers can be formed using the
digits 0, 1, 2, 3, 4, 5 without repetition so
that resulting numbers are between 100 and
1000?

12.

13.

14.

15.

16.

17.

Find the number of 6—digit numbers using
the digits 3,4,5,6,7,8 without repetition.
How many of these numbers are

(a) divisible by 5, (b) not divisible by 5.

A code word is formed by two different
English letters followed by two non—zero
distinct digits. Find the number of such code

words. Also, find the number of such code
words that end with an even digit.

Find the number of ways in which 5 letters
can be posted in 3 post boxes if any number
of letters can be posted in a post box.

Find the number of arranging 11 distinct
objects taken 4 at a time so that a specified
object.

(a) always occurs  (b) never occurs.

In how many ways can 5 different books be
arranged on a shelf if

(i) there are no restrictions
(i1) 2 books are always together

(ii1)2 books are never together

3 boys and 3 girls are to sit in a row. How
many ways can this be done if

(1) there are no restrictions
(i1) there is a girl at each end

(iii)boys and girls are at alternate places

(iv) all boys sit together

3.5.3 Permutations when some objects are

identical

Consider the problem of arranging letters

in the words like GOOD, INDIA, GEOLOGY,

MATHEMATICS,

or PHILOSOPHY, where

some letters occur more than once and hence all

letters are not distinct.

Consider the word ODD. First we consider
the 2 D’s as distinct objects D, and D,.




The total number of words is OD D

=2

D,0D,, D,OD, D D,0,D,DO0=6=3!

OD,D,,

But D, and D, are identical so, OD D, =
OD,D,D,D,0=D,D 0O, D,0D, =D, 0D, and as
D, and D, can be arranged among themselves in

2!'ways, (D,D,,D,D))

6 3!
Thus there are 5 = 5 = 3 different words
formed (ODD,DOD,DDO)

Theorem : Consider a set of n objects where
n, objects are identical and the remaining 7 - n,

are distinct. The number of permutations of these

|

n objects is - Note that n, < n.
n,!

Proof : Let m be the total number of
arrangements, where n, out of n objects are
identical. The number of permutations of n
different objects is n!. Now n, objects can be
rearranged in n,! ways among themselves if they
were all different. Thus each arrangement where
these n, objects are identical corresponds to 7!
different arrangements if they were all different.
Hence m x n,! = n!. Therefore m = :—"

!
Remarks.

1. The number of permutations of n objects, not
all distinct, where n objects are of one type
and n,objects are of a second type, taken all

at a time 1is

and note that n +n,<n.
n'n,!

The proof is similar to the proof of the above

theorem.

2. The number of permutations of n objects, not
all distinct, where n.objects are of type 1, i=1,

2, ..., k, taken all at a time is _"° |

( SOLVED EXAMPLES)

Ex 1 : Find he number of permutations of the
letters of the word UBUNTU.

Solution : The word UBUNTU consists of

6 letters, in which letter ‘U’ is repeated 3 times.

Therefore, number of permutations of the

6!
letters of the word UBUNTU = ; =120.

Ex 2 : How many arrangements can be made,
with the letters of the word CALCULATOR? In
how many of these arrangements, vowels occur

together?
The word CALCULATOR

consists of 10 letters, in which ‘C’ is repeated two

Solution

times, ‘A’ is repeated two times, ‘L’ is repreated
two times and rest all are different.

Therefore, number of permutations of the
10!

2121217

letters of the word CALCULATOR =

The word CALCULATOR consists of
4 vowels A, U, A, O. Let us consider them as a

single letter say P.
Therefore, now we have 7 letters P, C, L, C,
L, T, R in which ‘C’ is repeated two times, ‘L’ is

repeated two times. The number of arrangement

7!
of these 7 letters is given a1 1260. After
this is done, 4 vowels (in which ‘A’ is repeated
4!
2 times) can be arranged in — = 12 ways

2!

Therefore, number of arrangements of the
letters of the word CALCULATOR in which
vowels are together = 1260 x 12 = 15120.




( EXERCISE 3.4 J

Find the number of permutations of letters in
each of the following words.

(i) DIVYA

(i) SHANTARAM
(iii) REPRESENT
(iv) COMBINE

(v) BALBHARATI

You have 2 identical books on English,
3 identical books on Hindi, and 4 identical
books on Mathematics. Find the number of
distinct ways of arranging them on a shelf .

A coin is tossed 8 times. In how many ways
can we obtain. (a) 4 heads and 4 tails? (b) at
least 6 heads?

A bag has 5 red, 4 blue, and 4 green marbles.
If all are drawn one by one and their
colours are recorded, how many different
arrangements can be found?

Find the number of ways of arranging letters
of the word MATHEMATICAL How many
of these arrangements have all vowels
together?

Find the number of different arrangements
of letters in the word MAHARASHTRA.
How many of these arrangements have
(a) letters R and H never together? (b) all
vowels together?

How many different words are formed if the
letters R 1s used thrice and letters S and T are
used twice each?

Find the number of arrangements of letters
in the word MUMBALI so that the letter B is
always next to A.

Find the number of arrangements of letters
in the word CONSTITUTION that begin
and end with N.

10. Find the number of different ways of
arranging letters in the word ARRANGE.
How many of these arrangement do not have
the two R’s and two A’s together?

11. How many distinct 5 digit numbers can be
formed using the digits 3, 2, 3, 2, 4, 5.

12. Find the number of distinct numbers formed
using the digits 3, 4, 5, 6, 7, 8, 9, so that odd
positions are occupied by odd digits.

13. How many different 6—digit numbers can be
formed using digits in the number 6599427
How many of them are divisible by 4?

14. Find the number of distinct words formed
from letters in the word INDIAN. How
many of them have the two N’s togethers?

15. Find the number of different ways of
arranging letters in the word PLATOON
if. (a) the two O’s are never together. (b)
consonants and vowels occupy alternate
positions.

3.5.4 Circular permutation:

We can imagine a circular arrangement
of n different objects to be transformed into an
arrangement in a line by cutting the circle in a
place. This cut can be made at n different places.

For example, consider n = 4

If cut between A and B

A B C D A

Cut t
C D A B

b -

B
D A B C
A B C D
C
Fig. 3.5

Thus given a single circular arrangement
of 4 objects, it corresponds to 4 different linear
arrangements (arrangements in a row).




Let the circular arrangements be m.

We know that the total number of linear
arrangement of 4 different objects is 4!

Each arrangement in row corresponds to
some circular arrangement.

Therefore number of circular arrangements

4!
1 = = '
1S m 4 31

Similarly, each circular arrangement of »
objects corresponds to n different arrangements
in a row.

Therefore number of circular arrangements

n!
is— =mn-1)!
n

Note:

1) A circular arrangement does not have a
fixed starting point and any rotation of
it is considered to be the same circular
arrangement. This arrangement will be the
same with respect to each other if a rotation
is made but clockwise and anticlockwise
arrangements are different.

A D C B
D Bt tC At 1B D+ tA C
C B A D

Fig. 3.5 (a)

In circular arrangement, (with respect to each
other) all these count as one arrangement.

2) If clockwise and anticlockwise -circular
arrangements are considered to be the same
then each circular arrangement corresponds
to 2n different linear arrangements. Thus

the numbers of such circular arrangement

n_!_ (n—1)!
2n 2

18

N
O
WO OE
@)
S
Fig. 3.5 (b)

Consider the 4 directions, E, N, W, S on
Mariner's compass. If 4 stickers of different

colours are to be placed at the different letters.

The number of arrangements is 4!. Here
rotation of W, S, E, N is not allowed. Hence
arrangement is like a linear arrangement. Such
arrangement is called as an arrangement with

respect to round table.

Now consider the situation where m out of
the n objects are alike and cannot be distinguished
from one another. The following result gives the
formula for the number of circular arrangements

of these n objects.

Theorem. The

arrangements of n objects, of which m objects are

—1)!
alike (identical), is given by " D*
m!

earlier, m like

number of circular

Proof. As

(indistinguishable) objects can be rearranged

argued

among themselves in m! ways without affecting
the arrangements of the n objects. The number
of circular arrangements of n objects is
(n—1)! and the number of arrangements of m like
(indistinguishable) objects among themselves is
m!, the required number of arrangements is given
by (221!

m!

Does this argument remind us of a similar
argument that we came across earlier?




Remark: Thenumberofcircularpermutations
of r objects taken from n distinct objects can be

found under two different conditions as follows.

(a) When

arrangements are considered to be different,

clockwise and  anticlockwise

then the required number of circular

n
arrangements is given by _Pr
r

(b) When clockwise and  anticlockwise
arrangements are not to be considered
different, then the required number of circular
arrangements is given by _r

2r

Verify these two statements for n =6, r = 3.

( SOLVED EXAMPLESj

Ex 1 : In how many ways can 8 students
be arranged at a round table so that 2 particular

students are together, if

(1) students are arranged with respect to

each other? (That is the seats are not numbered.)

(i1) students are arranged with respect to the

table? (That is the seats are numbered serially.)

Solution : Considering those 2 particular

students as one student, we have 7 students.

(1) In circular arrangement 7 students can
be arranged at a round table, in 6! ways and
2 students can be arranged among themselves in
’p, = 2! ways. Hence, the required number of ways
in which two particular students come together =
6! x 2! = 1440.

(i1)) Here the arrangement is like an
arrangement in a row.

So 7 students can be arranged in 7! ways and

2 students can be arranged amongst themselves in

’p,=2! ways. Hence, the required number of ways
in which two particular students come together
=7!x 2! =10080.

Ex 2

3 women can be seated at a round table so that

: In how many ways 6 men and

every man has woman by his side.

MW M

M
\\
M

Fig. 3.6

Solution : 3 women have (3 — 1)! = 2 ways
of circular seatings.

In each seating a women has one place on
each side for a man. Thus there are 6 different

places for 6 men which can be filled in 6! ways.

Hence, the total number of required
arrangements = 6! x 2 =720 x 2 = 1440.

Ex 3 : Find the number of ways in which
12 different flowers can be arranged in a garland

so that 4 particular flowers are always together.

Solution : Considering 4 particular flowers
as a single flower, we have 9 flowers which
can be arranged to form a garland in 8! ways.
But 4 particular flowers can be arranged in 4!

ways. Hence, the required number of ways
1
=3 (8! x 4!) =483840.

Ex 4 : How many necklaces of 12 bead each,

can be made from 18 beads of different colours?




Solution : Here, clockwise and anticlockwise

arrangements are same. Hence, total number of

18 18
B, _ P,

2x12 24

circular permutations =

Ex 5 : Three boys and three girls are to be
seated around a table in a circle. Among them, the
boy X does not want any girl as neighbour and
girl Y does not want any boy as neighbour. How

many such distinct arrangements are possible?

Fig. 3.7

Solution : The arrangement is as shown in
the figure (fig. 3.7). The boy X will have B, and
B, as neighbours. The girl Y will have G,, G, as
neighbours. The two boys B,, B, can be arranged
in two ways. The two girls G,, G, can be arranged

in two ways.

Hence, the total number of arrangements
=2x2=4.

Ex 6 : In how many different arrangements
can 6 gentlemen and 6 ladies sit around a table if
(1) there is no restriction. (i1) no two ladies sit side
by side?

Solution : (i) There is no restriction.

Here, the total number =6 + 6 = 12.

12 persons can be arranged in circular
permutation in (12—1)! = 11! ways.

(i1) No two ladies sit side by side.

When 6 gentlemen are arranged around a
table, there are 6 positions, each being between
two gentlemen, for 6 ladies when no two ladies sit
side by side. Now, the number of ways in which
6 gentlemen can be seated around a table
=6-1)!=35!

Now, corresponding to each seating
arrangement for the gentlemen, the 6 ladies can

be seated in 6! ways.

Thus, the required number of arrangements
= (5! (6!)=86400.

Ex 7 : In how many different ways can
4 married couples occupy seats around a circular
table if (i) Spouses sit opposite to each other?
(i1)) Men and women alternate?

Fig. 3.8

Solution : (i) Spouses sit opposite to each
other. Since there is no fixed starting point let one
woman occupy one seat. Let, W H,, W.H,, W H,
and W H, be the four couples. Since there is no
fixed starting point of the circle, Let W, occupy
one seat then H, has to sit exactly opposite. There
are 3 seats on either side of W . Then W, can
occupy any of the 6 seats which confirms the seat
of her husband H,. Now there are 4 seats left. W,
can occupy anyone of them so that her husband's
seat is fixed. Now W, has 2 choices, fixing the
seat of her husband. In all there are 6 x 4 x 2 =

48 ways.




i1) Let 4 women sit on alternate seats around
a table starting at any place. This is done in 3!
ways. It leaves 4 alternate seats empty. They are
fixd by 4 men in 4! ways. Hence, the total number
of ways is 4! x 3! = 144,

( EXERCISE 3.5 )

1. In how many different ways can 8 friends sit
around a table?

2. A party has 20 participants. Find the number
of distinct ways for the host to sit with them
around a circular table. How many of these
ways have two specified persons on either
side of the host?

3. Delegates from 24 countries participate in
a round table discussion. Find the number
of seating arrangments where two specified
delegates are. (a) always together, (b) never
together.

4. Find the number of ways for 15 people to sit
around the table so that no two arrangements
have the same neighbours.

5. A committee of 10 members sits around a
table. Find the number of arrangements that
have the president and the vice president
together.

6. Five men, two women, and a child sit around
a table. Find the number of arrangements
where the child is seated (a) between the two
women. (b) between two men.

7. Eight men and six women sit around a table.
How many of sitting arrangements will have
no two women together?

8. Find the number of seating arrangements for
3 men and 3 women to sit around a table so
that exactly two women are together.

9. Four objects in a set of ten objects are alike.
Find the number of ways of arranging them
in a circular order.

10. Fifteen persons sit around a table. Find
the number of arrangements that have two
specified persons not sitting side by side.

Properties of Permutations

(i) "P.=n!
(i) "P, =1
(iii) "P, = n

1 = ( 71)
(iv) "P =n x© P(r_l)

=n(n—1)x @2P )

=n(n—1)(n-2) x @3P (3 and so on.

3.6 Combinations

Permutations involve ordered arrangements
of objects. We shall now consider situations
where the order of objects in an arrangement is
immaterial, but only selection of a set of objects
in the arrangement is considered. A selection of
objects without any consideration of the order is
called a combination.

Consider the earlier example from
permutations where 2 chairs were filled from
a group of 4 persons. We make a little change
in the problem. We want to select a group of
2 people and not consider the order. So the
arrangements AB and BA correspond to the same
group. Similarly BC and CB are given in the same
group. The list is given as follows.

AB) (BC) (CA) (AD) (BD) (CD
BA)\CB) \AC) (DA ) (DB \ DC
4
Thus there are altogether £= 4;(:: =6
X

different groups selected. This is called the

combination number of selecting a group of 2

from 4 persons denoted by *C..




Definition Combination. A combination of
a set of n distinct objects taken r at a time without
repetition is an r—element subset of the n objects.

Note: The order of arrangement of the
elements is immaterial in a combination.

If we want to choose a team of 3 players from
a set of 8 different players, we first get the number
*P,, i.e. different ordered sets of 3 players and
since any set of 3 gives 3! ordered sets, we divided
*P, by 3!. Thus the number of combinations of

N A ]

3 players from 8 players is T m

Combination ("C) From n different
objects, the number of ways of selecting a group
or a set of  objects (without considering order) is
denoted by "C_ or C(n,r) or nCr. It is the number
of combinations of r "C_objects from 7 distinct
objects.

n!

Theorem : "C =————
" o(n-r)!r!

Proof : First we find the number of ‘ordered’

sets of 7 objects from # distinct objects.

!
P = B Now, each set of r objects
(n—r)!

. on

corresponds to 7! different ordered arrangements.

So, we count the number of different sets or »

objects, without considering the order among
"P. n!

F (=)l

them, is =

3.6.1 Properties of combinations.

n!
(n—r)![n—(n—-r)]
n!
(n—r)!r!

= °C,

T

Thus,"C__ ="C for0<r<n.

1. Consider"C, = =

n ! !
C, :n—=n—=1,becauseO!=1
0(n-0)! n!

as has been stated earlier.
3. If*C ="C,, then either s =r or s = n-r.

4. c="%

! r!

5. nCr + n(:r_1 — nJrICr
6. °C,+°C, +..°C =2

7. C,+°C,+°C,+ ... ="C +C,+C + ...
:2(“71)

n n)(n-1
n = | — | (1) = | — —_ | (-2) =
8. "C. (rj Co (rj(r_lj Cpyy =

9. "C, has maximum value if (a) r = g when n

n—1 n+1

iseven (b)r= - or when n is odd.

( SOLVED EXAMPLESj

Ex 1 : Find the value of (i) 'C, (ii) '°C, (iii) **C,
Solution : We know that

n!
nC —

r ri(n—r)!

0 C - 3
3 3)(7-3)!

7!

31(4)!

Tx6x5%x4!
3x2x1x4!

Tx6x5 _

=35
3Ix2x1

o 10!
() 7C = J100-7)1

10!
713)!

_ 10x9x8& _120
3x2




52! 521
(i) ¥C, = o =
31(52-3)!  3!(49)!
_ 52x51x50222100
3x2x1

Ex2:Findnandr
if*C_ :"C:"C_ =14:8:3

n nC 8
Solution:&:E:z and ——=—
nCr 8 4 Cr+1 3
r 7 r+1 _§
n—r+1_Z and n—-r 3

4 3
(n—1) = (;I’j—l and (n—r) = 2 (r+1)

4y, 3
(;i’j—lz 8(r+ 1)

Solving this we getr =7 and n = 10

Ex 3 : There are n points in a plane. Find the
number of straight lines and triangles that can be

obtained by joining points on a plane if
(i) no three points are collinear
(i1) p-points are collinear (p=3)
Solution : (1) Straight line can be drawn by

joining any two points and traingle can be drawn

by joining any three non-collinear points.

From n-points, any two points can be selected

in "C, ways.
Number of straight lines = "C,

Since no three points are collinear, any three

non-collinear points can be selected in "C, ways.
Number of triangles = "C,

(i1) If P points are non-collinear then, we can
obtain *C, straight lines and "C, triangles from

those p points. But we are given that p points are

collinear, therefore they form only one line and no
triangle i.e. we have counted (°C, — 1) extra lines

and *C, extra triangles.

.. If p-points (p>3) are collinear, then number
of straight lines = "C, — (°C, — 1) and number of

triangles = "C, - *C,

Ex 4 : Four cards are drawn from a pack of
52 playing cards. In how many different ways can

this be done? How many selections will contain
(1) exactly one card of each suit?

(i1) all cards of the same suit?

(iii) all club cards?

(iv) at least one club card?

(v) three kings and one queen?

(vi) three black and one red cards?

Solution : A pack of 52 cards contains

4 different suits, viz. Club, Spade, Diamond and
Heart. Each suit contains 13 cards. Club and Spade
are black coloured cards. Diamond and Heart are
red colour cards. i.e. pack of 52 cards contains
26 black and 26 red colour cards.

From a pack of 52 cards, any 4 cards can be
52!
4% 48!

drawn in **C, = ways.

(1) Exactly one card of each suit.

One club card can be selected in PC = 13
ways. One heart card can be selected in °C =13
ways. One spade card can be selected in °C =13
ways. One diamond card can be selected in *C, =
13 ways.

.. Using fundamental principle, exactly one

card of each suit can be selected in 13 x 13 x 13 x
13 = (13)* ways.




(i1) All cards are of the same suit.

From 4 suits, any one suit can be selected in
“C, = 4 ways. After this is done, any four cards
from selected suit can be drawn in “C, = 715
ways.

.. Using fundamental principle, all 4 cards
of the same suit can be selected in 4 x 715= 2860
ways.

(i11) All club cards

From 13 club cards, any 4 club cards can be
drawn in PC,= 715 ways.

(iv) At least one club card

From a pack of 52 cards, any 4 cards can be
drawn in **C, ways if there is no condition.

From **C, selections, remove those selections
that do not contain any club card, so that in the
remaining selection we have at least one club
card.

If the selection does not contain any club card
i.e. 4 cards are drawn from remaining 39 non-club
cards, then this can be done in *’C, ways.

.. Number of selections which contain at

least one club card = *C, - *°C, .

(v) Three king cards and one queen card

From 4 kings, any 3 king cards can be
selected in *C, = 4 ways and from 4 queen cards
1 queen card can be selected in “C = 4 ways.

.. Using fundamental principle, three king
cards and one queen card can be selected in 4 x 4
=16 ways.

(vi) Three black cards and one red card

From 26 black cards, any 3 black cards can
be selected in *°C, ways and from 26 red cards,
any one red card can be selected in **C, ways.

Using fundamental principle, three black and
one red card can be selected in *°C, x **C, ways.

Ex 5 : Find n, if "C,="C,

Solution : If "C = 'C,, then eitherx =y orx =n-y
8=n-6 (x#Y)
n=14

Ex 6 : Find r, if °C,+ 'C,+ "C_+ "*C_="C,
Solution : (**C,+ '°C,) + "C + 18C7: 19Cr
("C,+C) + C = "C,
("C,+"*C)="C,
PC, ="C,
r=7orr=19-7=12

Ex 7 : Find the difference between the maximum

values of 8Cr and 11Cr

Solution :

8

Maximum value of 8Cr occurs atr = 5 =4

maximum value of *C =*C,= 70

10
Maximum value of ”Cr occurs atr = ? =5

t12 6
rat — =
orat s
Maximum value of “Cr= “C5= “C6

=462

difference between the maximum values
of °C and ''C ="C,—°C,=462 — 70 = 392

( EXERCISE 3.6 )

1. Find the value of (a) °C, (b) ¥'C,
(C) 15C4+15C5 (d) 20C16 _ 19C1

6

2. Findnif
(a) °P,=n °C,
(b)"C,:"C,=52:3
(c)"C, ,=84




10.

I1.

12.

13.

Find rif 4 C, : C, , = 143:10

Find n and r if.
(a) "P. =720 and"C__ =120
(b) "C_,:"C ."C_, =20:35:42

If"P = 1814400 and "C_= 45, find "** C.,
If"C_, = 6435,"C_=5005,"C_, = 3003,
find rCS.

Find the number of ways of drawing 9 balls
from a bag that has 6 red balls, 8 green balls,
and 7 blue balls so that 3 balls of every colour

are drawn.

Find the number of ways of selecting a team

of 3 boys and 2 girls from 6 boys and 4 girls.

After a meeting, every participant shakes
hands with every other participants. If the
number of handshakes is 66, find the number

of participants in the meeting.

I£ 20 points are marked on a circle, how many

chords can be drawn?

Find the number of diagonals of an n—sided
polygon. In particular, find the number of
diagonals when.
(a)n=10
(c)n=12

(b)yn=15

(d)n=28

There are 20 straight lines in a plane so that
no two lines are parallel and no three lines

are concurrent. Determine the number of
points of intersection.

Ten points are plotted on a plane. Find the
number of straight lines obtained by joining
these points if

(a) no three points are collinear.

(b) four points are collinear.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

Find the number of triangles formed by
joining 12 points if
(a) no three points are collinear

(b) four points are collineas.

A word has 8 consonants and 3 vowels.
How many distinct words can be formed if

4 consonants and 2 vowels are chosen?

Find n if,

(1) nCs - nClz

(i) »C,,=7C,.,
(i) Cy, = C

(iv)C,,=*C,,
(v) "C_=15

Find x if "P =x"C,

Find rif "C+ '"C,+ 2C_+ C, = C,

4
. (21-r)
Find the value of Z_ll C,

Find the differences between the greatest
values in the following:

(a) *C and *C_, (b) PC.and®C_,
(c) °C,and"'C,

In how many ways can a boy invite his
5 friends to a party so that at least three join
the party?

A group consists of 9 men and 6 women.
A team of 6 is to be selected. How many
of possible selections will have at least
3 women?

A committee of 10 persons is to be formed
from a group of 10 women and 8 men. How
many possible committees will have at least

5 women? How many possible committees
will have men in majority?




24. A question paper has two sections. section I
has 5 questions and section II has 6 questions.
A student must answer at least two question
from each section among 6 questions he
answers. How many different choices does
the student have in choosing questions?

25. There are 3 wicketkeepers and 5 bowlers
among 22 cricket players. A team of 11
players is to be selected so that there is exactly
one wicketkeeper and at least 4 bowlers in
the team. How many different teams can be
formed?

26. Five students are selected from 11. How
many ways can these students be selected if.

(a) two specified students are selected?
(b) two specified students are not selected?

’—WL&'S Remember

e Factorial notation :
nlor[n =123....(n-2) (n-1)n,
or'=1

e  Principle of Addition :

If an event can occur either in m or n
mutually exclusive alternate ways, then the
total number of ways in which the event can
occur is m + n.

e  Principle of Multiplication :

If an event has m possible outcomes, and
another independent event has n possible
outcomes, then there are m.n possible
outcomes for the two events together.

e Permutation :

A permutation is an arrangement, in a
definite order, of a number of objects, taken
some or all at a time.

(1) Linear Permutation :

(a) The number of permutation of n different
objects taken r at a time when repetition
of r objects in the permutation is not
allowed is given by

n!
np =

where r <n
"o (n-r)!

(b) The number of permutations of n different
objects, taken r objects at a time, when
repetition of r objects in the permutation
is allowed, is given by n".

(c) The number of permutations of n objects,
when p objects are of one kind, q objects
are of second kind, r objects are of third
kind and the rest, (if any), are of different

n!

p!q'r!

kind is

(ii) Circular Permutation:

The arrangements in a circle are called
circular permutations.

(a) The number of circular permutations of
n different objects = (n—1)!
(b) The number of ways in which n things of
which p are alike, can be arranged in a
(n-1)!
p!

circular order is

e Combination :

A combination is a selection. Total number
of selections of 'n' different objects, taken 'r'
at a time is denoted by "C_or nCr or C(n,r),

n
or or (r ] and is given by

n
n! P

©orln-r)! 1!




e Properties of "C :
(@) "C="C_,
(b) If"C ="C, theneitherx=yorx+y=n

(c) "C +"C_,="'C_ 1<r<n (Pascal's rule)

(d) The number of ways of selecting one or
more things from n different things is given

by 21,

(e) "C has maximum value, if
. n .
(1) r= 5 when n is even

3 n-1 n+l :
(i)r= —or N when n is odd.

MISCELLANEOUS EXERCISE -3

(I) Select the correct answer from the given
alternatives.

1) A college offers 5 courses in the morning
and 3 in the evening. The number of ways a
student can select exactly one course, either
in the morning or in the evening.

A) S B) 3 O) 8 D) 15

2) A college has 7 courses in the morning and
3 in the evening. The possible number of
choices with the student if he wants to study
one course in the morning and one in the
evening is-.

A)21 B)4 C42 D)I0

3) In how many ways can 8 Indians and,
4 American and 4 Englishmen can be seated
in a row so that all person of the same
nationality sit together?

B) 314! 8! 4!
D) 8!4! 4!

A) 3!8!
C) 414!

4)

5)

6)

7)

8)

10)

In how many ways can 10 examination
papers be arranged so that the best and the
worst papers never come together?

A)9x8! B) 8x8! C) 9x9! D) 8x9!

In how many ways 4 boys and 3 girls can be
seated in a row so that they are alternate.

A) 12 B) 288 C) 144 D) 256

Find the number of triangles which can be
formed by joining the angular points of a
polygon of 8 sides as vertices.

A) 16 B) 56 C) 24 D) 8

A question paper has two parts, A and B,
each containing 10 questions. If a student has
to choose 8 from part A and 5 from part B, In

how many ways can he choose the questions?

A)320 B)750 C)40 D) 11340

There are 10 persons among whom two are
brothers. The total number of ways in which
these persons can be seated around a round
table so that exactly one person sits between
the brothers, is equal to:

A) 2Ix7! B) 2!x8! C) 3Ix7! D) 3!x8!
The number of arrangements of the letters of
the word BANANA in which two N's do not

appear adjacently.

A) 80 B) 60 C) 40 D) 100

The number of ways in which 5 male and
2 female members of a committee can be
seated around a round table so that the two

females are not seated together is

A)840 B) 600 C) 720 D) 480




(II) Answer the following.

1)

2)

3)

4)

S)

6)

7)

8)

9)

Find the value of r if P __: **P_ = 30800:1

How many words can be formed by writing
letters in the word CROWN in different
order?

Find the number of words that can be formed
by using all the letters in the word REMAIN
If these words are written in dictionary order,
what will be the 40" word?

Capital English alphabet has 11 symmetric
letters that appear same when looked at in a
mirror. These letters are A, H, I, M, O, T, U,
V, W, X, and Y. How many symmentric three
letter passwords can be formed using these
letters?

How many numbers formed using the digits
3,2,0,4,3,2,3 exceed one million?

Ten students are to be selected for a project
from a class of 30 stdudents. There are
4 students who want to be together either
in the project or not in the project. Find the
number of possible selections.

A student finds 7 books of his interest, but
can borrow only three books. He wants
to borrow Chemistry part II book only if
Chemistry Part I can also be borrowed. Find
the number of ways he can choose three
books that he wants to borrow.

30 objects are to be divided in three groups
containing 7,10,13 objects. Find the number
of distinct ways for doing so.

A student passes an examination if he
secures a minimum in each of the 7 subjects.
Find the number of ways a student can fail.

o0

10)

11)

12)

13)

14)

15)

16)

17)

18)

Nine friends decide to go for a picnic in two
groups. One group decides to go by car and
the other group decides to go by train. Find
the number of different ways of doing so if
there must be at least 3 friends in each group.

A hall has 12 lamps and every lamp can be
switched on independently. Find the number
of ways of illuminating the hall.

How many quadratic equations can be
formed using numbers from 0,2,4,5 as
coefficients if a coefficient can be repeated
in an equation.

How many six—digit telephone numbers can
be formed if the first two digits are 45 and no
digit can appear more than once?

A question paper has 6 questions. How many
ways does a student have to answer if he
wants to solve at least one question?

Find the number of ways of dividing 20
objects in three groups of sizes 8,7,and 5.

There are 4 doctors and 8 lawyers in a panel.
Find the number of ways for selecting a team
of 6 if at least one doctor must be in the team.

Four parallel lines intersect another set of
five parallel lines. Find the number of distinct
parallelograms formed.

There are 12 distinct points A,B,C.,.....,.L, in
order, on a circle. Lines are drawn passing
through each pair of points

i) How many lines are there in total.

i1) How many lines pass through D.

ii1)) How many triangles are determined by
lines.

iv) How many triangles have on vertex C.

o0
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4 METHOD OF INDUCTION AND BINOMIAL THEOREM v

@é}’ Let's Study

e  Mathematical Induction

e  Binomial Theorem
e  General term of expansion
e Expansion for negative and fractional index

e Binomial coefficients

Let's Learn

Introduction :

The earliest implicit proof by induction was
given by Al Karaji around 100 AD. The first
explicit formulation of the principle was given by
Pascal in 1665. The Mathematical Induction is a
powerful method, easy to use for proving many
theorems.

4.1 Principle of Mathematical Induction :

Principle of Mathematical Induction consists of
the following four 4 steps:

Step 1 : (Foundation) To prove P(n) is true for
n=1

(It is advisable to check if P(n) is true forn =2, 3
also if P(1) is trivial).

Step 2 : (Assumption) To assume P(n) is true
forn==rk

Step 3 : (Succession) To prove that P(n) is true
forn=k+ 1.

Step 4 : (Induction) To conclude that P(n) is true
foralln e N

Row of dominos standing close to each other gives
us the idea of how the Principle of Mathematical

Induction works.

Step 1 : (Foundation) The 1st domino falls

down.

(followed by it 2" also falls down. Then 3,
4™ and so on.)

Step 2 : (Assumption) Assume if k™ domino
falls down.

k+1

Fig. 4.1

Step 3 : (Succession) Followed by k™ domino,
(k + 1) domino will also fall down.

Step 4 : (Induction) It is true that all the dominos
will fall down.

We will see how to use the principle of
mathematical induction to prove statements.

Stepwise Explanation :

Step 1. (Foundation) Formulate the statement of
the theorem as P(n) say, for any positive integer
n and verify it for integer n = 1. In fact, it is
often instructive, though not necessary, to verify
the statement for » = 2 and 3. This gives better
insight into the theorem.

Step 2. (Assumption) Assume that the statement
P(n) is true for a positive integer k.

Step 3. (Succession) Prove the statement for
n=k+1.




Step 4. (Induction) Now invoke the principle
of Mathematical induction. Conclude that the
theorem is true for any positive integer n.

Illustration :

Let us prove a theorem with this method.
The theorem gives the sum of the first n positive
integers.

Itisstatedas P(n): 1 +2+3...+n=n(n+1)/2.

Step 1 : (Foundation)
To prove P(n) is true for n = 1

1(1+1)

LHS=1 RHS=
true.

= 1 which is trivially

2x(2+1)
- a

Check that 1 +2 = nd

1+2+3=

w , s0 P(2) and P(3) are also

true.

Step 2 : (Assumption) Assume that P(n) is true
for n =k and in particular,
_ k(k+1)

—

1+2+3+...+k

Step 3 : (Succession) To prove P(n) is true for
n=k +1 that is

1+2+3+...+k+(k+1)=(k+1)2ﬂ
Here LH.S.=1+2+3+...+k+(ktl)

= @ + (k+1) (by step 2)

=(k+1)(§+1)

~ (k+D)(k+2)
2
Thus, P(k + 1) is proved.

=R.H.S.

Step 4 : (Induction) Now by the Principle of
Mathematical induction, the statement P(n) is
proved for all positive integers n.

( SOLVED EXAMPLES j

Ex.1 By method of induction, prove that.

1.3+25+3.7+....+t+n(2ntl)= % (n+1)(4n+5)
foralln e N

Solution :
LetP(n)=13+25+3.7+....+n(2nt+l),
foralln e N

= % (n+1)(4n+5)

Step (I) : (Foundation) To prove P(1) is true
Letn=1
L.H.S.=13=3

1
R.H.S. =

¢ 1+ D1 +5)

1
S ACIORE
.. L.H.S.=R.H.S.
- P(1) is true

Step (IT) : (Assumption) Assume that let P(k)
is true

SL13+25+3.7+ . +k(2k+])

= % (k+1)(4k+5) ..(1)
Step (III) : (Succession) To prove that P(k+1)
is true.
re. 1.3+2.5+3.7+ ...+ (ktl)[2(k+1) +1]
(k+1)

=T (k+1+1) [4(k+1) +5]

ie. 1.3+25+3.7+ ...+ (k+1) (2k+3)
B (k+1)

(k+2) (4k+9)




Now
LHS.=13+25+3.7+....+(k+1)(2k+3)
=1.3+2.5+...+k(2k+1)+(k+1)(2k+3)

_ % (ke 1)(4k+5)+(k+1) (2k+3)

... from (i)

= (k+1) [@ukw}

4k2+5k+12k+18]

6
_ (k+D(k+2)(4k+9)
6

= (k+1) [

=R.H.S.
- P (k+1) is true.

Step (IV) : (Induction) From all steps above by
the principle of mathematical induction,
P(n) is true for all n € N.

5 13+25+3.7+....+n(2n+1)

% (n+1)(4n+5), for all n € N.

Ex.2 By method of induction, prove that.

Z =1 l_x
St =

1—-x

n

J,forallneN,x;él.

Solution : Let P(n) = Z:axrf1
r=1

1-x"
=a+ax+ax*+ ... +ax"! =a(

Step (I) : To prove that P(1) is true

Letn=1
L L.H.S.=a
1-x
e -a(12) -0
1-x

- L.H.S.=R.H. S.

- P(1) is true

Step (II) : Assume that P(k) is true.

T=ataxtat...+axk!

=S .
=a [ - } (1)

Step (III) : To prove that P(k+1) is true

l_xk+l
ie.atax+adl+...+axk=a .
—x

Now, LH.S.=a+ax+ax’+...+ax*'+ ax

—2 R‘xk} +ax [by (i)]

a(l—x*)+ax* (1-x)
(1-x)

all—x* +x* —x

(1-x)

l_xk+l
=a

=R.H. S.

k+1]

.. P(k+1) is true.

Step (IV) : From all steps above by the principle
of mathematical induction, P(n) is true for
alln € N.

N r—1 l_xn
" Zax =a[ j,forallneN,x#l.

1-x

Ex.3 By method of induction, prove that.
5 — 1 is divisible by 6, for all n € N.
Solution : 5 — 1 is divisible by 6, if and only if
5% — 1 is a multiple of 6
Let P(n) be 5"— 1 =6m, m € N.

Step (I) : To prove that P(1) is true, Letn=1

LS —1=25-1=24=64




- 52— 1 is a multiple of 6
- P(1) is true.

Step (II) : Assume that P(k) is true.
oo 5% —1=0a,
5% =6a+t1 ..(1)

wherea e N

Step (III) : To prove that P(k+1) is true
i.e. to prove that 5***D — 1 is a multiple of 6
i.e. 552 —1=6b, beN
Now 5%+ —1=5%52—1

=®a+1)25—-1 by(@)
=150a+ 24 =6(25a+4)
= 6b

Step (IV) : From all the steps above
P(n) = 5?"—1 is divisible by 6,
foralln e N

Note :

1) 5<5 is not a true statement, whereas 5 < 5,
5 > 5 are true statements.

2) 2=3,2>3,2 >3 are not true statements,
whereas 2 < 3, 2 < 3are true statements,

Ex. 4) By method of induction, prove that
n!>2":vYneN,n>4.

Solution : Step I : (Foundation) Since P(n) is
stated for n > 4. Take n =4

L.H.S.=4!=24 RH.S.=2*=16.

Since 24>16, P(n) is true forn =4

[P(n) is not true for n =1, 2, 3 (Verify!)]
Step (II) : (Assumption) Assume that let P(k)

is true.
ie. k!>2F; ke N, k>4.

Step (IIT) : (Succession) To prove that P(k+1)
is true.

i.e. to prove that (k+ 1)! > 21k + 1 >4,
LH.S. = (k+1)! = (k+ D!

Since k>4, k+1>4+1,1e. k+1>5,
also k +1 > 2 (why?)

and from Step I, k! > 2%; k>4.

Therefore, L.H.S. = (k+1)k! >2.2¢= 21 =R H.S.
fe (k1) > 2 k+1>4

Therefore P(k+1) is true.

Step (IV) : (Induction) From all steps above,
P(n) is true for Vn € N, n > 4.

Ex. 5) Given that (recurrence relation)
t ., =3t +4,t =1, prove by induction that
(general statement) t = 3" — 2.

Solution : The statement P(n) has L.H.S. a
recurrence relationt | =3t +4,t =1 and
R.H.S. a general statement t = 3" — 2.

Step I : (Foundation) To prove P(1) is true.

LHS. =1,RHS=3"-2=3-2=1
So P(1) is true.

Forn=2,LHS. =t =3t +4=3(1)+4
=7

NowR.H.S.=t2=32—2=9—2=7. P(2)
is also true.

Step II : (Assumption) Assume that P(k) is true.
ie fort, =3t +4,t =1,thent =3 -2

Step III : (Sucession) To prove that P(k + 1) is
ture.

ie. toprovet,  =3“"-2

Since tk+1 = 3tk + 4, and tk — 3k ) (From
StepIl) t  =3(3F-2)+4=3"1-6+4

=31 -2,
Therefore P(k + 1) is true.

Step IV: (Induction) From all the steps
above P(n), t = 3" -2 is true for V n € N, where
t., =3t +4,t=1




Ex.6 By method of induction, prove that.
2">n, foralln € N.
Solution : Let P(n) =2">n
Step (I) : To prove that P(1) is true, Letn=1
LHS.=2"'=2
RHS.=1
2 >1 Which is true
- P(1) is true
Step (II) : Assume that P(k) is true, k € N
s 2k>k ..(1)
Step (III) : To prove that P(k+1) is true
ie. 2>k + 1
2k =2k 21> k.2
S 26> 0k
S2M>k+k
S2MI>Kk+1 (0 k>0)
- P(k+ 1) is true.

Now ...by (1)

Step (IV) : From all steps above and by the
principle of mathematical induction, P(n)
is true for all n € N.

oo 2v>n, foralln € N.

Remarks : (1) In the proof of P(n) by method
of induction, both the conditions viz.
(1) P(1) is true and (ii) P(k+1) is true when
P(k) is true, must be satisfied. (2) In some
problems, second step is satisfied but the

first step is not satisfied. Hence the result is
not valid for all n € N.

for example,

let P(n) = 1.6+2.9+3.12+....4n(3n + 3) =
n+3n’+2n+3

Let us assume that P(k) is true.

5 1:642:943-12+...+k(Bk + 3) =k* + 3k* + 2k + 3

()

We have to prove that P(k+1) is true,
1.e. to prove that

16 +2:9+ 3-12 +...+ (k + 1) 3k + 6) =
(k+1)+3(k+1)+2(k+1)+3
LH.S.=1-6 +2:9+3-12 +..+ (k + 1) (3k + 6)

= 1:6+2:943-12 +...+ k(3k+3) + (k+1)
(3k+6)

=k*+3k*+ 2k + 3+ (k+ 1) (3k + 6)by(i)
=k’+3k*+2k+3+3k*+ 6kt 3k+6
=k*+ 3k? + 3k + 1 + 3k*+6k+3+2k+2+3
=k+1)yP+3K+2k+1)+2(k+1)+3
=(k+1)P+3k+1)2+2k+1)+3
=R.H.S.

- P(k+ 1) is true.

If P(k) is true then P (k+1) is true.

Now we examine the result forn =1

LHS.=16=6
R.H.S.=1P+3(1p+2(1)+3
=9

S L.H.S.#R.H. S.
.. P(1) 1s not true

.. P (n) is not true for all n € N.

(EXERCISE 4.1 )

Prove by method of induction, for all n € N.
(1) 2+4+6+... +2n=n (nt+1)
(2) 3+7+11+...+tonterms=n(2n+l)

n(n+1)(2n+1)
6

n
(4) 14345+ (2n-1P= 3 (20-1)2n)

(3) 12422432+ .+n2=

(5) 1°+3°+ 5%+ ... tonterms =n?(2n*—1)

n

(6) 1:2+2-3+3-4+....+n(n+1) = 3 (n+1)(n+2)
n

(7) 1-343-5+5-7+....tonterms= 3 (4n*+6n—1)

(8)




)

(10)
(11)
(12)
(13)
(14)

(15)

(16)

4.2

4+ L + L +...tonterms= _n
3(2n+3)

1
3.5 57 79

(2°»—1) is divisible by 7.
(2*"—1) is divisible by 15.
3" —2n — 1 is divisible by 4.
5
54+52+5+...+5"= 2 S"—=1)
(cos O + 1 sin 0)" = cos (nO) + 1 sin (n0)

Given that t | = 5t + 4, t =4, prove by
method of induction that t =5"—1

Prove by method of induction

1 2y 1 2n
[0 J:O 1 VneN

Binomial Theorem for positive integral
index :

We know that

(a+b)= 1

(a+b)= la+1b
(a+b)= la% + 2ab +1b?
(a+b))= 1la’*+3a’ + 3ab’+ 1b’

(a+b)*= la*+4a’b + 6a’b* + 4ab* + 1b*

The coefficients of these expressions are
arranged by Pascal's triangle as follows and
are expressed in the form of "C

Index

0 1

1 1 1

2 1 2 1

3 1 3 3 1

4 1 4 6 4 1

0 °C,=1

1 'C,=1'C,=1

2 ’C,=1°C =27, =1

3 ’C,=1°C,=3°C,=3°C,=1

4 C~1 *C=4 C=61'C=4'C~1
Now, we will study how to expand

binomials of higher powers.

Theorem : Ifa, b € R and n € N, then
(atb)*= "C a"b’ +"C a"'b' +

"C,a"?b*+ .. +"C a’b"
Proof : We prove this theorem by method
of induction.

Let P(n) be (atb)" =
"C,a"b’ +"C a"'b' +'C,a"?b’ +..+"C a’b"

Step(I): Letn=1
L.HS.=(a+tb)=a+b
R.H.S.='C a'b’+'C ab'=a+b
L.H.S.=R.H.S.

P (1) is true.

Step (II) : Let P(k) be true.

- (a+b)=KC, akb™HC @k 1 HI+HC ak b+, +4C, a” b

(D)

Step (IIT) : We have to prove that P(k+1) is true.

i.e. to prove that

(a+b)k“ _

IC, b0+ FIC a'b!' + 1Ca b ..

+ k+lck+1a0 bk+l

Now L. H. S. = (a + b)*"!

= (atb) (atb)~

= (atb) [C, a'b™+C a*"' b'+C 2" ?b*+..
+4C " b¥] by (i)

= a[*Ca"b™+*C a“'b+C,a**b*+...+C a"b]
+b[*C a"b*+C a*"! b+C a*?b*+...+*C a" b¥]




= [*Ca“'b"+C a*b'+*C a* 'b*+...+C ab"]+
[KC,ab+C a1 bH++C ak2b3+.. +5C a0 b*1]
— kCOak+1b0+kClakbl+kcoakbl+kczak—lb2 +
“C,a“'b™+.. +*C a' b+ *C_ a'b*+*C a’ b*"!
— kcoak+lb0+ (kcl+kco)akbl+(kcz+kcl)ak—lb2+
oo (FCHC, ) albk+ KC a0 b

But we know that

kCO =1 =KIC kC1+ kCO _ kHCl.

k+1°
k k(Y — k+l k k _ k+l

C2+ C1 Cz,.... Ck+ Ckfl Ck,....
k(Y — 1 — k+l

Ck 1 Ck+1

~LHS.= k+1COak+1b0+k+1C1akbl +k+1C2akflb2
k+1 Oy k+1
....... +¥1C,, 2%

=R.H.S.
- P (k+1) is true.
Step (IV) : From all steps above and by the

principle of mathematical induction, P(n)
is true for all n € N.

- (atb)y="C, a"b’+"C a""' b'+"C,a"?b*...+"C a’b",
foralln € N.

Remarks :

(1) The expansion of (at+b)" contains n+1
terms.

(2) First term is a" and last term is b".

(3) In each term, the sum of indices of a and b
is always n.

(4) Insuccessive terms, the index of a decreases
by 1 and index of b increases by 1.

(5) Coefficients of the terms in binomial
expansion equidistant from both the ends
are equal. i.e. coefficients are symmetric.

(6) (a_b)n: nCOanbO_ nC]anfl b1+nC2an72b2_ e
(—1)Ca’b".

In the RHS, the first term is positive and

consequent terms are alternately negative
and positive.

( SOLVED EXAMPLESj

Ex. 1 : Expand (x* + 3y)’
Solution : Here a = x2, b = 3y and n = 5 using
binomial theorem,
(*+3y)*=>Cy(x?)* 3y)" + °C (x*)* By)' + °C,(x?)’
(By)*+°Ci(x*) Byy’ +°C,(x*)' 3y)*

+C(*)" By)
Now °C,=5C,=1,°C,=°C,=5,
5.4
5C2= 5C3= Z =10

S 3y)” = 1)) +5 () (3y)+10(x) 9y +
10(x*)(27y%)+5(x?) (8 1y*)+1(1)
(243y”)

S (3y)>= X104+ 15x8y+90x6)2+270x 4 +405x% y*
+243y°

5
Y
. 2n - 2
Ex. 2 : Expand ( x 2]

Solution : Here a=2x,b = % andn=1>5

Using binomial theorem,

(Zx - %} =5c0(2x)5@j —5C1(2x)4(
+5C,(2x) [%j - 5C3(2x)2(§J

+5C,(2x)' (%) - Scs(zx)ogj

Now *C,=5C,=1,%C,=°C,=5,

N =
~——~2

54

— =10
2-1

5C2 — 5C3 =

(2x - %) —1325)(1) - 5(16x4)(%)

3

+10(8x%) (yTz) - 10(4x2)(y§)

Y'Y
+5(2x)(g) 1(1)(32)




5
sz - %) = 32x° — 40x%y + 20x°*)* — 5x%7°
5 y’

YR

Ex.3 : Expand (\/g + \/§)4

Solution
Using binomial theorem,

(VB33 =, (4B) (V3] +c,(35) (45)
0, (V5 (V3] v, (45 (V3)

e () ()

.h
%)

Now ‘C =*C,=1,'C,=*C,=4,'C,= =0,

N
—

(\ﬂ§4_\/_)-—1(25)(1)+4<5\/_)(3\/_)-F6(5)(3)

+4(5)(3v3) + 1HO)
o (V5+43) =25+(20V15) 490+ (12415) +9
. (\/§+\/§)4 = 124 +(32415)

Ex.4 : Evaluate (\/§+1)5 - (\/5_1)5
Solution : (2 +1)' =C, (V2] +°C,(2)' +
() =) - ()

+C, (\ﬂi)o
5.4
Nowszclo C,=1,°C,=C,= 5,°C,=°C, =
o (V2+1) = 1(442) + 5+ 10 (242) + 1002)
+5@5)+1
(V2+1) = (#2)+ 20 + (2042) + 20
+(5\/§)+ 1 .. (i)

:Herea=\/§,b=\/§andn=4

Similarly,

(\/5—1)5 = (442)20+(20v2) 20+(5v2) -1

... (i1)
Subtracting (ii) from (i) we get,

(\/5+1)5 - (\/5—1)5
— (4J§+20+20J§+20+5J5+1)
- (4\/5—20+20\/§—20+5\/§—1)

—2(20+20+ 1)
— %2
3 (ﬁ+1)5 —(\/5—1)5 — 82

Ex. 5 (Activity) : Using binomial theorem, find
the value of (99)*

Solution : We have (99)*= - 1)*
(99) =*C, @' - ‘C, @y +C, Oy
_4C3 (D)I + 4c4 (D)O
43
Now *C =*C,=1,'C,=*C,=4,"C,= 21 =6
99)* = 1(10)5- 4(10)2+ 6(10)H
— 4010+ 1(1)
=0-0+0-0+0=0
Ex. 6 : Find the value of (2.02)° correct upto 4
decimal places.
Solution : (2.02)° = [2+0.02]
= °C,(2)°(0.02)°+°C, (2)*(0.02)" +
SC,(2)(0.02)2+ 5C, (2)%(0.02)* +
5C,(2)'(0.02)*+ 5C, (2)°(0.02)°
Now C,=5C,=1,°C,=5C,=5,°C,=5C,= 10

(2.02)° = 1(32)(1) + 5(16)(0.02)
+10(8)(0.0004) + 10(4)(0.000008)
+ 5(2)(0.00000016)
+ 1(0.0000000032)




Ignore last two terms for four decimal places
(2.02)> =32+ 1.60 + 0.0320 + 0.0003
(2.02)° = 33.6323.

Ex. 7 : Without expanding, find the value of
2x—1)° + 5 2x—1)*(1-x) + 10 2x—1)’(1—x)*+
10 2x—1)*(1—x)*+52x—1)(1—x)*+ (1—x)°

Solution : We notice that 1, 5, 10, 10, 5, 1 are the
values of °C ,°C, ,°C,,°C,, °C,and °C,
respectively.

Hence, given expression can be written as
°C(2x—1)’+°C (2x—1)*(1—x)
+°C,(2x—1)’(1—x)*+ °C,(2x—1)*(1—x)’
+°C,2x—1)(1—x)*+°C, (1—x)
=[(2x-1) + (1-0)P
=2x—1+1—-x)
= xs
(2x—1)>+52x—1)* (1—x) +10 (2x—1)}(1—x)?
+10 2x—1)*(1-x)*+ 52x—1)(1—x)*+ (1—x)*

:xs

{EXERCISE 4.2 )

(1) Expand () (V3++2) (i) (V5-v2)
(2) Expand (i) 2x2 +3)* (i) (m-%f
(3) Find the value of
(i (Va+1) —(v3-1)
(i) (2+45) + (2-V5)
(4) Prove that
(i) (ﬁ+ﬁ)6 + (\/E—JE)6 =970
(i) (V5 +1) —(v5-1) =352

4

()

(6)

(7)

(8)

)

(10)

4.3

Using binomial theorem, find the value of
(1) (102)* (i) (1.1)°
Using binomial theorem, find the value of
(1) (9.9)° (ii) (0.9)*
Without expanding, find the value of
(1) (e+1)* = 4(x+1)° (x—1) + 6 (x+1)* (x—1)?
—4(x+1) (x—1)*+ (x—1)*
(ii) 2x—1)* + 4(2x—1)* (3—2x) +
6 (2x—1)* 3—2x)*+4(2x—1)' (3—2x)°
+ (3—2x)*

Find the value of (1.02)®, correct upto four
places of decimals.

Find the value of (1.01)°, correct upto three
places of decimals.

Find the value of (0.9)%, correct upto four
places of decimals.

General term in expansion of (a+b)"

In the expansion of (a+b)", we denote the
terms by t, t,, t, ..., t, t .t ... then

— 1 n0
t,="C,a"b
— 1 n— 1
t,="C, a"'b
— 1 n—2 2
t,="C,a"?b

10

tr: nCr7] anfrJrl br*l
t, ="C. a"b
t . is called a general term for all r € N and

0 <r < n. Using this formula, we can find
any term of the expansion.

4.3 Middle term (s) in the expansion of (a+b)":

(1) In (at+b)" if n is even then the number of
terms in the expansion is odd. So the only

th
middle term is (HT-’_ZJ term.




(i1) In (atb)" if n is odd then the number of
terms in the expansion is even. So the two

th
middle terms are (n_—i—lj term and

th
(n + 3) term.
2

( SOLVED EXAMPLES)

Ex. 1 : Find the fifth term in the expansion of

3 8
2x

Solution : Herea=2x b= 7—,n=8
2x

Fort,r=4

Since, t, ="C a""b,

3 4
e (2)

_ 8765 (20’ ( 3 j

43.2.1 2x
81
=70(16x%
(16x°) (16)64}
=5670x*

The fifth term in the expansion of

8
(2x2 + zij is 5670x*
X

Ex. 2 : Find the middle term(s) in the expansion

8
of (xz +zj
X

2
Solution : Herea=x*>, b= —
X

,n=28
8+2
Now n is even, hence (HTH) = (Tj =5

Fifth term is the only middle term.
For t,r=4

We have t, ="C a"" b,

) 4
ts — 8C4 (x2)8—4 (;j

_ 8765 (2 )
432157 | %

16
4

X

=70 (x*)
— 1120x*

Ex. 3 : Find the middle terms in the expansion of

9
(2)6_ : J
4x

Solution : Herea=2x,b=—,n=9

1
Now n is odd (%) =5 (n;—3} =6

Fifth and sixth terms are the middle terms.
We havet, ="C a"" b’,
Fort,,r=4

1 4
t,=°C, x)"* [_Ej

4
_ 9876 oL
4321 4x

I
— 126 (2x°
(@) (256;&}

(2

Fort ,r=5

1Y
t = 9C5 (2x)>3 (EJ

9876 ., (-1
eSS ( j

4-3 4x
- 4 _
126 (16x*) (1024x5j
__ 63
32x
63x 63
The middle terms are | —/— | and ———
4 2x




Ex. 4 : Find the coefficient of x’ in the expansion

11
of (xz + l)
X

Solution : a=x%* b= o= 11

We have t, ="C a"" b/,

1 T
— 11 NIl | —
t., Cr (x?) (xj
— 11 22-2r 1
Crx X
— 11 20-3r
Crx

To get coefficient of x’, we must have

X223 =7

22 -3r=7
r =5
11-10-9-8-7
IlC -
.. Coefficient of x’is 462.

=462

Ex. 5 : Find the coefficient of x % in the expansion

1 10
of | 2x ———
(x ﬁxzj

-1
Solution : Herea=2x,b= ——,n=10
J3x?

We have t  ="C a"" b,

1Y)
= 10Cr(2x2)10—r (ﬁxzj

’g (2)107rx10*r [_1 jr X

1Y
— IOC (2)107r (_ xlO*}r
T \/g]

To get coefficient of x %, we must have

xl 0-3r — x*2

r =4

. coefficient of x2

— 10 104 [ —1 4:10'9'8'7 of 1Y
- G@) (T} 2321 2 (_j

3 NE)

210 (64) G]

4480
3

4480
3

. Coefficient of x 2is

Ex. 6 : Find the term independent of x, in the

2 10
expansion of (\/_ __zj
X

-2
Solution : Here a = \/;,bz —,n=10
X

We have t, ="C a"r br
- 10Cr (\/;)104 (_—3)
X
10-r

_ 1ocr X(T] (—2)y x>

10-5r

=1C, (-2) x 2

To get the term independent of x, we must have

10-5r
x 2 =x0
_lo-se
2
S 10-5r =0
ST =2

.. the term independent of x is

10.9
C,(-2) = T (2 =45(4) = 180

.. the term independent of x is 180.




(1)

2)

3)

(EXERCISE 4.3 J @

In the following expansions, find the
indicated term.
3 8
(1) |2x2 +_j 3 term
(ii) ] 5% term
(5)
(iif) 4_x_iJ
5 2
6
(iv) In (; J 9™ term ©)
7
(v) In (3a+ij , 10" term ™
a
In the following expansions, find the 4.4

indicated coefficients.

(i) x*in (x2+£] (ii) x* in (2’“5_%)

1 18 1Y
(ii1) x” in (_4_sz (iv) x? in (X_Ej

X
(v) x®in [x3 —ij
2x?

Find the constant term (term independent
of x) in the expansion of

(i (m%f (i) [—3]

(iii) [I —%) (iv) (xtlj
X X

) [2x2 —%T

Find the middle terms in the expansion of

(i) G%T (ii) (;ﬁ%y
w3 @]
o (4]

In the expansion of (k+x)?, the coefficient
of x° is 10 times the coeflicient of x°. Find
the value of k.

Find the term containing x°in the expansion
of (2—x) (3x+1)°

The coefficient of x* in the expansion of
(1+2x)™1s 112. Find m.

Binomial Theorem for Negative Index or
Fraction.

If n 1s negative then n! is not defined.

We state binomial theorem in another form.

n— on g —n(n—l) n—2 2
(athb) a+1'a‘b+ o @ b
nn-1)n-2)
3 2 am b+ ..
l’l(n 1) (1’1 I‘+1) an- rbr+ .... + bl’l

r!

n(n-1)(n-2).....n—r+1)
r!

Heret = a" b’
T+1

Consider the binomial theorem
(I+x)" =1 +"Cx +"C, x> + ... + x"

n(n—1)
]

=]+nx+ X2+ . +x"

This is a finite sum.




The theorem has an extension to the case
where 'n' is negative or faction. We state it
here without proof.

For |x|<1
n(n-1)
(Ix)=1+nx+ "5 x*+
n(n—-1)(n-2)
31 X’ +

n(n-1).....n—r+1) R
r!
Here n is not an integer and the terms on
the RHS are infinite, the series does not
terminate.

Here there are infinite number of terms in the

expansion. The general term is given by

_ n(n-1)(n-2)..(n—r+1)x’
r! ’

r>0

T+1

Remarks : (1) If [x|<I and n is any real number,
not a positive integer, then

-1 n(n—1)(n-2)
(1—x)"= l_n.x+ n(nz! ) xz_ 31 x3+

The general term is given by

_ (-D'n(n—-1)(n—-2)....n —r+1) .

T+1 r!

(i1)) Ifnis any real number and |b|<|al, then

(a+by= {a(HEH = [1+Ejﬁ
a a

Note : While expanding (a+b)* where n is a
negative integer or a fraction, reduce the binomial
to the form in which the first term is unity and the
second term is numerically less than unity.

Particular expansion of the binomials for
negative index, fraction. |x|<I
1

(1) Tix =(1+x) "= 1— xto?—x3+x—x>+...
+X

=(1-x)"'= 1+ xtx* o +xt+xo+...

)

1
(3) A = (14x)2=1-2x+3x2— 4x°+...
X
1
4) W = (1=x)2=1+2x+3x2 + 4x3+...
—X
2 3
5) A1+ —(+x) o1 i X
©) *=( ) 2 8 16
2 3
6) VI—x=(l—x)2=1-X_%_%X _
(6) x=(1-x) T

( SOLVED EXAMPLESj

Ex.1 : State first four terms in the expansion of
1 where [bl<[al
(a-b)*
Solution : We have L = (a—b)™
(a=b)’

il

=a{1+<-4>( bjmmw(h}}

a 21 a 31 a
2 3
=a’ 1+4E+&b—2+@b—3
i a 2 a 6 a
L[ 4 10b® 20b° }
=a | l+—+—+—+..
| a a a

Ex. 2 : State first four terms in the expansion of

1
oy i<l

Solution : = = (atb)!

(ath)

-1
=a’ (1 + E)
a

s (o) coaeney, |




Ex. 3 : State first four terms in the expansion of
2
(2-3x)""2 if |x|< 3

Solution : |x|< 3

3x
2
We have (2-3x)7'2

_1
= 2*1/2 (1 _3_x) A
2

e %)(—3xj+(_;j(_;_lj(—3sz

<1

2 3
:2—% 1+3—x+27x +135x + ...
4 32 128

Ex. 4 : Find the value of\/30 upto 4 decimal
places.

Solution:

J30 = (25 + 5"

121 5 -

(1)

2)

€)

(4)

_ 1 1 1
=5 1l+———+r—...
[ 10 200 2000 }
=5[1+0.1-0.005+ 0.0005]
(upto 4 decimal places)
= 5[1.0955]
=5.4775

(EXERCISE 4.4 J

State, by writing first four terms, the
expansion of the following, where |x|<1

(1) (1+x)™* (ii) (1-x)"”
(iii) (1=22)°  (iv) (1+x) "
(v) (1+x%)

State, by writing first four terms, the
expansion of the following, where |b|<|a|

(1) (a-b)> (ii) (atb)™

(iii) (a+b) (iv) (a—b) "

(v) (atb) ™"

Simplify first three terms in the expansion
of the following
(1) (1+2x)™*

(iii) (2—3x)"?
(V) (5-3x)"

(if) (14+3x) 2
(iv) (5+4x)1?

Use binomial theorem to evaluate the
following upto four places of decimals.

(i) /99 (ii) /126
(iii) 416.08  (iv) (1.02)7

(v) (0.98)




4.5 Binomial Coefficients :

The coefficients "C, "C,, "C,, ... "C_in the
expansion of (a+b)" are called the binomial
coefficients and denoted by C, C,, C,, ... C_

respectively

2°

Now (I+x)" = "Cx® + "Cx'+ "Cx*+..+
"C x"...(1)

Putx =1 we get
(I+1)y="C,+"C+"CH+..+"C

22" ="Cy+"C +"C ¥ ... +°C,

G HC A C L+ C =20

L CFCHC L+ C =20

.. The sum of all binomial coefficients is 2"
(i1) Put x =—1, in equation (i) we get
(1-1)y=rC,—"C+"C—..+(1)"C_
=0 ="C,—"C+"C~ ...+ (-1)""C,

5 "Cy—"CH+"Cm"Ct (1) C =0

£ 1+ C+ "C it ... =C +"CH°C ot .....

C,,C,,C,,.....are called as even coefficients.
C,,C,, C.,..... are called as odd coefficients.
Let C+ C,+ C it ... =C,+ C,+ Ct .=k
NowC +C+C, +~C,+...+C =2"

S (CFCFCH L )HC +CHCH . )=2"

S k+k=20

s 2k=2n

. k—z k_2n—1
L. 2,

© CFCAHCH...=C+CHCH.. =2

.. The sum of even coefficients = The sum

of odd coefficients = 2*!

[ SOLVED EXAMPLES ]

Ex.1 : Show that C,+ C + C, + ... + C, =1024
Solution : We have C,+C+C, +.... C =2"
Put n =10, we get
C,+C+C,+...C =2
L CHC+HC + L+ C =1024

Ex. 2 : Show that
CHC+C,+..+C, =C+C+C + ..

+C,, =2048
Solution : We have
C,HC+C,+CH+CH+C +..+C _+C =2

Putn =12, we get
C,tC,+C,+C,+C,+C, + ...
+C,+C,=2"7=4096 (i)

We know that

The sum of even coefficients = The sum
of odd coefficients.

C,HC+C,+..+C =C+C+C + ..
+C,, =k ..(i1)
Now from (i)
(C,+HCHC,+...+C )+ (C+CH+C + ...

+C,,) = 4096
- k+k=4096

-, 2k = 4096
o k=2048
2 C+CHC, +...4C =C +C +C +..+ C, = 2048

Ex. 3 : Prove that
C +2C,+3CH4C+...+nC = n.2"!
Solution :

LH.S.=C+2C+3C+4C+ ...+ nC,

9 n(n—1) N 3n(n—-1)(n-2)

+....+n.1




=n [1+(n—1)+W+....+1}

— n-1 n-1 n-1 n-1
=n [*IC,+™C +*IC + ...+ *IC_]

=n[C,+ C+Ct .t C ]
=n.2""!

=R.H.S.

. CA2C+3CH...+nC =n2!

Ex. 4 : Prove that

n+l
C0+&+&+....+ <, =2 !
2 3 n+l n+l

Solution : L.H.S.

n

c, ¢, ¢, ¢, C
= L+t 2423+
1 2 3 47 n+l

n+ln(n—1)+ln(n—1)(n—2)+” N 1

=1+— .
2 3 2! 4 3! n+1
_ 1! (n+1)+n(n+1)+(n+1)n(n_1)+...+l
(n+1) 2! 3!
B (n+1) [*'C +mCHMCH LA MC L]

1
= m [1+n+1C] + n+1C2+ n+1C3+”.+ n+1cn+]_1]

[n+1C0+ n+1Cl+ n+1C2_|_ ..... + n+1Cn+1_1]

T (n+))
“ oD [C,+CHC,F ..t C  —1]
B (n+1) @D
_ % ~RHS.
C°+%+ 3 +nC:1_2:1+11

{EXERCISE 4.5 J

Show That

(1) C,+C+C,+...C, =256

(2) C+C+C,+...C/=512

(3) C+C+C,+..C =127

(4) C+C+C,+...C, =63

(5) CHCH+CH+CH+C=C +CH+C+C =128
6) C,+CFC,+..C =2"—1

(7)  C#2C+3C,+4C +..+(n+1)C =(n+2)2""!

’—WL&'S Remember

° Step (I) Foundation : To prove P(1) is true

Step (IT) Assumption : To assume P(k) is
true.

Step (III) Succession : To prove that P(k+1)
1s true.

Step (IV) Induction :P(n) is true for all
n e N.

° Ifa,b € Rand n € N, then
(atb)*="C,a"b"+"C, a™'b'+"C, a™*b*+....
+ nCn aO bn
(a=b)"="C,a"b"—"C, a™'b'+"C, a™*b’....
+ (_1)nnCn a()bn
e  General term in the expansion of (a+b)" is
t, ="C a"b’

° If |x| <1 and n is any real number then
D) om0 5

(14x)" = 1+nx+ =

3!
(1+x)"= 1—nx+ n(r;l) X’ - n(n—13)$n—2) X+

e CH4CHC,+..+C =2

e C4CFC,+CH....
=C,+C+C,+CH..=2"




MISCELLANEOUS EXERCISE - 4

)

(1)

2)

3)

(4)

()

(6)

(7)

(8)

)

(10)

Select the correct anwsers from the given
alternatives.

The total number of terms in the expression
of (x+y)!%+ (x—y)!% after simplification is :
A)50 B)51 C)100 D)202

The middle term in the expansion of (1+x)*
will be :

A) (n—1)" B)n"™ C) (nt1)" D) (n+2)h
In the expansion of (x>—2x)'°, the coefficient
of x'¢is

A)—1680 B) 1680 C)3360 D) 6720

The term not containing x in expansion of

(1—x)? (x+l) is
X

A) 11C5 B) IOC5 C) 1oc4 D) IOC7

The number of terms in expansion of
(4y+x)*—(4y—x)°

A)4  B)S C)8 D)9

The value 14Cl + 14C3-|- 14C5+ ..... + 14C is

A)2%-1 B)2“-14 ()2 D)2°-14

The value ''C,+ ""C + "C + ''C, is equal to
A)21°-1 B)21°-11 C)29+12 (D)2'9-12

In the expansion of (3x+2)*, the coefficient
of middle term is
A)36 B)54

C)81  D)216

The coefficient of the 8" term in the
expansion of (1+x)'is :

A)7  B)I120 O)C, D)210

Ifthe coefficient of x> and x* in the expansion
of (3+ax)’ are the same, then the value of a
is

7 9 7
A)-= B)-= C)=
)5 B3 05

)
(1)

(ii)
(iii)
(iv)

2)

€)

(4)

()

(6)

(7)

(8)

Answer the following.

Prove, by method of induction, for all
neN

8+ 17+26+ ...+ (9n—1) = % (9n+7)

2+ 4+ 72+ .+ (3n-2) =% (6n*-3n 1)

24+32+42°+ ..+ (nt1)2"'=n. 2"

1 2 3 n
+ + ot
345 456 5.6.7 (n+2)(n+3)(n+4)
n(n+1)
~ 6(n+3)(n+4)

Given that t | = 5t — 8, t = 3, prove by
method of induction that t = 5" +2

Prove by method of induction

3 —4”_ 20+l An ) ypen
1 1) |\ n —2n+1
Expand (3x? + 2y)°
4
Expand (E—ij
3 2x

Find third term in the expansion of

4
9x? _y_3
6

Find tenth term in the expansion of

12
(sz + lj
X
Find the middle term (s) in the expansion of
6
(i) (2 _ i) (i) (x - LJ
3 2a 2y

(iil) (427 (iv) [ﬁ_LJ
2 3x

10




)

(1)

(i)

(10)

(11)
(1)
(i1)
(iif)
(12)

(13)

(14)

(15)

Find the coefficients of

9
x% in the expansion of (3x2 — Lj

3x

18
. . 1
x% in the expansion of [—2 +x*
X

Find the constant term in the expansion of

(a2 3Y (o, 1)
(1) [T—ng (i1) (2)( —;J

Prove by method of induction

log x"=nlog x,x>0.neN

15°™!+1 is divisible by 16, for alln € N.
5% — 22 js divisible by 3, for alln € N.

If the coefficient of x'¢ in the expansion of
(x* + ax)'?is 3360, find a.

If the middle term in the expansion of

b 6
(“_j is 160, find b,
X

Ifthe coefficient of x> and x* in the expansion
of (3 + kx)’ are equal, find k.

If the constant term in the expansion of

k 11
(x3 + _8) is 1320, find k.
X

\/
’0

(16)

(17)

(18)

(19)

(20)

21

(22)

(23)

(24)

(25)
(26)

*

>

L)

Show that there is no term containing x° in

11
. 3
the expansion of (xz ——) .
x

Show that there is no constant term in the
. .X2 ’
expansion of (2x - :J

State, first four terms in the expansion of

-3)°
3

State, first four terms in the expansion of
(l_x)—1/4

State, first three terms in the expansion of
(5 +4x) 2

Using binomial theorem, find the value of

3/995 upto four places of decimals.

. ) 1
Find approximate value of —— upto four
places of decimals. 8

Find the term independent of x in the in
2 6
expansion of (1 —x?) (x + ;j

(a+bx) (I —x)*=3-20x+cx?+ ... then
find a, b, c.

The 3™ term of (1+x)" is 36x2. Find 5™ term.

Suppose (1+kx)" = 1-12x + 60x? — .... find
k and n.

*

4

L)




5 SETS AND RELATIONS

A
\v
|
\

KE‘%’ Let's Study

Representation of a set

e Types of sets

e Intervals

e  Operations on sets
e  Ordered pair

e  Types of relations

Let's Recall

5.1 Introduction:

The concept of a set was developed by
German mathematician George Cantor (1845—
1918)

You have already learnt about sets and some
basic operations involving them in the earlier
standards.

We often talk about group or collection of
objects. Surely you must have used the words
such as team, bouquet, bunch, flock, family for
collection of different objects.

It is very important to determine whether a
given object belongs to a given collection or not.
Consider the following collections:

1)  Successful persons in your city.
i1) Happy people in your town

ii1) Clever students in your class.
iv) Days in a week.

v) First five natural numbers.

First three collections are not examples of
sets, but last two collections represent sets. This is
because in first three collections, we are not sure
of the objects. The terms ‘successful persons,’

‘Happy people’, ‘Clever student’ are all relative
terms. Here, the objects are not well-defined. In
the last two collections. We can determine the
objects clearly. Thus, we can say that objects are
well-defined.

5.1.1 Set : Definition:

A collection of well-defined objects is
called a set.

The object in a set is called its element or
member.

We denote sets by capital letters A,B,C. etc.
The elements of a set are represented by small
letters a, b, ¢, X, y, z etc. If x is an element of a set
A we write xeA, and read as ‘x belongs to A’. If
X 1s not an element of a set A, we write xg¢ A, and
read as ‘x does not belong to A.’

e.g. zero is a whole number but not a natural
number.

. 0eW (Where W is the set of whole
numbers) and 0¢N (Where N is the set of natural
numbers)

5.1.2 Representation of a set:
There are two methods of representing a set.
1) Roster or Tabular method or List method
2) Set—Builder or Rule Method
3) Venn Diagram

1. Roster Method:

In the Roster method, we list all the elements
of the set within braces {,} and separate the
elements by commas.

Ex : State the sets using Roster method.

1) B is the set of all days in a week.

B = {Monday, Tuesday, Wednesday,
Thursday, Friday, Saturday, Sunday}




i1) Cisthe set of all vowels in English alphabets.
C={a, e i,0,u}

Let’s Note:

1)  Ifthe elements are repeated, they are written
only once.

2)  While listing the elements of a set, the
order in which the elements are listed is
immaterial.

2. Set-Builder Method:

In the set builder method, we describe the
elements of the set by specifying the property
which determines the elements of the set uniquely.

Ex : State the sets using set—Builder method.
1) Y = {Jan, Feb, Mar, Apr, ...., Dec}

Y = {x/x is a month of a year}
i) B=1{1,4,9,16,25,...}

B = {x/xeN and x is a square}

3) Venn Diagram:

The pictorial representation of a set is
called Venn diagram. English Logician John Venn
introduced such diagrams. We can use triangles,
circles, rectangles or any closed figure to represent
a set.

In a Venn diagram the elements of the sets
are shown as points

A=1{123) B={abecdefl C=1{456)

e b e ¢

Fig. 5.1

5.1.3 Number of elements of a set:

The number of distinct elements contained in
a finite set A is denoted by n(A).

Thus, if A= {5, 2, 3, 4}, then n(A) =4
n(A) is also called the cardinality of set A.

5.1.4 Types of Sets:
1) Empty Set:
A set containing no element is called an

empty or a null set and is denoted by the
symbol ¢ or { } or void set.

e.g. A= {x/xeN, l<x<2} ={ }
Here n(A)=0

2)  Singleton set:
A Set containing only one element is called

a singleton set.

e.g. Let A be a set of all integers which are
neither positive nor negative.

A= {0} Heren (A)=1

3) Finite set:

The empty set or set which contains finite
number of objects is called a finite set.

e.g set of letters in the word 'BEAUTIFUL'
A={B,E,A,U T LFL},nA)=7
A is a finite set

4) Infinite set:

A set which is not finite, is called an infinite
set.

e.g. set of natural numbers, set of rational
numbers.

Note :
1) An empty set is a finite set.

2) N, Z, set of all points on a circle, are
infinite sets.

5)  Subset:

A set A is said to be a subset of set B if every
element of A is also an element of B and we
write A  B.

Note: 1) ¢ is subset of every set.
2) AcA, Every set is subset of itself.




6)

7

8)

9)

Superset: If A < B, then B is called a
superset of A and we write, B D A.

Proper Subset: A nonempty set A is said to
be a proper subset of the set B, if all elements
of set A are in set B and at least one element
of BisnotinA.

1.e. If A < B and A # B then A is called a
proper subset of B and we write A — B.

e.g. LetA={l,3,5}and B= {1, 3,5, 7}.
Then, evey element of A is an element of B
but A # B.

.. AcB, i.e. A is a proper subset of B.

Remark: If there exists even a single
element in A which is not in B then A is not
a subset of B and we wrtie, A ¢ B.

Power Set:

The set of all subsets of a given set A is
called the power set of A and is denoted by
P(A), Thus, every element of power set A is
a set.

e.g. consider the set A={a,b}, let us write
all subsets of the set A. We know that ¢ is
a subset of every set, so ¢ is a subset of A.
Also {a}, {b}, {a,b} are also subsets of A.
Thus, the set A has in all four subsets viz.

¢, {a}, {bj, {a,b}
- P(A) = {9, {a}, {b}, {a,b}}

Equal sets:
Two sets are said to be equal if they contain
the same elements i.e. if Ac B and B C A.

e.g. Let X be the set of letters in the word
'ABBA' and Y be the set of letters in the
word 'BABA".

S X={A,B},Y={B,A}

Thus the sets X and Y are equal sets and we
denote itby X =Y

10)

11)

Equivalent sets:
Two finite sets A and B are said to be
equivalent if n (A)=n (B)
e.g. A={d,o,m,e}
B={ra,c,k}
n(A)=n(B)=4

A and B are equivalent sets.

Universal set: If in a particular discussion
all sets under consideration are subsets of a
set, say U, then U is called the universal set
for that discussion.

e.g. The set of natural numbers N, the set
of integers Z are subsets of real numbers
R. Thus, for this discussion R is a universal
set.

In general universal set is denoted by U or
X.

5.1.5 Operations on sets:

)

Complement of a set:

The complement of the set A is denoted by
A'or Ac. It is defined as

A'= {x/xeU, xg¢ A} = set of all elements in
U which are not in A.

Ex. Let X=1{0,1,2,3,4,5,6,7, 8 be the
Universal Set and A = {2, 4, 6, 8}

Fig. 5.2
.. The complement of the set A is

A'={0,1,3,5,7}




Properties:
) (A)=A
2)  Union of Sets:

The union of two sets A and B is the set of

ie'=U ii)U=¢

all elements which are in A or in B, (here
'or' is taken in the inclusive sense) and is
denoted by A U B

Thus, AU B = {x/xeA or xeB}

The Union of two sets A and B i.e.
A U B is represented by a shaded part in
Venn—diagram as in fig. 5.3 and fig. 5.4.

U U
A B A B
QAUBQ @
AUB
Fig. 5.3 Fig. 5.4

Ex. A = {x/x is a prime number less than 10}
B= {x/xeN, x is a factor of 8}
find AUB.

Solution : We have A= {2,3,5,7}
B={1,2,4,8}
L AUB={1,2,3,4,57,8}

Properties:
i) AUB=BUA
i) (AuB)uC=AuUBUC(C)

(Commutativity)

(Associativity)
i) AUud=A Identity for union
iv) AUA=A Idempotent law

v) IfAUA'=U
vi) IfAcB then AUB =B
vii) UUA=U

viii) Ac(AUB), B€(AUB)

3) Intersection of sets:

The intersection of two sets A and B is the
set of all elements which are both in A and
B is denoted by AnB

Thus, AN B = {x/xeA and xeB}

ANB

Fig. 5.5

The shaded portion in Fig. 5.5 represents
the intersection of A and B i.e. AnB

Ex. A={1,3,5,7,9}
B={1,2,3,4,5,6,7,8}
Find AnB.

Solution: AnB = {1,3,5,7}

Ex. (Activity) : [f A= {x/xeN, x is a factor of 12}
B = {x/xeN, x is a factor of 18}
Find AnB
Solution:
A={{1, 00,00, 00, 00, L}
B={J 0], 0], L], 0], O]}
- AnB = {0 0 L}

= common factors of 12 & 18

Ex.: A= {1,3,5,7,9}
B=1{2,4,6,8,10},AnB="?
Solution: .. AnB={}=4¢
If AnB = ¢, A and B are disjoint sets.




Properties:
1) AnB=BnNA
1) (ANnB)nC=An(BnNCO)

(Commutativity)

(Associativity)
i) ¢NA=¢
v) ANA=A Idempotent law
V) ANnA=0Y
vi) if AcB then AnB =A
vil)) UnA=A (Identity for intersection)
viii)) (ANB) cA, (AnB) cB

ix) a) An(BUC)=(AnB)u (ANC)

b) AU(BNC) =(AUB) N (AUC)

..... Distributivity

De Morgan's Laws:

For any two sets A and B

1) (AUB)' =(A'"B")

2) (AnB)'=(A'UB))

Verify the above laws by taking

U={1,2,3,45} A={1,3,4} B={4,5}

4) Difference of Sets:

Difference of set A and set B is the set of
elements which are in A but not in B and is
denoted by A-B, or ANB'

The shaded portion in fig. 5.6 represents
A-B. Thus, A-B = {x/xe A, x¢B}

y

Fig. 5.6

Similary B-A = {y/yeB, yg A}

1) A-B < A and B-A c B.

i1)  The sets A-B, AnB and B—A are mutually
disjoint sets, i.e. the intersection of any of
these two sets is the null (empty) set.

iiil) A-B=ANB',B-A=A'""B
iv) AUB=(A-B)U(AnB)uU (B-A)
Shaded portion in fig. 5.7 represents AUB

:

Fig. 5.7

v) (A-B) U (B—A)=AAB is called symmetric
difference of sets A and B

IMlustration :

IfA={4,5,6,7,8} and B = {3,5,6,8,9} then
A-B={4,7}, B-A= {3,9}

and AAB = (A-B)uU(B-A) = {4,7}U{3,9}
={3,4,7,9}

Properties:
i)  AAB=(AUB)-(AnB)
i) AAA=¢ i) AAG=A

iv) If AAB = AAC then B=C

v) AAB=BAA

vi)  AN(BAC) =(AnB) A (AnB)
Properties of Cardinalityof Sets:

For give sets A, B

1) n(AuB)=n(A)+n(B)—-n(ANB)

2)  When A and B are disjoint sets, then
n(AuUB) =n (A) + n(B), as AnB =,
n(AnB)=0




3)
4)
5)
6)

7)

8)

n(ANB")+ n(ANB) =n(A)

n(A'"B)+ n(AnB) = n(B)

n(AnB')+ n(AnB) + n(A'mB) = n(AUB)
For any sets A, B, C.

n(AuUBUC)=n(A) +n(B)+n(C) —n(AnB)
—-n(BNC) — n(ANC) + n(AnNBNC)

If n(A) = m n[P(A)] = 2™ Where p(A) is
power set of A

n(AAB) = n(A) + n(B) — 2n (ANB)

5.1.6 Intervals:

)

2)

3)

Open Interval: Leta, b € R and a <b then
the set {x/xeR, a < x < b} is called open
interval and is denoted by (a,b). All the
numbers between a and b belong to the
open interval (a,b) but a, b themselves do
not belonging to this interval.

a )Ic b >R

Fig. 5.8

4
<

oo (ab) = {x/xeR,a<x<b}

Closed Interval: Let a, beR and a < b
then the set {x/xeR, a < x < b} is called
closed interval and is denoted by [a,b]. All
the numbers between a and b belong to the
closed interval [a, b]. Also a and b belong to
this interval.

— 7 R
Fig. 5.9
[a,b] = {x/xeR,a<x <Db}
Semi-closed Interval:
[a,b) = {x/xeR,a<x<b}
< :a )'C s » R
Fig. 5.10

Note that ac[a, b) but bg[a, b)

4)

5)

6)

7)

Semi—open Interval:
(a,b] = {x/xeR,a<x <b}

1 -
a X b

Fig. 5.11

4
<

(a, b] excludes a but includes b.

i.e. ag(a, b] butbe(a, b]

1) The set of all real numbers greater than
ai.e. (a,0)= {x/xeR, x> a}

< » R

Fig. 5.12

i1) The set of all real numbers greater than
or equal to a

[a,0) = {x/xeR, x> a}

4—03 » R

Fig. 5.13

1) The set of all real numbers less than b.
ie. (—oo, b)
S(—o0, b) = {x/xeR, x < b}

< » R
b

Fig. 5.14

ii) The set of all real numbers less than or
equal to b i.e. (—o0, b]

s b > R
Fig. 5.15

S(=o0,b] = {x/xeR, x < b}

The set of all real numbers R is (—o0, )

< } » R
Fig. 5.16

R = (—00,00) = {x/xeR, —00 < x < o0}




Rules of inequality of real numbers.

1) If 0<a<b and k>0 then atk<btk, ka<kb,

at <b*

2)  If 0<a<b and k<0 then ka>kb, a*>b*

Ex. : Solve the following inequalities and write
the solution set using interval notation.

a) —-7<2x+5<9
: Subtracting 5, we get
—7-5<2x<9-5
-12<2x<4
Dividing by 2, we get
-6<x<2

So, x € (—6,2].

b) x*+2x<I5
Subtracting 15, we get
xX*+2x-15<0
Factor x> + 2x — 15, we get
Say p(x) =(x-3) (x+5) <0

Asx-3 and x + 51s 0, for x = 3, -5, consider
them as critical points. They divide number
line into 3 regions as follow.

Regions x<-5 (-5<x<3) | (x>3)
Test Points —6 0 4
(—6-3) (0-3) (4-3)
gt oy |0 @)
test points z 3—9) =1 z (__13;_)(5) z gl)(9)
Séf? " p(x)>0 | px)<0 | p(x)>0

Therefore the solution set is (-5 < x < 3)

So, x (-5, 3).

subtracting, 4, we get

[Note that, as we do not know value of x, we
do not multiply by (x — 3)]

X
x—3

x—4(x-3) >0
x-3

—4>0

x—4x+12 S
x—3

0

—3x+12 >0
x—3

-3(x—4) >0

x—3

Dividing by -3, we get

x—4
x-3

<0

Say p(x) =

Take x = 3, 4 as critical points. It divides

number line into 3 regions as follows.

Regions x<3) [B=2x<4) | x=24)

Test Points 2 3.5 5

Sign of x—4 —-ve —-ve +ve

Sign of x—3 —ve +ve +ve
>

e E%?e)p;oat PW<0 | p(x)>0

The solution set is (x < 3) and (x > 4).
So x € (-, 3) U [4, ).

Here x = 3 is not in the solution set, as it
makes denominator 0.

Ex. 8 : If A = [-5,3], B = (3,7), and (5.8]. Find
(a) AUB (b) BUC (c) AUC (d) AnB (¢) BAC
(f) ANC (2) AUC' (h) B-C (i) C - B




Solution : Ex.3:1fA={1,2,3,4},B=1{3,4,5,6}

(a) AUB = [_573]U(3’ 7):[_5a 7) C:{Sa 6a 77 8}7D:{7: 8: 9: 10}

(b) BuUC=(3,7)uU(5,8]=(3,8] find 1) AUB ii) AUBUC iii) BUCUD
(c) AUC=I[-5,3]U (5, 8] Are the sets A, B, C, D equivalent?
d AB=[-5,31n(3,7) =0 Solution: We have

i) AUB={1,2,3,4,5, 6
i) AUBUC={l1,2,3,4,5,6,7,8}
iii) BUCUD={3,4,5,6,7,8,9, 10}

As n(A) = n(B) = n(C) = n(D) =4, the sets A, B,
C, D are equivalent.

() BNC=(@3,7)N(5,8=(5,7)
) ANC=[-53]1N(5,8=6

(g) AUC = [-5, 3] U (5, 8] =[5, 3] v
{(=o0, 5] U (8, ©)} = (=0, 5] U (8, )

(h) B_C:(3a7)_(55 8]:(39 5]
' Ex.4:LetU=1{1,2,3,4,5,6,7,8,9, 10}be the
(i) C-B=(,8-G,7)=[78] universal set, A= {1, 3,5,7,9}

B=1{2,3,4,6,8,10},C=1{6,7,8,9}
:SOLVED EXAMPLESj i . )
findi) A' i1) (ANC)' iii) (A") iv) (B-C)'

Ex. 1: If A= {x/xeN, x is a factor of 6} Solution: We have
B = {x/xeN, x is a factor of 8} i) A'=1{2,4,6,8,10}
find the A-B and B—A 11) (AﬁC) — {7, 9}

Solution : A= {1, 2, 3, 6} L (ANC)' =1{1,2,3,4,5,6,8,10}
B:{l, 2,4, 8} iii) (A')'={2, 4,6,8, 10}: {1’3’ 5,7, 9}=A
LA-B=1{3,6

3.6 iv) B-C=1{2,3,4,10}
B-A= {4, 8}

- (B=C)'=1{1,5,6,7,8,9}

Ex.2: Az{l/xeN,x<8}

X Ex. 5 : Let X be the universal set, for the non—

empty sets A and B, verify the De Morgan's laws

i)  (AuUB)=A'"B'

ii)  (AnB)' =A'UB'

Where X ={1,2,3,4,5,6,7,8,9, 10}
A={1,2,3,4,5} B={1,2,5,6,7}

1
B= {2—/xeN,xS8}FindA—B and B-A
X

11111 1 1 1

:{2’4’6’8’10’12’14’E}

Solution: AUB = {1,2,3,4,5,6,7)
A_B = {Ll,l’l} (AnB) = {1,2, 5}

> A'=16,7,8,9, 10}
and B—-A = {l L L i i} B = {3’4’ 8, 9’ 10}




1)  (AuUB)'={8,9,10} ..(1)
A'nB'= {8, 9, 10} -.(2)
from (1) and (2),

(AUB)' =A'mB'

i)  (AnB)'={3,4,6,7,8,9,10} ..(3)
A'UB'= {3,4,6,7,8,9,10} ...(4)
from (3) and (4)

(AmB)' =A'UB'

Ex.6: If P= {x/x*+ 14x + 40 = 0}
Q={x/x*-5x+6=0}

R = {x/x*+ 17x — 60 = 0} and the universal
set X ={-20,-10-4, 2, 3, 4}, find

i) PUQ i1) QMR iii) PU(QMR)
iv) PN(QUR)  v) (PUQ)' vi) QMR

Solution: P= {x/x*+ 14x + 40 = 0}
- P={-10, -4}

Similarly Q = {3, 2}, R = {-20, 3} and
X =1{-20,-10,-4,2, 3,4}

i) PuQ ={-10,-4,3,2}

i) QMR = {3}

iii) PU(QMR) = {-10, -4, 3}

iv) PN(QUR)=¢

v) (PUQ)' = {-20,4}

vi) Q'={-20,-10,-4,4}, R'={-10,-4,2,4}
Q'"R'={-10, 4, 4}

Ex. 7: If A and B are the subsets of the universal

set X and n(x) = 50, n(A) = 35, n(B) = 22 and
n(A'mB") =3, find

i)  n(AUB) ii) n(AnB)

iii)) n(A'mB) iv) n (AUB')

Solution:

1)  n(AuB)=n(X) - n[(AUB)']
=n(X) —n(A'mB') (De Morgan's Law)
=50-3

i) n(AmB)=n(A) +n(B) — n(AUB)
n(ANB) =35 +22-47

=10

iii) n(A'"B)=n(B) — n(AB)
=22-10
=12

iv) n(AuUB')=n(X)-n[(AUB)']
= n(X) —n(A'mB)
=50-12
=38

Ex. 8 : In a board examination, 40 students
failed in Physics, 40 in Chemistry and 35.
In Maths, 20 failed in Maths and Physics,
17 in Physics and Chemistry, 15 in Maths
and Chemistry and 5 in all the three
subjects. If 350 students appeared in the
examination, how many of them did not fail
in any subject?

Solution:
P = set of students failed in Physics
C = set of students failed in Chemistry
M = set of students failed in Maths

Fig. 5.17

From figure 5.17, we have

n(X) =350, n(P) = 40, n(C) = 40, n(M) = 35
n(MnP) =20, n(PNC) =17, n(MNC) = 15
and n((MNPNC) =5

The number of students who failed in at least one
subject = n(MUPUC)




we have,

n (MUPUC) =n(M) + n(P) + n(C)-—n (MNP) —
n(PNC) —n (MNC)+n(MN PN C)
=35+ 40+40-20-17-15+5=068

The number of students who did not fail in any
subject = n(X) — n MUPUC) =350 — 68 =282

Ex. 9 : Acompany produces three kinds of products
A, Band C. The company studied the perference of
1600 consumers for these 3 products. It was found
that the product A was liked by 1250, the product
B was liked by 930 and product C was liked by
1000. The proudcts A and B were liked by 650,
the products B and C were liked by 610 and the
products C and A were liked by 700 consumers.
None of the products were liked by 30 consumers.

Find number of consumers who liked.
1) All the three products
ii) Only two of these products.

Solution: Given that totally 1600 consumers
were studied. ..n (X) = 1600, Let A be the set of
all consumers who liked product A. Let B the set
of all consumers who liked product B and C be
the set of all consumers who liked product C.

n(A) = 1250,

n(B) = 930, n(C) = 1000.

n(ANB) = 650, n(BAC) = 610
n(ANC) = 700, n(A'"B'"C') = 30

i) n(AUBUC) = n(X) — n[(AUBUC)]'
=n(X) —n (A'NB'C") = 1600 — 30 = 1570

Since, (AUBUC) =n(A) + n(B) + n(C) —
n(ANB) — n(BNC) —n(CNA)
+n(An BNC)

. 1570 =1250 + 930 + 1000 — 650 — 610
— 700 + n(AnBNC)

- n(ANBNC) = 1570 + 1960 — 3180
=350

.. The number of consumers who liked all
the three products is 350.

ii)  n[(ANB)C']=n (AnB) - n [(ANB)C]
- n(PNQY)=n(P) —n [PNQ]
=650 — 350 = 300
Similarly n(A'"BAC) = 610 — 350 = 260
and n(ANB'AC) = 700 — 350 = 350

. The number of consumers who liked
only two of the three products is

=n(AnBNC') + n(AnB'NC) + n(A'mBNC)
=300+ 350 +260=910

Maximum & Minimum of Sets:

(a) min {n(AUB)} = max{n(A), n(B)}
(b) max {n(AUB)} =n(A) + n(B)

(¢) min {n(AnB)} =0

(d) max {n(AnB)} = min{n(A), n(B)}

Ilustration:

eg. If n(A) = 10, n(B) = 20 then
min  {n(AUB) = max{10,20} = 20 and
max {n(AuUB)} =10+20=30,s020<n(AUB)<30.
{n(ArB)} = 0 and
min {10,20} = 10, so

Also min
max {n(AnB)} =
0<n(ANB)<10.



Ex. 10) In a survey of 100 consumers 72
like product A and 45 like product B. Find the
least and the most number that must have liked
both products A and B.

Soln.: Let n(A) and n(B) be number of
consumers who like proudct A and B respectively,
i.e. n(A) =72, n(B) =45.

Since

n(AuB) = n(A) + nB) -
=72 +45-n(AnB) =117 — n(ANB).

But as only 100 consumers are surveyed.
Therefore n(AUB)< 100 i.e. 117 — n(ANB)<100.

- 117 = 100<n(ANB), 17<n(ANB).

So the least number of consumers who like
both the products is 17.

Since n(ANB)<n(A), n(AnB)<n(B), then

n(ANB)<min{n(A), n(B)} = min {72, 45}
= 45. So the most number of consumers who like
both products is 45.

n(ANB)

( EXERCISE 5.1 J

1)  Describe the following sets in Roster form
1) A={x/xisaletteroftheword' MOVEMENT'}

i) B = {x/x is an integer, — > < y < 2}
2

i11) C= {x/x=2n+ 1, neN}

2)  Describe the following sets in Set—Builder
form

i) {0}
“.{1234 56 7}
M) Y S T Ty oy 2 o

iv) {0,-1,2,-3,4,-5,6, ...}

ii) (0, £1, £2, £3}

3) IfA= {x/6x*+x—15=0}
B = {x/2x*-5x-3 = 0}
C = {x/2x>-x—3 = 0} then
find 1) (AUBUC) ii) (AnBNC)

4)

7)

8)

If A, B, C are the sets for the letters in the
words 'college', 'marriage' and 'luggage’'
respective, then verify that [A—(BUC)] =
[(A-B)"(A-C)]
IfA=1{1,2,3,4},B={3,4,5, 6},
C=1{4,5,6,7, 8} and universal set
X={1,2,3,4,5,6,7,8,9, 10}, then verify
the following:

AUBNC) = (AUB) N (AUC)

AN(BUC) =(AnB) U (AUC)

(AUB)' = (A'nB)'

(AmB)'=A'UB'

A=(AnB)uU (AnB")

B =(AnB)uU (A'mB)

(AUB) =(A-B) U (AnB) U (B-A)

A N (BAC)=(AnB) A (ANC)

n (AUB) =n(A) + n(B) — n(AnB)

n (B) = (A'"B) + n(ANB)

If A and B are subsets of the universal set X
and n(X) =50, n(A) =35, n(B) = 20,
n(A'nB") =5, find

i) n (AUB) ii) n(AnB)
iv) n(AnB')

iii) n(A'"B)

In a class of 200 students who appeared
certain examinations, 35 students failed
in CET, 40 in NEET and 40 in JEE,
20 failed in CET and NEET, 17 in NEET
and JEE, 15 in CET and JEE and 5 failed
in all three examinations. Find how many
students,

1) did not fail in any examination.
i1) failed in NEET or JEE entrance.

From amongst 2000 literate individuals of a
town, 70% read Marathi newspapers, 50%
read English newspapers and 32.5% read
both Marathi and English newspapers. Find
the number of individuals who read.

1) at least one of the newspapers.




9)

10)

11)
12)

13)

14)

15)

i1) neither Marathi and English newspaper.

ii1) Only one of the newspapers.

In a hostel, 25 students take tea, 20 students
take coffee, 15 students take milk, 10
student take bot tea and coffee, 8 students
take both milk and coffee. None of them
take tea and milk both and everyone takes
atleast one beverage, find the total number
of students in the hostel.

There are 260 persons with a skin disorder.
If 150 had been exposed to the chemical
A, 74 to the chemical B, and 36 to both
chemicals A and B, find the number of
persons exposed to

1)  Chemical A but not Chemical B
i1) Chemical B but not Chemical A
iii) Chemical A or Chemical B

Write down the power set of A = {1,2,3)

Write the following intervals in Set—Builder
form

i) (-3,0), i) [6,12],
iii) (6, ), iv) (-, 5]
v) (2,5] vi) [-3,4)

A college awarded 38 medals in volley ball,
15 in football and 20 in basket ball. The
medals awarded to a total of 58 players and
only 3 players got medals in all three sports.
How many received medals in exactly two
of the three sports?

Solve the following inequalities and write
the solution set using interval notation.

i) 9<2x+7<19  ii)x*—x>20

iii) x4 <5 iv) 632 + 1 < 5x

IfA=(-7,3],B=[2, 6] and C = [4, 9] then
find (i) AUB (i1) BUC (iii) AUC (iv) AnB
(v) BNC (vi) ANC (vii) A'mB (viii) BnC'
(ix) B-C (x) A-B

5.2 Relations:
5.2.1 Ordered Pair:

A pair (a, b) of numbers, such that the order,
in which the numbers appear is important, is called
an ordered pair. Ordered pairs (a,b) and (b, a) are
different. In ordered pair (a,b), 'a' is called first
component and 'b' is called second component.
Note : 1) (a,b)=(c, d), ifand only ifa=cand b=d.

ii) (a, b)=(b, a) ifand only ifa=b

Ex. : Find x and y when (x + 3, 2) = (4, y — 3)
Solution: Using the definition of equality of two
ordered pairs, we have
(x+3,2)=(4,y-3)
=>x+3=4and2=y-3
=>x=landy=5

5.2.2 Carstesian Product of two sets:

Let A and B be two non—empty sets then,
the cartensian product of A and B is denoted by
AXB and is defined as set of all ordered pairs
(a, b) such thata e A and beB

Thus, AxB = {(a, b) / acA, beB}

eg. 1) IfA={1,2} and B={a, b, c}

then AxB = {(1, a) (1, b), (1, ¢),
(2,2), (2,b), (2, ¢)}
2) IfA=¢orB=¢, we define
S AXB=¢
Note:

Let A and B be any two finite sets with
n(A)=mand n(B) =n then the number of elements
in the Cartesian product of two finite sets A and B
is given by n(AxB) = mn
Ex. 2 : Let A= {1. 3} ; B= {2, 3, 4} Find the
number of elements in the Cartesian product of
A and B.

Solution: Given A= {1, 3} and B= {2, 3, 4}
n(A)=2andn(B)=3
n (AxB)=2x3=6




5.2.3 Cartesian product of a set with itself:
AxA=A?>={(a,b)/a,be A}
Where (a, b) is an ordered pair.
A’=AXAxXA={(a,b,c)/a,b,ceA}
Where (a, b, ¢) is an ordered triplet.
e.g. [fA= {4, 5} then we have
A?=AxA=1{4,4),4,5),(5,4),(5,5)}

A=A xAxA={(4,4,4),(4,4,5),(4,5,4)
(5,5,5),(5,4,4)(5,4,5),(5,5,4),(4,5,5)}

Note: If n(A) = mthen n (A x A x A) =m’. i.e.
n(A%) = [n(A)P

In general, n (A X A x ........ r times) = n(A)’

5.2.4 Definitions of

Co- domain and Range of a Relation:

relation, Domain,

Relation:

The concept of the term Relation is drawn
from the meaning of relation in English language,
according to which two objects or quantities are

related if there is recognizable link between them.

Members in a family are often related to each
other. We describe relation as A is friend of B, F is
father of S, P is sister of Q etc. In Mathematics we
can have different relations. e.g. among integers
we can define the relation as m is factor of n. If
this relation is denoted by R, then we write 2R4,
3R6, 5R10.

A well defined relation between elements of
A and B is given by aRb, a € A and b € B. Thus
the relation gives ordered pair (a,b) and defines a
subset of AxB.

e.g. ifA=1{2,3,4,5,6)and B = {6, 7, 8,
10} then the relation aRb if a is factor of b gives
the subset {(2, 6), (2, 8), (2, 10), (3, 6), (4, 8),
(5, 10)} of AxB.

On the other hand, if we consider the subset
S'={(2,7), (3, 10), (4, 7)} of AxB, then there is
a unique relation R' given by this subset. i.e. 2R'7,
3R"10, 4R'7. Thus S' has defined R'.

For every relation between A and B,
there is a unique subset defined in AxB and for
every subset of AxB, there is a unique relation
associated with it. Hence we can say that every
relation between A and B is a subset of AxB and

all relationships are ordered pairs in AXB.

When A = B, that is when we have relation
between the elements of A, that will be subset of
AXA. If a is nonempty, any relation in AXA is

called binary relation on A.
Ex.:LetA={1,2,3,4,5} and B= {1, 4, 5}

Let R be a relation such that (x, y) € R

implies x < y. We list the elements of R.
Solution: Here A= {1,2,3,4,5} and B= {1,4, 5}

L R={(1,4), (1,5, (2, 4), (2,5), 3, 4),
3. 35), (4, 5);

Arrow diagram for this relation R is given by




Domain:

The set of all first components of the
ordered pairs in a relation R is called the domain
of the relation R.

i.e. domain (R) = {a/(a, b) € R}
Range:

The set of all second components of all
ordered pairs in a relation R is called the range of
the relation.

i.e. range (R) = {b/(a, b) € R}
Co-domain:

If R is a relation from A to B then set B is
called the co-domain of the relation R.

Note :
(check!).

Range is a subset of co-domain

5.2.5 Binary relation on a set:

Let A be nonempty set then every subset of
AxA is binary relation on A.

Ilustrative Examples:

Ex. 1.: LetA= {1, 2,3} and
R=1(1,2),(2,2),3, 1), (3,2)}
AXA = (L), (1,2), (13), 2,1), (2.2,),
(2,3), 3,1), (3,2), 3,3)}

RcAxA and therefore, R is a binary relation
onA.

Ex. 2.: Let N be the set of all natural numbers and
R={(a,b)/a,be Nand2a+b=10}

Since R&NxN, R is a binary relation on N.
R={(1,8),(2,6),(3,4), (4,2)}

We can state domain, range and co-domain
of the relation.

They are as follows:
Domain (R) = {1, 2, 3, 4}
Domain (R) = {2, 4, 6, 8}
Co-domain (R) =N

Ex. 3.: If R' is defined in ZxZ as aR'b if (at+b) is
even. Let R be defined ZxZ as a Rb if (a—b)
is even.

Note that R and R' define the same relation
and subset related to them is {a, b)/a and b
both even or a and b both odd}.

Note : 1) Since ¢ cAxA, ¢ is a relation on A
and is called the empty or void relation
onA.

ii) Since AXA c AxA, AXA is a relation
on A called the universal relation on
A.1.e. R=AxA
Ex.4:1fA=1{2, 4,6}

then R = AxA = {(2, 2), (2, 4), (2, 6),
4,2),(4,4),(4,06),(6,2),(6,4),(6,6)} and
R = AxA is the universal relation on A.

Note : The total number of relation that
can be defined from a set A to a set B is the
number of possible subsets of AxB.

ifn(A) =m, and n(B) = m,
then n(AxB) = m m,

and the total number of relations is 2™1™2.

5.2.6 Identity Relation:

If the relation in A is given by aRa for every
a € A, then the subset given by this relation is the
diagonal subset {a,a)/acA}. Hence, aRb if b = a.
This is called identity relation.

5.2.7 Types of relations:

Let A be a non—empty set. Then a binary
relation R on A is said to be

(1) Reflexive, if (a, a) € R for every a€A i.e.
aRa for every acA
(1) Symmetric, if (a, b)eR
= (b, a) eR forall a,be A
i.e. aRb = bRa for all a, be A
(i) Transitive, if (a, b)eR and (b, ¢) € R
= (a,c)eR forall a, b, ceA.

Note: Read the symbol ' ="' as "implies'.




Equivalence relation:

A relation which is reflexive, symmetric
and transitive is called an equivalence relation.

Ilustrative examples:

Ex. 1: LetR be arelation on Q, defined by
R = {(a, b)/a, beQ and a-beZ}
Show that R is an equivalence relation.
Solution: Given R = {(a, b)/a, beQ and a-beZ}
1) LetaeQ thena—a=0eZ

.. (a,a)eR

So, R is reflexive.

i) (a,b)eR= (a-b)eZ
1.e. (a-b) is an integer
= —(a—b) is an integer
= (b—a) is an integer
= (b,a) e R
Thus (a, b) eR = (b,a) e R

.. R is symmetric.

iii)) (a,b) e Rand(b,c) e R
= (a—b) is an integer and (b—c) is an integer
= {(a-b) + (b—c)} is an integer
= (a—c) is an integer
= (a,c) eR
Thus (a,b) e Rand (b,c) e R=(a,c) e R
.. R is transitive.

Thus, R
transitive.

is reflexive, symmetric and

.. R is an equivalence relation.

Ex. 2 : Show that the relation "is congruent to" on
the set of all triangles in a plane is an equivalence
relation.

Solution: Let S be the set of all triangles in a
plane. Then, the congruence relation on S is

1)  Reflexive, since A=A forevery A € S

i)  Symmetric, since A= A, = A = A for all
ALA eSS

iii) Transitive, since A= A, and A= A,, then

Az A forall A ,A,, A eS. Hence, the given

relation is an equivalence relation.
Congruence Modulo:

Letnbeanypositiveinteger.a=b (modm) <
(a — b) is divisible by m. read as 'a is congruent
to b modulo m' e.g: 14 =4 (mod 5) since 14 —4 =
10 is divisible by 5.

Ex. R = {(a,b): a,b € Z,a=b (mod m)} is
an equivalence relation.

Solution: Since a — a = 0 is divisible by m
~.a=a(modm) ... Ris reflexive.

If a = b (mod m) i.e. a — b is divisible by
m then b — a is also divisible by m

i.e. b=a (mod m). .. R is symmetric.
If a = b (mod m) and b = ¢ (mod m)

i.e. a — b is divisible by m and b — ¢ is
divisible by m.

Thena—c=a-b+b—-c=(a—b)+(b—c)
is also divisible by m. i.e. a = ¢ (mod m).

.. R is transitivie.

So, R is an equivalence relation.

Note:

Since each relation defines a unique subset
of AxB.

1) If n(4) = m and n(B) = n then number of
relations S from A to B is 2™".

2)  If R is relation on A and n(A) = m then

. . 2
number of relations on A is 2"

ﬁ SOLVED EXAMPLESﬁ

Ex. 1: If (x+1, y-2) = (3, 1) find the value of x
and y.

Solution: Since the order pairs are equal, the
coresponding elements are equal.




~x+t1=3andy-2=1
~x=2andy=3

Ex. 2: If A= {1, 2}, find AXA

Solution: We have A= {1, 2}
S AXA={(1,1),(1,2), (2, 1), (2, 2)}

Ex. 3: If A= {1, 3,5} and B = {2, 3} find AxB
and BxA show that AxB = BxA

Solution: We have AxB = {(1, 2), (1, 3), (3, 2),
(3, 3), (5, 2), (5, 3)} and BxA = {(2, 1), (2, 3),
(2,5),3,1),3,3),3,5)}

All elements in AXB, BXA except (3, 3) are
different.

. AxB #BxA

Ex. 4 : (Activity) If AxB = {(3, 2), (3, 4), (5, 2),
(5,4)} then find A and B

Solution: Clearly, we have

A = Set of all first components of AxB

A=

B = Set of all second components of AxB
~B={ 1]

Ex. 5: A and B are two sets given in such a way
that AXB contains 6 elements. If three elements of
AxBare (1, 3), (2, 5) and (3, 3), find its remaining
elements.

Solution: Since (1, 3), (2, 5) and (3, 3) are in AxB
it follows that 1, 2, 3 are elements of A and 3, 5
are elements of B. As AXB contains 6 elements

and if we let.
A=1{1,2,3} and B = {3, 5}, then

AxB = {(1,3),(1,5),(2,3),(2,5),(3,3) G,
5)} giving n (AxB) = 6.

Hence, the remaining elements of AXB are
(1,5),(2,3) and (3, 5).

Ex. 6: Express {(x, y)/x* +y* =25 where x,ye W}

as a set of ordered pairs.

Solution: We have x? +)? =25
Lx=0,y=5=x>172=(0)*+(5)"25
x=4,y=3=x*+)y'=(4) +(3)*=25
Xx=5,y=0=x+2=(5)2 + (02=25
x=3,y=4=>x2+)?=(3) + (47=25
.. The set = {(0, 5), (3, 4), (4, 3), (5, 0)}

Ex. 7: Let A= {1, 2,3} and B = {2, 4, 6} Show
that R = {(1, 2), (1, 4), (3, 2), (3, 4)} is a relation
from A to B. Find i) domain (R) ii) Co-domain
(R) iii) Range (R).
Solution : Here A= {1, 2,3} ,B={2,4, 6}
and R = {(1, 2), (1, 4), (3, 2), (3, 4)}
Since RCcAXxB, R is a relation from A to B
1) Domain (R) = Set of first components of
R={1,3}
i1) Co-domain (R)=B = {2,4, 6}
ii1) Range (R) = Set of second components
of R= {2, 4}

Ex. 8: Let A= {1, 2,3,4,5} and B = {1, 4, 5}.
Let R be arelation from A to B. Such that (x, y)eR
if 2x < y.
1)  List the elements of R.
1) Find the domain, co-domain and range of R.
Solution : A={1,2,3,4,5} and B= {1, 4, 5}
1) The elements of R are as follows:
R={(1,4),(1,5),(2,5),}
i1) Domian (R) = {1, 2}
Range (R) = {4, 5}
Co-domain (R) = {1,4,5} =B




Ex.9:LetA={l1,2,3,4,5, 6} Define a relation R
fromAtoAbyR={(x,y)/y=x+1}.

Write

down the domain, co-domain and range of R.

Verify, i) Ax (B C)=(AxB)N(AxC)
ii)Ax (BUC)=(AxB)U (A x ()

Solution : A relation R from A to A is given by 6)  Express {(x,y)/x*+y? =100,
R=(x,y)/y=x+ 1} is given by where x, y € W} as a set of ordered pairs.
R= {(1,2), (27 3): (3,4)7 (4’ 5)5 (59 6) 7) LetA:{6’ 8} andB:{l,:;,S}
Domian (R) = {1, 2, 3,4, 5} Show that R, = {(a, b)/ac A, beB, a-b
Range (R) = 12,3, 4,5, 6} is an even number} is a null relation.
Co-domain (R) = {l,2, 3, 4,5, 6} R, = {(a, b)/ac A, beB, a+b is odd number}
Note: is an universal relation.
1) R represents set of real numbers on number
line. 8)  Write the relation in the Roster form. State
2) R x R represents set of all ordered pairs on its domain and range.
cartesian plane. . _ N
3) R x R x R represents set of all ordered D) R, ={(a a)/ais prime number less
triplets in three dimensional space. than 15}
ii) R, ={(a, %) /0<a<5,aeN}
( EXERCISE 5.2 J
iii) R, = {(x, y) / y = 3x, ye {3, 6,9, 12},
1) If(x-1,y+4)=(1,2) find the values of x and xe {1, 2,3}
V. iv) R,={(x,y)/y>x+l,x=1,2andy =2,
) It LY —1) =( =) findxand -0
X ,~_ —1) =(=, =), findx and y,
T3 22 g V) R,= {(x.)) /xty=3,x. e 0,1,2.3}
3) IfA={a,b,c},B=(x,y} find vi) R, ={(a,b)/aeN,a<6andb=4}
AxB, BXA, AxA, BxB. Vi) R, = {(a,b)/a,b eN,a+b =6}
4) IfP={1,2,3)and Q = {14}, vili) R, = {(a,b)/b=a+2,aez,0<a<5}
find sets P x Q and Q x P 9) Identify which of if the following relations
are reflexive, symmetric, and transitive.
5) LetA={1,2,3,4),B={4,5, 6}, [Activity]
C={5,6}.
Relation Reflexive | Symmetrice | Transitive
R ={(ab): a,b € Z, a—b is an integer}
R={(a,b):ab € N, a+b is even} v v x
R={(ab): a,b € N, a divides b}
R={(a,b):ab € N,a*>—4ab + 3b* =0}
R = {(a,b) : a is sister of b and a,b € G = Set of girls}
R = {(a,b) : Line a is perpendicular to line b in a place}
R={(ab):a,b e R, a<b}
R={(a,b):ab e R, a<b’}




’—WL&'S Remember

e AUB= {x|xeAORxeB}
e ANB={x|xe AANDx e B}

o A'={x |x € U, x ¢ A} where U is universal
set.

e A-B= {x|lxeA xeB}
e AAB=(A-B)U (B-A)

e n(AuUB)=n(A)+ n(B)—-n(AnB)

e  n(AuUBUC)=n(A) + n(B) + n(C) — n(AnB)
— n(BNC) — n(ANC) + n(AnBNC)

. A><B={(x,y)|xeA,yeB}

e Relation R from set A to set B is a subset of
AxB.

e Domain of R = {x|(x,y)e R,xe€ A,y € B}
c A.

e Rangeof R={yl(x,y)e R,x e 4,y e B} c
B (Co-domain of R).

e Risarelation on set A and if (x, x)e R for all
x € A then R is reflexive.

e Risarelation on set A and if (x, y)e R then
(3, x) € Rforallx, y € A then R is symmetric.

e Ris arelation on set A and if (x, y)e R and
(), z)€ R then (x, z)e Rfor all x, y, z € 4
then R is transitive.

e If R is reflexive, symmetric and transitive
then R is an equivalence relation.

MISCELLANEOUS EXERCISE 5

(I) Select the correct answer from given
alternative (Q:1 to Q:10).

1) For the set A = {a, b, c, d, e} the correct
statement 1S

A){a,b} e A B){a}e A
C)ae A D)ag A

2)

3)

4)

5)

6)

7)

8)

9)

10)

If aN = {ax : x eN}, then set 6ENNEN =
A) 8N B)48N C) 12N D) 24N

If set A is empty set then n[P [P [P (A)]]] is
A)6 B) 16 02 D)4

In a city 20% of the population travels by
car, 50% travels by bus and 10% travels by

both car and bus. Then, persons travelling
by car or bus are

A)80% B)40% C)60% D) 70%
If the two sets A and B are having 43
elements in common, then the number of

elements common to each of the sets A x B
and B X A is

A) 432 B)2 % C)43% D)2
Let R be a relation on the set N be defined
by {(x,y)/x,ye N,2x+y =41} Then R is
A) Reflexive B) Symmetric

C) Transitive D) None of these

The relation ">" in the set of N (Natural
number) is

A) Symmetric B) Reflexive

C) Transitive D) Equivalent relation

A relation between A and B is
A)only AxB

B) An Universal set of A x B
C) An equivalent set of A x B
D) A subset of A X B

If (x,y) € R x R, then xy = x? is a relation
which is
A) Symmetric  B) Reflexive

C) Transitive D) Equivalence

If A= {a, b, ¢} The total no. of distinct
relations in A X A is

A)3 B)9 C)8 D) 2°




(II) Answer the following. 6)

1)  Write down the following sets in set builder
form
1) {10, 20, 30, 40, 50},
i1) {a,e,1,0,1)
i1) {Sunday, Monday, Tuesday, Wednesday,
Thursday, Friday, Saturday}

2) IfU= {x/xeN,1<x<12} 7)
A={1,4,7,10} B={2,4,6,7, 11}
C=1{3,5,89,12}

Write down the sets
i)AUB  ii)BNC iii) A-B 8)
iv) BhC'  v)AuBUC vi) AN(BUC)

3) In a survey of 425 students in a school, it
was found that 115 drink apple juice, 160  9)
drink orange juice and 80 drink both apple
as well as orange juice. How many drink

neither apple juice nor orange juice?

4)  In aschool there are 20 teachers who teach ~ 10)
Mathematics or Physics. Of these, 12 teach
Mathematics and 4 teach both Physics and  11)
Mathematics. How many teachers teach
Physics?

S) i) IfA= {1,2,3} and B = {2, 4}, state the 2

clements of A XA, AxB, BxA, BxB,
(AXxB)n (B xA)

ii) IfA={~1,1},find Ax Ax A

IfA={1,2, 3}, B={4,5, 6} check if the
following are relations from A to B. Also

write its domain and range.

) R = {(1,4),(1,5), (1, 6)}

i) R, = {(1,5),(2,4),(3,6)}

iii) R, = {(1,4),(1,5),(3,6),(2,6),(3,4)}
i) R, = {(4,2),(2,6),(5,1),(2,4)}

Determine the domain and range of the
following relations.

i) R={(a,b)/aeN,a<5b=4}
ii)R={(a,b)/b=la-1]laezlal<3}

FindR : A >Awhen A= {1,2,3,4} such that
i) R=(a,b)/a-b=10}
ii) R={(a,b)/la—bl) 20}

R={1,2,3} = {1,2,3} given by R = {(1,1)
(2,2),(3,3), (1,2) (2,3)} Check if R is
a) relflexive b) symmentric

c) transitive

Check if R : Z = Z, R = {(a, b) | 2 divides
a-b} is equivalence relation.

Show that the relation R in the set
A=1{l1,2,3,4,5} Given by R = {(a, b) /
|a—b|is even} is an equivalence relation
Show that following are equivalence
relation

a) R in Ais set of all books. given by

R = {(x,»)/xand y have same number
of pages}
b) RinA={xeZ|0<x<12} given by
R = {(a, b) /|l a—b| is a multiple of 4}
¢) RinA= {xe N/x <10} given by
R = {(a, b)| a=b}




6 FUNCTIONS
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Ki}' Let's Study

Function, Domain, Co-domain, Range

e  Types of functions
e Representation of function
e Basic types of functions

e  Piece-wise defined and special functions

“i 1o o
|{$ /\L% Let's : Learn

6.1 Function

Definition : A function (or mapping) f from a set
Ato set B (f: A—>B) is a relation which associates
for each element x in A, a unique (exactly one)
element y in B.

Then the element y is expressed as y = f(x) .

v is the image of x under f.
f1s also called a map or transformation.

If such a function exists, then A is called the
domain of fand B is called the co-domain of /.
Ilustration:

Examine the following relations which are given
by arrows of line segments joining elements in A
and elements in B.

Ri
A———>B

Since, every element from A is associated
to exactly one element in B, R is a well defined
function.

Fig. 6.2

R, is not a function because element 'd' in A
is not associated to any element in B.

R
A . 3B

-
N
=

Fig. 6.3

R, is not a function because element a in A

is associated to two elements in B.

The relation which defines a function f from
domain A to co-domain B is often given by an

algebraic rule.

For example, A = Z, the set of integers and

B = Q the set of rational numbers and the function

f1s given by f(n) = % here n € Z, f(n) € Q.




6.1.1 Types of function
One-one or One to one or Injective function

Definition : A function f: A — B is said to be
one-one if different elements in A have different
images in B. The condition is also expressed as

f@)=fib) = a=b [Asazb = f(a)#/b)]

Onto or Surjective function

Definition: A function /: A — B is said to be onto
if every element y in B is an image of some x in A
(or y in B has preimage x in A)

The image of A can be denoted by f(A).
fIA)={y € B|y=f(x) forsomex € A}
f(A) is also called the range of f.

Note that /: A— B is onto if {A)=f.
Also range of f=f(A) < co-domain of /.
Ilustration:

£
A- — > B

»4

Fig. 6.4

f, is one-one, but not onto as element 5 is in
B has no pre image in A

AL)B
a 1
be > N
ce > * 3
d 4
Fig. 6.5

f, is one-one, and onto

Fig. 6.6

f, is onto but not one-one as f(a) = f(b) = 1
buta #b.

Fig. 6.7

f, is neither one-one, nor onto

6.1.2 Representation of Function

Verbal Output exceeds twice the input by 1
form Domain : Set of inputs
Range : Set of outputs
Arrow
form on 2 5
Venn 3 "7
, 4o—F>—f—9
Diagram 5 11
Fig. 6.8
Domain : Set of pre-images
Range: Set of images
Ordered | f= {(2,5), (3.7), (4,9), (5,11)}
Pair Domain : Set of 1% components from
(x,») each ordered pair = {2, 3, 4, 5}
Range : Set of 2" components from
each ordered pair = {5, 7, 9, 11}




Rule / y=fix)=2x+1
Formula | Wherex e N,1<x<6
flx) read as ‘f of x’ or ‘function of x’
Domain : Set of values of x for
which f'(x) is defined
Range : Set of values of y for which
f(x) is defined
Tabular ¥ y
Form > 5
3 7
4 9
5 11
Domain : x values
Range: y values
Graphical
form 111 «(5,11)
101
94 “(4,9)
8 |
B "3.7)
6..
S (2,5
4 |
3 |
2 |
1 |
o 123456
Fig. 6.9

Domain: Projection of graph on
X-axis.

Range: Projection of graph on y-axis.

6.1.3 Graph of a function:

If the domain of function is in R, we can show
the function by a graph in xy plane. The graph
consists of points (x,y), where y = f(x).

Vertical Line Test

Given a graph, let us find if the graph represents a
function of x i.e. f(x)

A graph represents function of x, only if no
vertical line intersects the curve in more than one
point.

Fig. 6.10

Since every x has a unique associated value of y.

It is a function.

N

Fig. 6.11

<
€

This graph does not represent a function as vertical
line intersects at more than one point some x has
more than one values of y.

Horizontal Line Test:

If no horizontal line intersects the graph of a
function in more than one point, then the function
is one-one function.

INustration:

4
[
\
Il
z
v

A
v
>




The graph is a one-one function as a horizontal ~ Seolution : From graph when x =—4,y =0
line intersects the graph at only one point. sog(—4)=0

From graph whenx=3,y=-5 sog(3)=-5

N

Function Solution:
Ex. 3) If ¢ (m)=3m?—mand t (m) =4, then find m

Solution : As
t(m)=4
3m*—m=4
3m*-m—4=0
3m>—4m+3m—4=0

Fig. 6.13 mGm—4)+1G3m—4)=0
The graph is a one-one function Bm—-4)(m+1)=0
6.1.4 Value of funcation : f{a) is called the value Therefore , m = % orm=-1
of funcation f(x) atx =a
Evaluation of function: Ex. 4) From the graph below find x for which
Ex. 1) Evaluate f{x) =2x*—3x + 4 at S =4 Y
x=7&x=-2t T
Solution : f'(x) atx=71is f(7) A : T
F(=27y-3(1)+4 4 1t
—2(49)—21 +4 [/
;Z?—21+4 a1 / I aix
f(26)=2(2t)*-3(2t) + 4 I
=2(4) + 6t +4
=82 +6t+4 Fig. 6.13

. lution : To sol =4 ie.y=4
Ex. 2) Using the graph of y = g (x) , find g (—4) Solution : To solve f(x) 1.e.y

and g (3) Find the values of x where graph intersects
line y=4
A Y
N
1%
L.y A A i
VA / ST
< Y 7
40 \ R 4
s BT/
e 1
_0’ -4 No— & /
( G0l 123480°




Therefore , x=—1 and x = 3.

Function from equation:

Ex. 5) (Activity) From the equation 4x + 7y = 1

express
1)  yas a function of x
1) x as a function of y
Solution : Given equation is 4x + 7y =1
1)  From the given equation
7y=[]
y= |:| = function of x
Soy=/()=L]
i1) From the given equation

4x=|:|

x=|:|=function of y
Sox=g (=[]

6.1.5 Some Basic Functions
(Here f': R — R Unless stated otherwise)

1) Constant Function
Form: f(x)=k,k e R
Example : Graph of f(x)=2

Y
A
13
. 2 y=2 R
T1
< } } } 0 } } } —>» X
-4 -3 -2 -1 1 2 3 4
14+
24+
34+
v
Fig. 6.17

Domain : R or (—©, ) and Range : {2}

2) Identity function
If f: R — R then identity function is defined by

f(x)=ux, for every x € R.

Identity function is given in the graph below.

A
v
>

3

\ 4

Fig. 6.18

Domain : R or (-0, ) and Range : R or (—o0, o0)
[Note :
I(x)=x].

3) Power Functions : f(x)=ax",n e N

Identity function is also given by

(Note that this function is a multiple of n™
power of x)

i) Square Function
Example : f(x) = x’

Y

A

16
14
12
10

8

43 -2 -1 0 1 2 3 4

\4

Fig. 6.19

Domain : R or (—o0, o) and Range : [0, )




Properties:

1) Graph of f (x) = x? is a parabola opening
upwards and with vertex at origin.

2) Graph is symmetric about y - axis .

3) The graph of even powers of x looks similar
to square function. (verify !) e.g. x*, x5.

4) (y — k) = (x — h)? represents parabola with
vertex at (h, k)

5) If -2 <x<2then 0 <x* <4 (see fig.) and
if =3 <x <2 then 0 <x?><9 (see fig).

ii) Cube Function

Example : f(x) = x*

Fig. 6.20

Domain : R or (—o, ) and Range : R or (—o0, )
Properties:

1) The graph of odd powers of x (more than 1)
looks similar to cube function. e.g. x°, x’.

4) Polynomial Function
f)=a,x"+a x"'+..+a x+a

is polynomial function of degree n , if @, # 0, and
a,s are real.

i) Linear Function
Form : f(x)=ax+ b (a #0)
Example : f(x)=—2x+3, x e R

Fig. 6.21

Domain : R or (—o, ©) and Range : R or (-0, )

Properties :

1) Graph of f(x) = ax + b is a line with slope
b
‘a’, y-intercept ‘b’ and x-intercept (——j .
a

2) Function : is increasing when slope is positive
and deceasing when slope is negative.

ii) Quadratic Function
Form : f(x) =ax?+ bx + ¢ (a #0)

fix)=ax’+bx+c
N

A
v

Fig. 6.22
Domain : R or (—o0, o) and Range : [k, o)
Properties :

1) Graph of f(x) = ax* + bx + ¢ and where

a > 0 is a parabola.




Fig. 6.23

Consider, y=ax*+bx +c
b b? b?
=a(x’+t—x+ Lo |te- Iy
B b\2 b—dac
=a\Xt ;| T T4g

b~4ac\ b\?
v+t g |Tael* T g

With change of variable

< N b v N b* —4ac
= X _— =
2a’ Y 4q

this is a parabola Y = aX?

This is a parabola with vertex
_ b Phac |\ i where
2a°  4a 2a’ 4a

D =b? — 4ac and the parabola is opening upwards.

There are three possibilities.

For a>0,

i) If D =b* — 4ac = 0, the parabola touches
x-axis and y > 0 for all x. eg. g(x)
=x*-2x+1

ii) If D=Db?-4ac > 0, then parabola intersects
x-axis at 2 distinct points. Here y is negative
for values of x between the 2 roots and
positive for large or small x.

iii) If D =b* — 4ac < 0, the parabola lies above
x-axis and y # 0 for any x. Here y is positive
for all values of x. e.g. fix) =x*>+4x+5

iii) Cubic Function
Example : f(x) = ax’ + bx* + cx + d (a # 0)
Domain : R or (—, ) and

Range : R or (-0, )

Fig. 6.24

Property:
1) Graphof f(x)=x*—1

f(x)=(—1) (*+x + 1) cuts x-axis at only
one point (1,0) , which means f (x) has one real
root & two complex roots.

Note that, any polynomial of odd degree must
have at least one real root, because the complex
roots appear in conjugate pairs.

5) Radical Function

Ex: flx) = d;,neN

1. Square root function
fix)= Jx, x>0

(Since square root of negative number is not a

real number, so the domain of \/; is restricted to

positive values of x).




A
4
3
2 Sflx)=x
]
S T 2 3 4 5 %X
-1
2
\ 4
Fig. 6.25

Domain : [0, ) and Range : [0, )

Note :

1) [Ifxis positive, there are two square roots of

X.

By convention Jx s positive root and

—+/x is the negattive root.

2) If

—4 < x <9, as \Jx is only deifned for

x>0,500< +Jx <3.

Ex. 6

: Find the domain and range of f (x) =

VI—x*.

Soln. : f(x) = v9—x? is defined for

9-x2>20,ie.x*-9<01ie (x—=3)(x+3)
<0

Therefore [-3, 3] is domain of f (x).
(Verify !)

To find range, let /9 —x* =y

Since square root is always positive, so
y=0 (D)

Also, on squaring we get 9 — x* = y?
Since,3< x< 3
ie.0< x*<9

ie.0> —x2>-9

.6.929-x>>9-9

1.6.9>29-x>0

e.3> \J9—x%> >0

©32y20 ..(1D)
From (I) and (II), y € [0,3] is range of
S ().
2. Cube root function
iy =,
Y
A
5 4
4
3 | f)=V%
2 |
1 m
( T T T T T 0 T T T T T ; X
8-6-4-2)42 46 8
1-2
1-3
1-4
v
Fig. 6.26

Domain : R and Range : R
Note : If-8 <x <1 then -2 < /x <1.

Ex. 7 : Find the domain f(x) = {/x* - 8.
Soln. : f(x) is defined for x* -8 >0
e.x*—2320,(x-2) (x> +2x+4)>0

Inx*+2x+4,a=1>0and D =5*>-4ac
=22 4x1x4=-12<0

Therefore, x> + 2x + 4 is a positive
quadratic.

i.e.x?+2x+4>0forall x
Therefore x — 2 > 0, x > 2 is the domain.

1.e. Domain is x € [2, )




6) Rational Function Solution : f(x) is defined for all x € R exccept

Definition: Given polynomials when denominators is 0.

Since, 4x +5=0=>x=—

Al

_ ) . -
px), g(x) f(x) = 7)1 defined for x if g(x) #0.

1 So Domain of f(x) is R — {— 2}
Example : f(x)= 7 ,x#0 4

N To find th ety = &40
- o find the range, let y = =~

ie. y(4x+5)=6—4x?
ie. dx*+ (4y)x+5y-6=0.

This is a quadratic equation in x with y as

constant.
X Since x € R — {-5/4}, 1.e. x is real, we get
A Solution if, D = b*— 4ac > 0
15 ie. 4y -44)(5y-6)=>0
13 16)> - 16(5y —6) >0
| YV =5y+6>0
’ (-2)(¥-3)20
Fig. 6.27 Therefore y <2 or y > 3 (Verify!)
Domain : R-{0} and Range : R —{0} Range of f{x) is (-o0, 2] U [3,0)

Properties:

1) Asx — 0 i.e. (As x approaches 0) f (x) —
o or f(x) — —oo, so the line x = 0 i.e y-axis
is called vertical asymptote.( A straight line
which does not intersect the curve but as x ¢ > 0andx € R.
approaches to c or —oo the distance between = Example : f(x) = 2" and f{x) =2~
the line and the curve tends to 0, is called an
asymptote of the curve.)

7) Exponential Function

Form : f(x) = a* is an exponential function with
base a and exponent (or index) x, a # 0,

2) AsAsx— oorx— —oo, f(x) — 0,y =0 the

line i.e y-axis is called horizontal asymptote.
)
q(x)
is all the real values of except the zeroes of
q(x).

3) The domain of rational function f'(x) =

Ex. 8 : Find domain and range of the function
6 _4x2 Fig. 6.28

SO =15




Properties: 1.e.6.2°—(2%*-82>0

) Asx— —oo, then f(x) =2*— 0, so the graph ie. (2?-6.2"+8<0
has horizontal asymptote (y = 0)

. Le.(2°-4)(2*-2)<0
2) By taking the natural base e (= 2.718),

graph of f (x) = e* is similar to that of 2* in 2*>2 and 2* < 4 (Verify !)
appearance 222! and 27 < 22

x>landx<2o0rl1<x<2

Doamin is [1,2]

8) Logarithmic Function:

Let,a>0, a # 1, Then logarithmic function log_x,
y=log x if x=a".

for x > 0, is defined as

y=log,x o 4 =y

log arithmic form exponential form
(-1,036%) 037
Y + + + > Properties:
2 -15 -1 -05 05 1 15 2
-0.5;; 1) Asa’=1,sologl=0andasa'=a,
sologa=1

Fig. 6.29

2) Asa" =« = 1 =1 &
3) Fora>0,a#1,ifa*=a"then x=y. So a* is ) S¢ @ < X7 ySolog,x T I08,Y

one-one function. (check graph for horizontal Yy

line test). 3) Product rule of logarithms.
4) r>1,m>n=r">r"and Fora,b,c>0anda#1,

r<l,m>n=rm<r" log bc=log b +log c (Verify!)
Ex. 9 : Solve 5% = 125. 4) Quotient rule of logarithms.
Solution : As 5%7 =125 Fora,b,c>0anda # 1,

1 S22+ = {83 -, + 7=

1S S 2xHT=3 logaé =log b—log c (Verify!)

3-7 4 ¢

and x = 2 -7 72 5) Power/Exponent rule of logarithms.
Ex. 10 : Find the domain of f{ix) = V6—2% —2** Fora,b,c>0anda#1,
Solution : Since /x is defined for x >0 log, b =clog,b (Verify 1)

f(x) is defined for 6 — 2* — 23~ >0




6) For natural base e , log, x = In x as Natural

Logarithm Function.

A
2 -+

Fig. 6.30

Here domain of /n x is (0, o) and range is (—, o).
8) Logarithmic inequalities:

(1) Ifa>1, 0<m<n thenlog m <log n

e.g. log,, 20 <log 30

(i) If0>a<I, 0<m<n then log, m > log n

e.g. log, 20 > log 30

(i11) For @, m>0 if @ and m lies on the same side of
unity (i.e. 1) then log m>0.

e.g. log, 3>0, log,, 0.5>0

(iv) For @, m>0 if a and m lies on the different
sides of unity (i.e. 1) then log_m>0.

e.g. log,, 3<0, log, 0.5>0

Ex. 11 : Write log72 in terms of log2 and log3.
Solution : log 72 =1log(2°.3?%)
=log 2* + log 32 (.- Power rule)

=3 log 2 + 2 log 3( .- Power rule)

Ex. 12 : Evaluate Ine’ — Ine*.

Solution : Ine’ — Ine*= log ¢’ — log e*
=9loge—4loge
=9(1)—4(1) (- Ine=1)
=5

3
Ex. 13 : Expand log M
2(x—4)

Solution : Using Quotient rule
=log [x*(x+3)] — log [2 (x—4)* ]
Using Product rule
= [log x* + log (x+3)] — [log2 + log (x—4)?]
Using Power rule
=[3log x + log (x+3)] — [log2 — 2log (x—4)]
=3log x + log (x+3) — log2 + 2log (x—4)

Ex. 14 : Combine
3in(p +1) — % In » + 5In(2¢g + 3) into single
logarithm.

Solution : Using Power rule,

1

=In(p + 1) —Inr? + In(2q +3)°

Using Quotient rule

3
=1In @ + In(2g +3)°
r

Using Product rule

=In |:(p\-/|-;1)3 (2q+3)5:|

Ex. 15 : Find the domain of In(x — 5).

Solution : As In(x — 5) is defined for (x —5) >0

that is x > 5 so domain is (5, ).




Let’s note:

1) log(x+y)#logx +logy
2) logxlogy#log (xy)

log x X
3) log v ;HOg(T)

4) (log x)" # n log"

9) Change of base formula:

log, x

log, a

Fora,x,b>0anda, b#1,log x=

log x 1 _
Note: log x = Tog_ a ~ log a (Verify !)

log, 81
log, 9

4

Ex. 16 : Evaluate

Solution : By Change of base law, as the base is
same (that is 4)
log, 81

1—05;‘4—9 =log, 81 =2
Ex. 17 : Prove that, 2log, a*. log b*. log ¢ =120
Solution : L.H.S. = 2log, a*. log_b°. log ¢’
=4 x 2log, a x 3log b x Slog c
Using change of base law,

log a log b log ¢
=4x2 Tog b *3Togc *SToga

=120

Ex. 18 : Find the domain of f{x) = log_, . (x*—4)

Solution : SInce log,_ x is definedd for a, x > 0 and
a# 1 fix) is defined for (x> —4) > 0,x + 5 > 0,
x+5#1.

ie.(x—2)(x+2)>0,x>-5x+#—-4

Le.x<—-2orx>2andx>-5and x # 4

x<-2 J’ x>2

A

x>-5

= -4

A
v

Fig. 6.31

9) Trigonometric function

The graphs of trigonometric functions are
discusse in chapter 2 of Mathematics Book I.

fx) Domain Range
sin x R [-1,1]
COS X R [-1,1]
tan x R
% {J_i,i 3—”}
L2 2
(EXERCISE 6.1 )

1) Checkifthe following relations are functions.

(2)

Fig. 6.32

(b)




(c)

2)

3)

4)

5)

6)

Fig. 6.34

Which sets of ordered pairs represent
functions from A= {1,2,3,4} toB={-1,0,
1,2, 3}? Justify.

(@) {(1,0), 3,3), (2,-1), (4,1), (2,2)}

(b) {(1,2), (2,-1), (3,1), (4,3)}

(©) {(1,3), (4,1), (2,2)}

(d) {(L,1), (Z,1), 3,1), (4. 1)}

Check if the relation given by the equation
represents y as function of x.

(a) 2x+3y=12 (b) x+)y*=9
(c)x*—y=25 (d)2y+10=0
(e)3x—6=21

If f(m)=m?>—3m+ 1, find

() £(0) (b)f(3)
(©).f (%) (d)fee+1)
(©).f (=)

" (f(2+h2—f(2)) o,

Find x, if g (x) = 0 where
5x=6

(@) gx)="7

)gx)=6x>+x-2

Dgx)=x—2x*—5x+6

18—2x2
(b)g ()= —5—

Find x, if f (x) = g (x) where
@) f(x)=x*+2x% g (x) = 11x?
0) /@) =x -3,g(0)=5-x

7)

8)

9)

10)

11)

12)

14)

a—x
If f(x) = 7= ,/f(2) is undefined, and
f(3)=35, find a and b.

Find the domain and range of the follwoing
functions.

@) f(x)=Tx*+4x—1

x+4
(b) g)="7"%
Nx+5

5+x

(c) h(x)=

(d) f(x) = Ix+1
(€) f(x) = J(x=2)(5~x)

x-3

7 —
(g) /()= V16—x"

Express the area A of a square as a function
of its (a) side s (b) perimeter P.

® fx) =

Express the area A of circle as a function of its
(a) radius 7 (b) diameter d (c) circumference

C.

An open box is made from a square of
cardboard of 30 cms side, by cutting squares
of length x centimeters from each corner and
folding the sides up. Express the volume
of the box as a function of x. Also find its
domain.

Let f be a subset of Z x Z defined by

f={(ab,atb):ab € Z} .1s fa function from
Z to Z? Justify.

Check the injectivity and surjectivity of the
following functions.

(a) f: N — N given by f(x) = x?
(b) f: Z — Z given by f(x) = x*
(¢) f: R — R given by f(x) = x?




14)

15)

16)
17)

18)

19)

20)

(d) f: N — N given by f(x) = x*

(e) /: R — R given by f(x) = x°

Show thatif f: A— Bandg:B — C are
one-one, then g ° fis also one-one.

Show that if f: A— Band g: B — C are
onto, then g ° f'is also onto.

If £(x) = 3(4*") find £(-3) .

Express the following exponential equations
in logarithmic form

(a)2° = 32 (b) 54°=1
(c)23' =23 (d) 972 =27
(e)3*= % () 102=0.01
() &> =7.3890 (h) €' = 1.6487
(i) e =6

Express the following logarithmic equations
in exponential form

1
(a) log,64 =6 (b) log, 75 = -2
(d) log,,, (8) =3

(Hlne=1

(c) log,0.001=-3
(e)ln1=0
(g) In % =-0.693

Find the domain of
(a) f(x)=1In(x—5)
(b) f(x) = log,, (x*~5x +6)

Write the following expressions as sum or
difference of logarithms

(a) log (ﬂ)

rs

on(£ect)

(b) log (vx3/y)

b*+5

(d) In {

Y2 (2x+1) |
(x+4)2x+4

21)

22)

23)

24)

25)

26)

27)

28)

Write the following expressions as a single
logarithm.

(a) Slogx + 7log y — log z
(b) 5 log (+=1) + 3 log (¥)

(¢) In (x+2) + In (x—2) — 3In (x+5)

Given that log 2 =a and log 3 = b,
write log /96 in terms of @ and b.

Prove that
@b =a () log, a=-loga

(C) alOng — b]og[a

If f(x) = ax>— bx + 6 and f(2) = 3 and
f(4)=30, find a and b

Solve for x.

(a) log2 + log(x+3) — log(3x—5) = log3

(b) 2log,x=1+log , (x+%)

21
(c)logx +logx +log x =74

(d) x + log, (1+2) =x log 5 + log, 6

1 1
If log (x;yj =75 logx + 75 logy,

X )y
show that — + =17.

y T x

X—V|_
If log (Tj =log./x +10g\/;,
show that (x+ y)* =20 xy
If x = log be, y = log,ca, z = log ab

then prove that 1 +—+— =1
l+x 1+y




6.2 Algebra of functions:
Let f'and g be functions with domains 4 and B.

Then the functions f + g, f— g, fg, Lg are defined
on AN B as follows.

Operations

F+e ) =f(x)+g
-2 ®=fx)—g®
(.9 (0)=f(x).gx

[gj (x)= lg(((—fc); where g (x) #0

Ex.1:Iff(x)=x*+2 and g (x) = 5x — 8, then find
) (g )

i) (f-g(=2)

i) (fog) (3m)

v L

iv) 2 (0)

Solution : i) As (f+g) (x)=/(x) + g (¥)
(f+eM)=,(1)+g(1)
=[(1)* + 2]+ [5(1) — 8]
=3+(-3)

=0

i) As (f~ g) (@) =/ () ~ g ()

(=9 (- =f(-2) - g (-2)
= [(-2)*+2] - [5(-2) - §]
=[4+2] - [-10-8]

=6+18

=24

iii) As (fg) (x) = f(x) g (x)
(fog) Bm)=f(3m)g (3m)
= [Bm)* +2] [53m) — 8]
= [9m? + 2] [15m—8]
= 135m® — 72m* + 30m —16

7Y o) 042
(gj (0)="¢(0) = 5(0)—38

Ex. 2 : Given the function f'(x) = 5x* and
g (x) = +4—-x find the domain of
. . oo
) (e @i (fog) (¥) i) “o (x)
Solution : i) Domain of f(x) = 5x? is (—o0, o) .
To find domain of g (x) = v/4—x
4-x=>0
x—4<0
Let x <4, So domain is (—oo, 4].
Therefore, domain of (f + g) (x) is
(—o0, ) N(—, 4], that is (—oo, 4]
ii) Similarly, domain of (fog) (x) = 5x*V4—x
is (—oo, 4]
2

Vi

As , at x = 4 the denominator g (x) =0 .

iii) And domain of (é] (x) = is (=00, 4)

6.2.1 Composition of Functions:

A method of combining the function /: A—B with

g : B—>C is composition of functions, defined as

(f°g) (x)=f[g (x)] an read as ‘f composed with g’




gof

Fig. 6.35
Note:

1) The domain of g ° fis the set of all x in A such
that /'(x) is in the B. The range of g © f is set
of all g [f(x)] in C such that f(x) is in B.

2) Domain of g°f < Domain of fand Range
of g° f < Range of g.

Ilustration:

A cow produces 4 liters of milk in a day.
Then x number of cows produce 4x liters of milk
in a day. This is given by function f (x) =4x ="y'".
Price of one liter milk is Rs. 50. Then the price
of y liters of the milk is Rs. 50y. This is given by
another function g(y) = 50y. Now a function 4(x)
gives the money earned from x number of cows in
a day as a composite function of f'and g as A(x) =

(g 1)) = gl ()] = g) = S0(4x) = 200x.
Ex.3:If/(x)= ﬁ and g (x)=x* — 1 , then find
) () () i) (g2 ©)
Solution :
) AS(og) (0= fTg W] and S () = =5
Replace x from f(x) by g (x) , to get
9 0= o3

B 2
T X145

2
~ x4

i) As (g°f)(x)=g[f(x]andg (x)=x*—1
Replace x by f(x), to get

g N@=[™PF-1

2 2
= -1
(x+5j

Now let x=3

(g°NHB)=

Il
TN TN 7Y

Ex4: If fx)=x%g(x)=x +5,andh(x)=%,
x#0,find (g°foh)(x)

Solution : (g f° h) (x)
= g {Th )]

s

I |
N oQ
><|»—
N
AN
+ ><|,_.
W |¥/N

1
?‘—FS

Ex. 5 : If 4 (x) = (x —5)? find the functions f'and
g, suchthath=fog.

— In & (x), 5 is subtracted from x first and then
squared. Let g (x) =x —5 and f(x) = x%, (verify)

1
Ex. 6 : Express m (x)= 57 in the form of fe g o &

— In m (x), x is cubed first then 7 is added and
then its reciprocal taken. So,




1
h(x)=x* g(x)=x+7and f(x) = > (verify)
6.2.2 Inverse functions:

Let /': A — B be one-one and onto function and
f(x)=yforx e A. The inverse function

f1:B—Aisdefinedasf!'(y)=xiffix)=y

Domain of f Range of /'
A
Range of /! Domain of £
Fig. 6.36

Note:

1) Asfis one-one and onto every element
v € B has aunique elementx € 4 such that
y=rf).

2) If f and g are one-one and onto functions
such that f[g(x)] =x for every x e Domain
of g and g [f (x)] = x for every x € Domain
of f, then g is called inverse of function f.
Function g is denoted by /™! (read as finverse).

ie. f[g(x)] = g [f(x)] = x then g = f! which
Moreover this means [/ (x)] =/'[f (x)] =x

1
3) [ # [f (], because [f ()] = 7y
[f(x)] 'is reciprocal of function f(x) where as

f7'(x) is the inverse function of £ (x).

e.g. If fis one-one onto function with /' (3) =
7 then f1(7)=3.

Ex. 7 : If fis one-one onto function with
f(x)=9—5x,find f1(-1).

Soln. : — Let /' (—1) = m, then — 1 =f(m)

Therefore,

-1=9-5m
Sm=9+1
5m =10
m=72

Thatis f(2)=—1,s0f ' (-1)=2.

5
Ex. 8 : Verify that £(x) = “g— and g (x) = 8x + 5

are inverse functions of each other.

Solution : As f(x) = g, replace x in f'(x) with
g ()

g(x)—5 8x+5-5 8x
flg@l=S5— = —g— =% =x
and g (x) = 8x + 5, replace x in g (x) with f(x)

gV&H=8f@N+5=8{£§§}+5=x—5+5

=X

Asflg(x)]=xand g [f(x)] =x,fand g are inverse
functions of each other.

Ex. 9 : Determine whether the function

2x+1

Sx) = 3

has inverse, if it exists find it.

Solution : f~! exists only if fis one-one and onto.

Consider f(x,) = f(x,),

Therefore,
2x 1—i—l B 2x2+1
x—3 X3

(2x +1) (x,73) = 2x,+1) (x,—3)
2xx,—6x +x,—3=2xx,—6x,+x —3
—6bx, +x,=—6x,tx
6x, +x,= 6x,+x,

Tx,="Ix,

X, =X,

Hence, f'is one-one function.

2x+1
Letf(x)=y,s0y= 73

Express x as function of y , as follows

B 2x+1
Y= x3
y(x-3)=2x+1




xy—3y=2x+1

xy—2x=3y+1
x(y—2)=3y+1
3y+1

X=732 fory #2.

Thus for any y # 2,

we have x such that f(x) =y

f!is well defined on R - {2}
Iffixy=21e.2x+1=2(x-3)
iLe.2x+1=2x-6 i.e. 1 =—6
Which is contradiction.

2 ¢ Range of /.

Here the range of /(x) is R — {2}.
x is defined for all y in the range.

Therefore f'(x) is onto function.

As fis one-one and onto, so /! exists.
Asf(x)=y,sof"(y)=x

3y+1
Therefore, ' (y) = 2

Replace x by v, to get

3x+1

Sw=

6.2.3 Piecewise Defined Functions:

A function defined by two or more equations
on different parts of the given domain is called
piecewise defind function.

x+1 ifx<l
eg /) =V4_ 1 ifx>1

Here f(3)=4—-3=1 as3>1,

whereas f(—2)=-2+1=—-1as—2<1 and

f(y=4-1=3.

Fig. 6.37

As (1,3) lies on line y = 4 — x , so it is
shown by small black disc on that line.
(1,2) is shown by small white disc on the line y=
x +1, because it is not on the line.

1) Signum function :
Definition: f(x) = sgn (x) is a piecewise function

-1 1f x<0

flx)=190 ifx=0
1 ifx>0

»
Ld

Sx) = sgn(x)

1

v

A

v
>~

0

A

O -1

v
Fig. 6.38

Domain: R and Range: {—1,0, 1}




Properties:

1) Forx>0,the graphisline y=1 and for x <
0, the graph is liney =—1 .

2)  For f(0) = 0, so point (0,0) is shown by
black disc, whereas points (0,—1) and (0,1)
are shown by white discs.

Absolute value function (Modulus function):

Definition: f(x) = |x]|, is a piece wise function

x if x>0

J() = {—xifx<0

Y
N Sx) =1x]|
2
1
< >» X
2 -1 0 1 2
Fig. 6.39

Domain : R or (—o0,0) and Range : [0,00)

Properties:

1) Graph of f(x) = |x| is union of line y = x from
quadrant I with the line y = —x from quadrant

II. As origin marks the change of directions
of the two lines, we call it a critical point.

2) Graph is symmetric about y-axis .
3) Graph of f(x) = |x—3] is the graph of |x| shifted
3 units right and the critical point is (3,0).

4) f(x) = x|, represents the distance of x from
origin.

5) If |x| = m, then it represents every x whose
distance from origin is m, that is x = + m or

—_—
-m 0 m

Fig. 6.40

6) If |x| < m , then it represents every x whose
distance from origin is less than m, 0 <x <m
and 0 > x> —m That is —m <x <m. In interval
notation x € (— m, m)

A
\ 4

-m 0 m

Fig. 6.41

7) If |x| = m , then it represents every x whose
distance from origin is greater than or equal to
m, so, x > m and x <—m . In interval notation
x € (—owo, m] U [m, o)

A
v

-m 0 m
Fig. 6.42
8) If m < |x| < n, then it represents all x whose

distance from origin is greater than m but less
than n . Thatisx € (—n,—m) U (m, n).

<—+ + + + —
< + + + +—>

-n -m 0 m n
Fig. 6.43
9) Triangle inequality |x + y| < |x| + || .

Verify by taking different values for x and y
(positive or negative).

10) |x| can also be defined as |x| = \/x_2
= max{x, —x}.

Ex. 10 : Solve [4x —5| < 3.

Solution : If x| <m ,then—m <x <m

Therefore
—3<4x-5<3

—3+5<4x<3+5




1

Ex. 11 : Find the domain of ———
[Ix[-1]-3

Solution : As function is defined for ||x|—1|-3>0

Therefore ||x|—1|>3

So [x[=1>3 or |x|-1<-3

That is

Ix[>3 + lor |x[<—3+1

Ix[>4 or |x|<—2

But [x|<—2 is not possible as |x[>0 always

So-4<x<4,xe(4,4).

Ex. 12 : Solve |x —1| + |x +2| = 8.
Solution : Let f(x) = |x —1| + |x +2]
Here the critical points are at x =1 and x =—2..

They divide number line into 3 parts, as follows.
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Fig. 6.44
Region | Test Sign fx)
Value
I -3 |[(x-1)<0,|-(x—-1)—(x+2)
BE2 G0 =0l =2
11 0 |[(x—1)<0,|-(x-1)+(x+2)
—2<x<l1 (x+2)>0|=3
111 2 | (x-D>0| (x—1)+(x+2)
x>1 x+2)>0|=2x+1
As f(x)=8

9

FromI,2x—-1=8 .. 2x=9 . x=-— 5 -

From II, 3 = 8 , which is impossible, hence there
is no solution in this region.

From III, 2x +1=8 ..

l\.)l\]

3) Greatest Integer Function (Step Function):
Definition: For every real x , f(x) = [x] = The
greatest integer less than or equal to x . [x] is also
called as floor function and represented by | x | .

Ilustrations:

1) f(5.7)= [5.7] = greatest integer less than or
equal to 5.7

Integers less than or equal to 5.7 are 5, 4, 3, 2 of
which 5 is the greatest.

2) f(—6.3)= [—6.3] = greatest integer less than or
equal to —6.3.

Integers less than or equal to —6.3 are —10, =9, =8,
—7 of which —7 is the greatest.

. [-6.3]=-7

3) f(2) = [2] = greatest integer less than or equal
to2=2.

4)[n]=3 5)[e]=2
The function can be defined piece-wise as follows

fx)=n, if n<x<n+lorxe[nn+l),nel

-2 if —2<x<-1 orxe[-2,-1)

-1 if -1<x<0 orxe[-1,0)
fx)=10 if0<x<l orxe[0,1)

1 if 1<x<2 orxell,2)

2 if2<x<3 orxe[2,3)
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Graph of f{x) = [x]
Fig. 6.45

Domain = R and Range = I (Set of integers)




Properties:

1) Ifx e [2,3),f(x) =2 shown by horizontal
line. Atexactlyx=2,f/(2)=2,2 € [2,3)
hence shown by black disc, whereas 3 ¢

[2,3) hence shown by white disc.

2) Graph of y = [x] lies in the region bounded

by lines y=x andy=x—1.Sox—1 <[x] <x
0ifxel
3 == —lifxel

Ex.[3.4] +[-3.4]=3 +(—4)=—1where 3.4¢1
[5]+[-5]=5+(-5)=0where5 € 1

4) [x+n]=[x] +n, wheren € 1

Ex. [45+7]=[11.5]=11 and
[4.5]1+7=4+7=11

4) Fractional part function:

Definition: For every real x, f(x) = {x} is defined
as {x} =x —[x]

Mlustrations:

f(4.8)= {48} =48 —[4.8]=48-4=0.28

fT0) = {71} =-7.1 - [-7.1]
=—7.1-(-8)=-7.1+8=0.9

f(8)={8}=8-[8]=8-8=0

Y

Graph of flx) = {x}
Fig. 6.46
Domain = R and Range =[0,1)

Properties:

1) Ifx e [0,1], f(x)={x} e [0,1) shown by
slant liney=x.Atx=0, f(0)=0,0 € [0,1)
hence shown by black disc, whereas at
x=1, f(1)=1,1 ¢ [0,1) hence shown by
white disc.

2) Graph of y = {x} lies in the region bounded
by y=0andy=1.S00< {x} <1

0ifxel
3 WIS ifr el

Ex. 13:{5.2}+{-5.2} =0.2+0.8 = 1where 5.2 €1
{7y +{=7} =0+ (0)=0 where 7 € I

4) {xxn}={x},wheren e |

Ex. 14 : {2.8+5}= {7.8} = 0.8 and {2.8} = 0.8

{28 =5} ={-22}=-22-(22)=-22—-(-3)

=0.8 (v {x} =x—[x])

Ex. 15 : If {x} and [x] are the fractional

part function and greatest integer function

of x respectively. Solve for x, if {x + 1} + 2x
=4[x+1]-6.

Solution : {x+ 1} +2x=4[x+1]-6

Since {x + n} = {x} and [x + n] = [x] + n, for
n € I, also x =[x] + {x}

{b +2({x} + [xD=4(x] + 1) -6
{x} +2{x} +2[x]=4[x] +4-6
3{x} =4[x] - 2[x] -2
3{x} = 2[x] -2 ..(D
Since 0 < {x} <1
0<3{x} <3
0<2[x]-2<3 (v from )
0+2<2[x]<3+2
2<2[x]<5




But as [x] takes only integer values

[x] =1,2since [x] =1 = 1=x<2 and [x] =2 =
2<x<3

Therefore x € [1,3)

Note:
1)

Property S
St =/ +/) | Ak
SGty) =) /) a
Sy) =) f) X"
Soy)=fx) +/() | logx

2) Ifn(A4)=m and n(B) = n then
(a) number of functions from A and B is
n™ (b) for m<n, number of one-one
n!

(n—m)!

(c) for m>n, number of one-one functions is
0

functions is

(d) for m>n, number of onto functions are
n" —"C (n=1)" +"C (n=2)" — "C,(n-3)"
+.. (=) C

1

(e) for m<n, number of onto functions are 0.

(f) number of constant fuctions is m.
3) Characteristic & Mantissa of Common
Logarithm log , x :
Asx = [x] + {x}
log ,x = [log,, x] + {log , x}

Where, integral part [log 6 x] is called
Characteristic & fractional part {log,, x} is called
Mantissa.

Illustration : For log, 23,
log,, 10 <log , 23 <log 100

log,, 10 <log 23 <log, 10°

log,, 10 <log, 23 <2log 10
1<log,23<2 (. logy =1)
Then [log , 23] = 1, hence Characteristic of
log 23 is 1.

The characteristic of the logarithm of a number N,
with 'm' digits in its integral part is 'm—1".

Ex. 16 : Given that log,, 2 = 0.3010, find the
number of digits in the number 20'.

Solution : Let x = 20", taking log , on either
sides, we get

log,,x = log,, (20') = 10log, 20

10log,, (2x10) = 10{log 2 + log, 10}
10{log , 2+ 1} =10{0.3010 + 1}

10 (1.3010)=13.010

That is characteristic of x is 13.

So number of digits inx is 13 + 1 =14

(EXERCISE 6.2 )

1) Iff(x)=3x+5,g(x)=6x— 1, then find

(a) (f+g) () (b) (=2) (2)

(©) (fe) 3) (d) (f/g) (x) and its domain.
2) Letf:{2,4,5}—{2,3,6}andg:{2,3,6}—{2,4}

be given by f ={(2,3), (4,6), (5,2)} and

g={(2,4), (3,4),(6,2)} . Write down g ° [

3) If f(x)=2x*+3, g(x) =5x — 2, then find
(@)f°g (bygesf
) fef (dg-g

4)  Verify that f and g are inverse functions of
each other, where

(@fx)="7 ,g@=4x+7

(b) f(x) =x*+4, g(x)=x—4

x+3 2x+3
©f)=%=2,e0=%"71




5)

6)

7)

8)

9)

10)

Check if the following functions have an
inverse function. If yes, find the inverse
function.

(@) f(x) = 5°
(© o0 = 57
() f(x)=9x*+8

(b)f(x)=8
(d) f(x) = V4x+5

x+7 x<0
GYOF {8_x o
x*+3, x<2
Iff(x)= {5x+7 r>2 , then find
(@) f(3) () f(2) (¢)£(0)
4x -2, x<=3
If f(x) = 5, —3<x<3 , then find
X2, x=>3
(@) f(=4) () f(-3)
(©) f(1) (d) f(5)

If £(x) = 2Jx| + 3x, then find
(@) f(2) () f(=5)

If f(x) =4[x] — 3, where [x] is greatest integer
function of x, then find

(@)f(7.2) (b)£(0.5)

() f (—%) (d) f(2m), where m = 3.14

If f(x) = 2{x} + 5x , where {x} is fractional
part function of x, then find

1
(b)f(;)

(d)f(=6)

@ /(=1
(©f(=1.2)

11) Solve the following forx, where |x|is modulus
function, [x] is greatest integer function, [x]
is a fractional part function.

(a) [x+4[>5 (b) x—4| + [x-2| = 3
(b)x+ 7|+ 12=0  (d)|]x <3

(e) 2]x| =5

O x+tx+[x]]]1=9 (g) {x}>4

(h) {x} =0 (1) {x} =05

() 2{x} =x+[x]

’—WL“'S Remember

e Iff:A — Bis a function and f'(x) = y, where
x € Aand y € B, then

Domain of f'is A = Set of Inputs = Set of
Pre-images = Set of values of x for which
y = f(x) is defined = Projection of graph of
f(x) on X-axis.

Range of f'is f (A) = Set of Outputs = Set
of Images = Set of values of y for which y =
f (x) is defined = Projection of graph of
f(x) on Y-axis.

Co-domain of fis B.

e Iff(x)=/f(x) = x, =x, then fis one-one
and for every y € B, if there exists x € A
such that f'(x) = y then f'is onto.

e If fA - B. ggB — C then a function
g ° f:A — C is a composite function.

e If fA — B, then f:B — A is inverse
function of 1.

e If iR — R is a real valued function of real

variable, the following table is formed.




Type of f Form of f Domain of f Range of f
Constant function fx) =k R k
Identity function fx)=x R R
Square function f(x)=x? R [0, ) or R
Cube function fx)=x* R R
Linear function f(x)=ax+b R R
: : dac-b’
Quadratic function f(x)=ax*+bx +c R 1 , 0
a
Cubic function fX)=ax*+bx* tcex +d|R R
Square root funtion f(x)= Jx [0, o0) [0, o0) or R*
Cube root function fx)=3x R R
depends on p(x) and
Rational function f(x)= () R - {x | q(x) =0} . Px)
q(x) q(x)
Exponential function |[f(x)=a* a > 1 R (0, )
Logarithmic function |/ (x) =log, x,a > 1 (0, 0) or R* R
Absolute function flx)= | x| R [0, o) or R*
Signum function f(x)=sgn (x) R {-1,0, 1}
Greatest Integer )
. f(x) =[x] R I (set of integers)
function
Fractional Part function [ f'(x) = {x} R [0,1)
3) Findux, if2log,x=4
MISCELLANEOUS EXERCISE 6 :
A) 4,4 B) 4
(I) Select the correct answer from given C)—4 D) not defined
alternatives. 4) The equation log)62 16 +log, 64 =3 has,
D If_log (5x —9) — log (x + 3) = log 2 then A) one irrational solution
X= oo B) no prime solution
A)3 B)> ©)2 D)7 C) two real solutions
2)  Iflog,(log,(log,x)) = 0 then x = D) one integral solution
A) 1000 B) 107 5) Iff(x) = 11: then £ (£ (0)}] is
C) 10 D)0

A)yx—1

B)1-—x

C)x D) —x




6) Iff:R — Risdefined by f(x) =x° then /™ (8)

is euqal to :
A) {2} B) {-2.2}
O{-2} D) (-2.2)
. 2x+1
7) Letthe function /" be defined by f(x) = =

then /! (x) is:

x—1 x+1
A)3x+2 B)3x—2
2x+1 3x+2
© 1-3x © x—1

8) Iff(x) =2x*+ bx + ¢ and f (0) = 3 and

f(2)=1, then f(1) is equal to
A) -2

B) 0 Q)1 D)2

. 1 )
9) The domain of [l where [x] is greatest

integer function is

A)R B)Z C)R-Z D)Q- {o}

10) The domain and range of f(x) =2 — | x — 5| is
A) R, (—oo, 1] B) R, (0, 2]
C) Ra (_OO’ 2) D) R+’ (_OO’ 2]

(II) Answer the following.

1) Which of the following relations are
functions? If it is a function determine its
domain and range.

12, 1),4,2),(6,3), (8, 4), (10, 5),
(12, 6), (14, 7)}

i) {(0,0), (1, 1), (1, =1), (4, 2), (4, =2),
(9,3), (9,-3), (16, 4), (16, —4)}

i) {2,1),(3,1),(5,2)}

2) Find whether following functions are one-
one.

i) fiR—R defined by flx) = x*+5
ii) f: R—{3}—R defined by f(x) =
for xe R—{3}

Sx+7
x—3

3) Find whether following functions are onto

or not.

1) f Z—Z defined by f(x) = 6x—7 for all
xe”Z

ii) f: R—>R defined by f({x) = x*+3 for all
xeR

4) Let f£ R>R be a function defined by
flx) = 5x3-8 for all xeR, show that f is one-
one and onto. Hence find f .

5) Afunction f: R—R defined by f{x) = % +2,

xeR. Show that fis one-one and onto. Hence
find .

6) A function f is defined as f{x) = 4x+5, for
—4 < x < 0. Find the values of f{-1), f-2),
f(0), if they exist.

7) A function f is defined as : f{x) = 5—x for
0 < x < 4. Find the value of x such that

() Ax) =3 (i) fix) =35
8) Iffix)=3x*—5x2+7 find fix-1).

9) Iffix)=3x+aandf(1)=7find a and f(4).

10) Iffix) =ax*+ bx +2 and f{1) = 3, f(4) = 42,
find a and b.

11) Find composite of fand g
) /=1(1,3),(2,4),3,5),(4,0)}
g=1{(,6),(4,8), (5, 10), (6, 12)}
i) f=1{1,1),(2,4),3,4),(43)}
g=1{(1,1),(3,27), (4, 64)}
12) Find fog and gof
) fix)=x>+5, g(x)=x-8
i) flx)=3x-2, g(x)=x?
iif) fx) = 2565, g(x) = Vx

13) Iff(x)Zii:;,x;t%

Show that (fof) (x) = x.




+ 3+
- 73 , 8(x) = S)IC then show that

14) Iffx) =
(fog) (x) =x.
15) Letf R— {2} R be defined by f{x) = f_j

and g : R > R be defined by g (x) =x + 2. Ex
whether /= g or not.

16) Let f: R — R be given by f{x) = x + 5 for all
x €R. Draw its graph.

17) Letf: R — R be given by f{x) =x° + 1 for all
x €R. Draw its graph.

18) For any base show that

log (1+2+3) =log 1 + log2 + log3.

19) Find x, if x = 33102,

20) Show that,

log |Vx® +1+x|+log|/x*+1 —x| =

2

a’ b2 c
21) Show that, log be + log a + log b 0

22) Simplify, log (logx*) — log (logx).

23) Simplify

28 35 325 13
log), 35 1081 354 10810 435 ~ 19810 75

24) If log (%) = %(loga + logb), then show
that a=b

25) If b*=ac. prove that, log a + log ¢ = 2log b

26) Solve for x, log (8x —3) —log 4 =2

27) Ifa2 + b2 =

tog [ C2 1 Lyosas L jog s
og| 3~ |7 7 loga+ 7 log

7ab, show that,

28) Iflog (X—yj:% 10gx+i log y, show that

2

X2+ 2 =27xy.

29) If log, [log,(log,x)] = 1, show that x = 6561.

30) If f{x) =log(1—x), 0 < x <1 show that

7l ) =0

31) Without using log tables, prove that

2 1
5 <log,3 < >

32) Show that

15 8 2 32
7log | — |+6log| — | +5 log| — |+log| —
g(16) g(3J g[sj g[zsj

= log 3
33) Solve : 4/log,x*+4log: \/g =2
X
. 3+log,,343
34) Findvalueof
2+llo 49j+1 lo ! j
) 10 4 2 10 25
_loga  logb  loge
35) If w27 prz2x a2y show that
abc = 1.

36) Show that, logyx3.logzy4.logxz5 =60
loga  logb log.c

37) If -6 T3k and a’b*c =1
find the value of k.
38) If a®>= b’ =c*d?, show that log bcd = i’%

39) Solve the following for x, where |x |is
modulus function, [x] is greatest interger
function, {x} is a fractional part function.

a)l<lx—1l<4 ¢o)lxx—x—-6l=x+2

o)lx—9l+[x2—4[=5
d)-2<[x]<7

) [x*]-5[x]+6=0
g) [x—2]+[x+2]+ {x} =0

Ut

e)2[2x-5]-1=7




40) Find the domain of the following functions.

41)

X’ +4x+4
¥ +x-6

— 1
RS e A A

c) f(x):\/l—\/l—\/l—xz

d) f(x)=x!
) f(x)=""P,

) fx)=vx—x"+5-x

2 f(x)=log(x* —6x+6)

a)  f(x)=

Find the range of the following functions.
X
a) f)=|x=5 b f(x)=—"7
9+x

1

c) f(x):m d) f(x):[x]—x

e) f(x)=1+2"+4"

o%

>

L)

42) Find (fo g) (x) and (g © /) (x)
a) f(x)=eg(x)=logx

b) )= g =

43) Find f(x) if

a) gx) = x* + x
=4x* - 10x +4

(b) g(x)=1+ Jx and f[g(x)] =3 +2/x +x.

~ 2 and (g o f) )

44) Find (fo f) (x) if
() f(x)=—=

1+ x?

2x+1
3x-2

(b) f(x)=

*
*

.0 o0

L)
L)




7 LIMITS
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@E% Let's Study

e  Meaning — Definition of Limit

e Calculation of various limits
e Limits of Trigonometric Functions

e Limits of Exponential and Logarithmic
Functions

e Limit at Infinity and Infinite limit

Introduction:

Calculus i1s an important branch of
mathematics. The concept of limit of a function
is a fundamental concept in calculus.

7.1.1 Definition of Limit:

& T o
| (% E% Let's :Learn

7.1.1 LIMIT OF A FUNCTION :

Suppose x is a variable and a is a constant.
If x takes values closer and closer to ‘a’ but
not equal to ‘a’, then we say that x tends to a.
Symbolically it is denoted as x — a.

1 | 1 + + +
< < < a < < <
66— 66— oo o>
----------- SRR EE IR SERTESErFTEPPPERRE
X—=>a X—=+a
Fig. 7.1

You can observe that the values of x are very
near to ‘a’ but not equal to ‘a’.

When x > a and x takes values near a, for example,
1 1 1

x=a+t—,x=a+—,x=a+— .. etc; we say that
8 4 2

x > a+ (xtends to a from larger values). When

x <a and x takes values near a, for example,
1 1
x=a-— 5 xX=a— —

say that x >a ~ (x tends to a from smaller values).

1
,X=a-— i etc. then we

We will study functions of x, a real variable, and
a, b, c etc will denote constants. x — a implies that
x takes values as near a as possible. So in this case

we have to consider x going nearer a from either
de. S 1 N 1 1 N 1
ide. So,x =a—- —, —,a— =, T e
side. So, x = a 1 a 2 a-z,at3
We will illustrate with an example.
Consider the function f(x) =x + 3

Take the value of x very close to 3 but not equal
to 3.

The following table shows that as x gets nearer to
3, the corresponding values of f{x) also get nearer
to 6.

@)
x approaches to 3 from left
X 2.5 2.6 2.9 2.99
fx) 5.5 5.6 5.9 5.99
()
x approaches to 3 from right
X 3.6 3.5 3.1 3.01
fix) | 6.6 6.5 6.1 6.01

From the table we see that as x — 3 from either
side, fix) > 6.

This idea can be expressed by saying that the
limiting value of f(x) is 6 when x approaches 3,
at x = 3, which is the limiting value of f(x) as
x—3

Observe that if P(x) is a polynomical in x, then
li_r)n P(x) = P(a), for any constant ‘a’.
We are going to study the limit of a rational

function f{x) = P(x)
(x)

asx - a.

Here P(x) and Q(x) are polynomials in x.




We get three different cases.
(1) 9(a)#0,
(2) O(a)=0and P(a)=0
(3) Q(a)=0and P(a)#0
In case (1) the limit of f{x) asx — a is
im P00 2@,
=a O(x) Q)

In Case (2) (x — a) is a factor of P(x) as
well as Q(x). So we expresse P(x) and Q(x) as

P(x) = (x —a)P (x) and Q(x) = (x — @)Q,(x)

_ P _ (x=a) A(x)
0(x) (x—a)Q(x)
Ifr = s then lim @ — M

=a O(x)  O(a)

If r > s then lim P 0
T S cn =
X—a Q(x)

If r < s then we proceed to case (3).

Now

(x—a#0)

In case (3), if O(a) =0 and P(a) # 0

lim @ does not exist.

x—a Q(X)
7.1.2 Definition of Limit :

We need to confirm that f(x) is very near to
[ (or as near as expected). This is expressed by
|f(ix)—I| < e forany € > 0. Here € can be arbitrarily
small to ensure that f(x) is very near /. If this
condition is satisfied for all x near enough, then
we can say that f(x) - /as x — a, the fact thatx is
near enough a is expressed by 0 < |x —a| < where
0 > 0. This 6 can be very small and depends upon
f(x) and €.

Hence the Definition

If given € > 0 there exists 0 > 0 such that
If(x) — [ |< € for all |x —a |< J, then we say
that f(x) > [ as x — a.

( SOLVED EXAMPLESj

Strategy : Steps for verifying the € - § definition.

Consider € > 0 given, substitute the values of f{x)
and / in |f(x) — /|< € and proceed to find the value
of 6. We may have to manipulate the inequalities.

Ex. 1. Consider the example f(x) = 3x + 1, take
a=0and/=1

We want to find some 6 > 0 such that,
0 <|x —0|< 6 impies that, [3x + 1)- 1| <e

if[3x| <e ie.if 3| <e i.e.if|x|<§

So, we can choose 6= <
(If fact any & < % will do.)
L0<x-0/<0 = [fix)—-I<e

lim (3x+1)=1

Fig. 7.2

Ex.2. flx)=x*
Here take a =3 and /=9
We want to find some 6 > 0 such that
0 <|x — 3] <& implies [x* — 9< €
ie.3-0<x<3+4+0 = -9<e

0 can be chosen as small as we like
and take 0 <1




Then,3 -06<x<3+0 =2<x<4 or
S5<x+3<7

We want |(x +3) (x —3)| < €
But|(x+3)(x—3)| <7 |x-3]
So7|(x-3)|<e=]x*-9|<e
If5= §,|(x—3)|<5:>|x2—9|<e
So we choose 6 = min {;,1}

then |(x — 3)| <8 = |f(x)- 9| < e

* Note that, we want to get rid of factor
|x + 3| Hence we have to get its lower bound.

Ex. 3. flx) =[x], 2 <x<4 where [x] is a greatest
integer function.

We have seen the f{x) = [x],2 <x <4

Note that
[x]=2for2<x<3
=3for3<x<4

Let us study the limits of f{x) as x > 3 and
x> 2.7
im fia) =3,

x—3"

But for x <3, flx) = 2. So, Im fix)=2.

If we take /=3, then for € = % and any ¢ >0
3-0<x<3=f(x)=2and [fix)-[|=1K €
If we take /=2, then 3<x <3 + 0 = flx) =3,
fx)=2|=1<K €

£1£r31 f(x) does not exist.

Consider xlfg fx)

Consider a = 2.7 We see that for 2 < x < 3,
flx)=2.

If we choose 6 = 0.3,

then2 <2.7-0<27<27+6<3

and f{x) = 2 is a constant.

Solim flx) =2

x—2.7

From the above example we notice that the
limits of f{x) as x — a* or a” can be different. This
induces us to define the following.

7.1.3 One Sided Limit: M fx) and M 7).

if they exist are called one sided limits.

7.1.4 Left hand Limit: If given € > 0, there
exists & > 0 such that for |f(x) — | < € for all
x with a—0 < x< a then

) =

7.1.5 Right hand Limit : If given € > 0 there
exists 0 > 0 such that for |f(x) — | <€ for all
xwitha <x <a + 0 then

lim f(x) =1

x—a*

7.1.6 Existence of a limit of a function at a
point x =a

If lim flx) =lim f{x) = [, then limit of the
function f(x) as x > a exists and its value is /.
And if lim fix) # lim f{x) then lim f{x) does

not exist.

Example:
Find left hand limit and right hand limit for the
following function.

3x+1

f(x)=
x> =3

if x<1

if x>1
Solution : Right hand limit, 1)(12} fx), forx > 1
ie. ll_rjl fix) = lxlil’ll (7x*-3)=4
Left hand limit, lim f{x), for x <1:
lg{l f())cc;l= lxlil} (Bx+t1)=4

Since left and right-hand limits are equal, the
two-sided limit is defined, and lirrll fix) = 4.

Note : 1M £x) means xlg? fx) = xlg? Sfx)

xX—a




7.1.7 ALGEBRA OF LIMITS:

It is easy to verify the following.

Let f{x) and g(x) be two functions such that
lim f{x)=17and }Cl_r}cll g(x) = m, then

L lim [f(x)+g(x)] = lim f(x) = lim g(x)
=/+tm
2. lim [f(x) x g(x)] = lim f(x) x lim g(x)
=Ixm
3. lim [k f(x)]= =k x lim f(x) = kl, where ‘k’
i):a‘: constant o

flx) Nmfo) g

=— wh #0
limg(x) m wherem

4.  lim
xX—a g(x)

Note:

1) limk =k, where k is a constant

xX—a

2) limx=a

xX—a

3) limx"=a"

X—a

4) lim¥x=%a

5) Ifp(x) is a polynomial,
then lim p(x) = p(a)

While evaluating limits, we must always
check whether the denominator tends to zero, and
if it does, then whether the numerator also tends
to zero. In case both tend to zero we have to study
the function in detail.

( SOLVED EXAMPLES)

n—3

Ex.1: 1im(rzn_1:,,2j = E}E;(WJ

3)x(3+1)x(6+1)

B)x(B+1)x(6+1)
6
3x4x7
6

14

Ex.2: lim [(7 - 3)(+2)]
= lim (52~ 3) [y +2]
~(2-3)2+2) =B34 =5x4=20

. (ﬁ—ﬂ}

Ex.3: lim
X X

 tlim(Vox) tim(V7 )

— x—3
tim()
_ V6+3—-7-3
3
o-va 32 1
3 3 2
I
Ex.4:1xiil} X
x—1
I=x
= lim| -2
x—1 x_l
- _
= lim ( x)

x—l _(x—l)xx_

[Asx =1, x—1 0]




Ex. 5 : Discuss the limit of the following function
as x tends to 3 if

o) = X 4+x+1, 2<x<3
V7 0x41, 3<x<4

Solution: As f(x) is defined seperately for x < 3
and x > 3, we have to find left hand limit (when x
< 3) and right hand limit (when x > 3) to discuss
the existance of limit of f{x) as x—3.

For the interval 2 <x <3; flx)=x>+x + 1
s dlim fix)=lim (P +x+1)=B)>*+3+1
x—3 x—3"
=9+3+1=13 - D

Similarly for the interval 3 < x < 4;
fx)=2x+1

lim fix)=lim(2x+1)=2x3)+1
x—3" x—3°
=6+1=7 - (I1)
From (I) and (II), lim f{x) # lim f{x)
x—>3" x—3"
lin31 f(x) does not exist.
Ex. 6 : For a given € > 0, find & > 0 such that

whenever |x — a| <9, we have |f(x) — /| < € so that
hg} 4x+3)=7

Solution We want to find & so that

lxiil? dx+3)=7
Herea=1,/=7and f{x) = 4x + 3
Consider € > 0 and |[fix) - I| < €
(4x +3)-7| < e
if [(4x—4)| < e
ie.if [4(x-1)<e
ie.if |x—1|<%
We can have & < % so that |(x — 1)] < o
=fix)-7<e

77.1.8 Theorem: Prove that

n n

X —da

. -1
lim =na"" where neN, a>0

x—a X —0a

Proof : We know, a"—b"=(a—b)(a"!+a"?b +
a"’b?+ ... +b*!) for n € N.

. (X" =a"
lim =
Xx—>a x f— a

lim [(x—a)(x”_1 X" a+x"d 4 +a”_1)J

xX—a

- }cl_I)lal (! + x"2g + 1@ + L e )
for [x — a #0]

= a"'+aa+a T+ . +a™!

= a"'+a"'+av'+ .. +a"" (nterms)

= na"!

Note : The above limit can also be found by using

the substitution x — a = A.

x—a=h .. x=a+ hand x—>a = h—0. Use
binomial theorem to expand (a + h)", simplify

and apply the limit to get the result

n n
. x - a -1
lim =na"
X—>a x — a

Verify : If n <0 say n =— m then

. n n . -m __-m
lim | X —a lim | X —4
x—a = x—>a

xX—a X—a

=—ma™!

Note : The above theorem can also be verified if

n is a fraction say n = £ where g # 0. Then
q

. n_ o . q q
lim (u} _lim | X' =a' | _p
x—a — x—a -

X—a




( SOLVED EXAMPLES j

i [ X625
Ex. 1 : Evaluate ;1 x—5

g [ 2625) (x-S
Solution : ;"5 x—-5 | = ey x—5

= 4(125) = 500

Ex. 2 : Evaluate !}Ezl [

. 7 . 7_97
Solution : ELI} (X 128J = EE} (x_j
X

x' =128
x =32

x =32

x—2
W [Asx—2,x—2#0]
7(2)°
5(2)°

n n
. x - a -1
[ lim =na" }
X—>a x —_— a

If lim[x 1 } =48 and neN, find n.

x—4 X —

Ex.3:

Solution : Given lim[x —4 }= 48

4| x—
Son(4)m =48
son(4)yn=3(4)*

..n=3 ... bycomparing

2x-2
Ex. 4 : Evaluate llm| —
x>l {\3/26+x —3}
Solution: Put26 + x =13, -. x =t2-26
Asx> 1,t> 3

fim | 2222
oot [ 264+x-3

2(t3—26)—2
= lim )\ S

— lim{w
x3 t-3

337
- 2lim{t 3
t—3 t—3

=2 x 3(3)""
=54

( EXERCISE 7.1 )

Q.I Evaluate the following limits :

. _VZ+6
1. hm3
z>— z

) lim'y5+243
’ y—>*3_y3+27

=5 z+5

Q.IT Evaluate the following limits :

=

1. =lm

x—3

X



r .3 -3
lim| 2 }

x—2 x_2

[ =125
hm 5 Az
5| X —-3125

4 33
If Tim| 2 | = Jim| = |,
x—1 x_l x—a xX—a

find all possible values of a.

Q.III Evaluate the following limits :

o xe e +x"—n}
lim
x—)l_ x_l
(%/2—3/7)(%/}+%/7)
lim
x—7 x_7
xk—5F )
If lim =500, find all possible
x—5 X—S
values of k.
[ a-x) -
hm P E—
x—)O_(l_x) _1
) _\/31+x—\/1+x}
lim| —MM—
x—0 X
lim _2y-2
y—’1_37+y—2
i 3 3
lim (Z+2)2—(a+2)2
zZ—a Z—a
hm_x3—343
x—)7_\/;_\/7
o (x+xX+x° +...+x2"_1—nj
lim
x—1 x_l

Q.IV In the following examples, given € > 0,
find a 0 > 0 such that whenever, | x—a | < 3, we
must have |f(x)—/1< e

1. £i_1)1}(2x+3)=7 2. lim3(3x+2):—7

3. lin}(x2—1)=3 4. linll(x2+x+1)=3

7.2 METHOD OF FACTORIZATION:

P(x) and Q(x) are polynomials in x such that

P .
fix) = P& . We consider !CI_IB fx).

O(x)
Let’s check 1M 0(x) and 1M p(y).

1) If imO(x)=m#0

then lim f{x)=im [@}

x—a m

2)  1f M O =0, then (x — a) divides O(x). In
such a case if (x — a) does not divide P(x) then
!}_r,ral f(x) does not exist.

(3) Further if li_r>n P(x) is also 0, then (x — a) is a
factor of both P(x) and Q(x).

: im | P&/ (x—a)
st - 2 G0

Factorization of polynomials is a useful tool
to determine the limits of rational algebraic
expressions.

( SOLVED EXAMPLESj

) 2(22—3)—9
Ex.1: Evaluate lim| —————
23| z7—=4z+3

Solution: If we substitute z = 3 in numerator
and denominator,




we get z2z-3)—9=0and 22— 4z+3=0

So (z-3) is a factor in the numerator and

denominator.
. | 22" =3z-9
lim| ————
=3 27 —4z43

lim{z(2z—3)—9:| .
(z-3)(22+3)

=3 27 —4z+43
- lim|———~
z—>3_ (2—3)(2—1):|

)
z—)3_ (Z_l)
[Asz3,z-3%0]
2(3)+3
3-1

o
2

(x’ —=8x% +16x)°

Ex.2: Evaluate lim T

o (x2 —x—12)

219
o [x(x—4) }
Solution: m (x—4)18 (x+ 3)18

B AL
= lim (x 4) a }

=4 (x - 4)18 (x+ 3)18

) [ x’
_ lim| ——
x4 (x+3) }

[Asx—4,x — 4 #0]

49
= F
1 2
Ex.3: Evaluate lim| —+——
=l x—-1 1-x

Solution : lim 1 + 2 }

1 x—1 (l—x)(x+l)

=l x—1 (x—l)(x+1)
x>l _(x—l)(x+1)_

lim _;
T ool (x + 1)

[Asx—1,x—1%0]

N | =

3 2
Ex.4:Evaluate lim { XX —Sxd 3}

x—1 x2 _1

Solution : In this case (x — 1) is a factor of the
numerator and denominator.

To find another factor we use synthetic division.
Numerator: x*+x*—5x +3

11 1 -5 3
2 —3
1 2 -3 0

S+ xT=5x+3=(— 1)+ 2x-3)

Denominator: x* — 1 = (x + 1)(x —1)

) [x3+x2—5x+3}
lim

x—1 x2 — 1

_ lin{(x—l)(x2 +2x—3)]

x—1

(x+1)(x-1)

x>+2x-3
[Asx—>1,x—-1#0]




. _3 2
Ex.5: Evaluate !}E& [¢J
X

Solution : Put 3/x24+1 =t, x>+ 1=¢

x>=1£-1,as x>0, t—>1

lim [ 1-~/x*+1] [(1 t)j
o | T | T b & -1)

_ lim[ =)
S (E=1)( +1+1)

! ( _1 j
= lim| -
=+t +1

[As i1, - 1#£0]

( EXERCISE 7.2 )

Q.I Evaluate the following limits :

2 —
1. lim[ﬂ}

z—2 Z2 _4

5 x+3
- ¥ +4x+3

3
3. lim Sy +8y
=01 3y —16y

{ - }
4. lim
2| ¥+ 2x7

5 x +2x-15
' x—>3 X —5x+6

|

Q.11 Evaluate the following limits :

M 4
I qim| ¥ 1}

u—l1 u3 _1

2 fim| -
=3 x-3 x =27

[ -4 +4x
3 @T}
) (ot Ax) —2(x+ Ax) 41— (% ~2x +1)
4. lim

Ax—0 Ax

lim I X2+ xJ2 -4
> | x2-3x2 +4

X =Tx+6
lim
=2 P —T7x* +16x—12

.O\

Q.IIT Evaluate the Following limits :

1 .3
1. 1im18y}

ot y=4y
T EC—
ol X —x X -3x7+2x

—3x2+2
=l x3-5x24+3x+1

x+2 x—-4
2 + 2
=l x"=5x+4 3(x —3x+2)

lim 1 + 1
5. x—>a_x2—3ax+2(12 2x%2—-3ax + a?




7.3 METHOD OF RATIONALIZATION:

If the function in the limit involves a square
root or a trigonometric function, it may be possible
to simplify the expression by multiplying and
dividing by its rationalizing factor.

( SOLVED EXAMPLES)

Ex. 1. Evaluate : lim

x—0

{M—l]

= lim
x—0 X

\/l+x—lxx/l+x+lJ

\/l+x+1
1+x-1

) X
= lim

1
— lim| ——
m (—1+x+1j ..JAs x>0, x # 0]

] ]
JI40+1 2

1 1

Ex. 2. Evaluate lim (b+z)2—(b-z)

z—0 z

1 1
Solution : Iim (b+2)2 —(b—z)2

z—0 z

z—0 z

X
z \/b+z+\/b—z

z—0

_ hm{\/b+z—\/b—z Jb+z +\/b—z:|

_(b—i-z)—(b—z)x 1 }

- limz ! }

X
0z Jb+z+b-z

z—0 z

2
0| Jb+z+/b-2z

2
\/b+0+\/b—0

} ..[As z—0,z# 0]

2
NG

-

x> +x-20 J

Ex. 3. Evaluate lim
““(x/xz —7 25—

Soluti lim( 2 j
olution :
o \/x2—7—x/25—x2

\/x2 -7 +\/25—x2]

Jx2 =7 +425-x2

lim x*+x-20 y
T a4 \/x2_7_\/25_x2

(x—4)(x+5)(\/x2 -7 +\/25—x2)

o x*=7-25+x"

(x—4)(x+5)(\/x2 -7 +\/25—x2)
x4 2(x*-16)

(x—4)(x+5)(\/x2 -7 +\/25—x2)
T x4 2(x—4)(x+4)




lim
x—4

(x+5)(\/x2—7+\/25—x2)

2(x+4)

JAsx—4, x -4 #0]

Q.1

I. lim
x—0

2. lim
x—3

3 lim
y—0

4. lim

x—2

2(4+4)

(EXERCISE 7.3 )

_\/6+x+x2 —\/g]

x> -9

_\/2x+3—\/4x—3}

- —2\/1+y2]

y

NEEN

2(8)

Evaluate the following limits :

Q.II Evaluate the following limits :

. 1lim

X—a

x—2

_x/a+2x—\/§
Va+x-24x

x' -4

 Jx+2-/3x-2 |

_\/1+\/E—\E_
x=2

s - a

yya+y

(4+5)(V# —7+\/25—42) 0By 27

8

3 T V32 +4 257 +4

. { \/x2+9—\/2x2+9 ]
_lim

Q.IIT Evaluate the Following limits :

. _x2+x\/;—2}
lim| ——————

x>l x—1

_\/1+x2 —1+x
"_’0_\/1+x3 —1+x

_x2+x—20}

4| Bx+4-4

(3542
=4 1-+5-2

3 1
=0\ ¥ /9_x xj

7.4 LIMIT OF A TRIGONOMETRIC
FUNCTION :

Let’s Learn :

To evaluate the limits involving trigonometric
functions, we state -

1) lim sinx = sina

xX—a

2) lim cosx = cosa
xX—a
Using these results and trigonometric identities,
we solve some examples.

Evaluation of limits can be done by the
method of Factorization, Rationalization or
Simplification as the case may be. While solving
examples based on trigonometric functions we
can use trigonometric identities.

Squeeze theorem (Also known as Sandwich
theorem)




Suppose f(x), g(x) and h(x) are given
functions such that f{x) < g(x) < A(x) for all x in
an open interval about a.

Suppose %EB fix)=L and !}_r,r,} h(x)=L
So, 1M i) < M gy < 1M
= L<Memy<r o Mey=1

sin@

7.4.2 Theorem : 19128
measured in radian.

= 1; where 0 is

Proof : First consider the case when 0O is
tending to zero through positive values.

WemaytakeO<9<%

Draw a standard circle with radius r i.e.
circles with centre at origin O and radius r.

Let A be the point of intersection of the
circle and the X-axis. Take point P on the circle
such that mZAOP =0

Draw PM L OX. Draw a line through A
parallel to Y-axis to meet OP extended at B
(fig. 7.2)

Area of AOAP < Area of sector OAP < Area
of AOAB

- Loarm<leo<loaos .. 0
2 2 2
Y
B
p
o i
L
0 M A X

In AOAP,
sin O = L
OoP
PM =OPsin 6
=rsin 0
Also, in AOAB
tan 6 = AB
OA
AB=0Atan 6
=rtan 0

using these in (I), we get

l r.r. sin O < l o< l r.rtan O
2 2 2

re. 1< ——<

.. 1, .
ind .. [Divide by 5 1 sin 0]

cosf

{> sinf - 0
— > oS
6

. sinf
1.e. cos 0 < T <1

Taking limitas 6 — 0*

11m cos O < hm sin6 < lim |

0 0—0"
. sinf
1< lim — <1
60" 0
By using squeeze theorem
I sinf _
Jm e 1 ... (I
Now suppose 6—0 through negative values
Let 6 =— ¢ where ¢ > 0. Also as 6 — 0, $—0
lim Sin@ lim sin(—¢)

© 00" 0 $—0" _¢

sin ¢

lim —S2% _ fim

0" _¢ $—0" ¢)




_ lim sin6 _
00" 9

1 ... (II1)

. ] 0
. from (IT) and (I1T), Lm % -

Note:

Corollary 1 : lim 0 j:l

0-0\ sin O
I tan 0 1
Corollary 2 : Im 0 )~
Corollary 3 - Tim[ —2— | =1
orollary 3 : =
Y 0-0\ tan @

: in pO
Corollary 4 : hm[sm P J =1, (p constant.)

0—0 pg
. [ tan pO

Corollary 5 : },{% 0 =1, (p constant.)
lim| 22 |=1

Corollary 6 : M sin po , (p constant.)
lim| 2% |1

Corollary 7 : g% -~ 0 , (p constant.)

E SOLVED EXAMPLES)

Ex. 1) If3x>+ 2 <flx) <5x*>—6 forall x € R,
then find 1M fx).
Solution : Let g(x) =3x*>+ 2 and A(x) = 5x> - 6
So, we have g(x) < f(x) < h(x)

Taking as limit x— —2 throughout we
get

im o) < im gy < 1im ()
lim (3x242) < Im 13y < im (5,2 6

3(=2r+2< Mgy <522 -6

14< Mgy <14

x—>-2

}E{g flx) = 14 ... [By squeeze

theorem]

; tx—1
Ex. 2 : Evaluate : hrr,,l (Lj

Solution : lim(

2
X—=
4

= 2
—ZE\ cot
4

x—o>—
4

cosec’x—2
cotx—1 j

cosec’x—2

cotx—1

x+1—2)

= 7\ cot?
4

cotx—1

=

cotx—1
Tt (cotx+1)(cotx—1)

..... [As x % cotx—1#0]

Ex. 3) Evaluate :

Solution : h%}f

. lim
3
x>
2

x/3—sinx—2}

cos’ x

{\/3—sinx—2]

cos’ x

\/3—sinx—2x\/3—sinx+2
cos’ x J3-sinx +2

3—-sinx—4

cos’ x(\/S—sinx +2)

—1-sinx

| 1—sin’ x<\/3—sinx +2)

—(1+sin x)

=2 (1-

sin x)(1+sinx)(\/3—sinx +2)

..... As x—>, 32n , sin x — —1 and 1+sinx # 0




:(1+1)(\/ﬁ+2)= 8

. | sin76
Ex. 4. Evaluate : 1}1113
. . | sin70
Solution : lim
00 9

) inQ
Ex. 5. Evaluate : llm[ Siex }

x—0

Solution : lim[

x—0

Sin8x }
tandx

Divide Numerator and Denominator by x

Sin8x

m X
x—0| tandx

1Ix8
= =2 (..asx—0,8x—0,4x — 0)
1><4

; . [ tan pO
---1im(smp9j:1 1;23( 0 le
0—0 p@ V4

{ 2sinx - sian—‘

Ex. 6. Evaluate : lim

x—0 3

X

. .| 2sinx —sin2x
Solution : lim| —————
x—0 X
. | 2sinx —2sinx.cosx
= lim .
x—0 L X

[ 2sinx(1- cosx) }

x—0 x_x2
2sinx | .. | (1—cosx)
xlim| ~———
x—=0 X x—0 X

D hm{ sznx} y lin{(l —COSX) y 1+ cosx)}

X x>0 x’ (1+ cosx)

_ 2
=2x1><hn{(l cosx) 1 }

x>0 x? (1+ cosx)

=2 xlim

x—0 x2

i (sin’x) lim 1
0| (14 cosx)

— 2 xlim S’”"}
x—0 an (1+COSO)

=2<1>2><$ |

=2x1x—-=1
sinx*(1—-cos x*)
Ex. 7. Evaluate : hm G
.| sinx*(1-cosx?)
Solution : lim §




sinx”(1-cos x?) 1+cosx2}
X
6

x>0 X 1+cosx”

[ sinx*(1-cos® x*) L1 }

x>0 x° 1+ cos x?
.| sinx?.sin® x? 1
— lim - X 5
x>0 X 1+cosx
.| sin’® x? 1
= lim

3 X 2
x>0 (x2) 1+cosx

. 3
.| sinx? . 1
= lim > x [im —
250l x -0\ 1+cosx

..... [As x— 0, x>*— 0]

—0 X

. [ cos5x° —cos3x°
Ex. 8. Evaluate : !}m( 2 j

. [ cos5x° —cos3x°
Solution : £1_r>13 2

X

. [ —2sin4x° sin x°

= lim >
x—0 X

sin4x’ sinx’
X
x—0 X X

=— 2lim
. TX . x
sin4| — | sin| —
(ISO)X (180]

=— 2lim

x—0 X X

sin (m) sin (mj
= 2lim 45 ) |x = xlim 180 ) |x
0 P 45 x>0 Tx 180

45 180

T T .
2x(Dx—x(1)x—...... . lim
M 45 M 180 {

2
4 x il X il =-8 dd
180 180 180

tan x —sin x

sose 1 lim
Activity-1 JI0 Sin> x

= —2x

. tanx-—sinx
hm—3

olution : .
S x>0 sin” x

sinxx——sinx

lim
= x-0 N
sin” x
) 1
sin x -
. COS X
= lim —
x>0 sin” x

_ lim
=0 cosx

lim (l—cosx)>< 1 }
0| Ccosx 1-[]

_(l—cosx)x 1
(O)(1+cosx)

sin’ x

_(l—cosx)x 1 }

= lim
0| cosx

1 1
_ lim X
— 0 cosx (l+cosx)

1 1
= X
{ cost (I1+cosO) }




Q.I Evaluate the following limits :

| sin(m0)
| tan(n0)

1 lim
0—-0
2. lim
0—0

5. i
4. lim

x—0

Q.II1 Evaluate the Following limits :

1. lim
x—0
2. lim
xag_
3. lim
x—)z_

Q.III Evaluate the following limits :

[ cos (ax)—cos(bx) :I

I. lim
x—0
2. lim

X7

ks
6

i x.tanx |
| 1—cosx |

( EXERCISE 7.4 )

02

11— 00520}

secx—1

2
X

1—cos(nx) }

1—cos(mx)

2— cosecx}

cot’x—3

COSXx — sinx }

CcOS2x

cos(ex)—1

sin’x

_\/l—cosx—\/z}

tan’x — cot’x
| secx — cosecx

2sin’x +sinx —1
2sin’x —3sinx +1

Activity-1:

lim l=eospx 1 |
x—0 x2 2 p
Consider,

lim 1- cozs px

x—0 X
_ 11n3 2. |:|
Use 1—cos 4 = 2sin? 51
2
_ lim 2.
x—0 x
2
sinE
_lim 2 2 w0
x—0 E
2
" 2
Sinp— 2
_lim 2 2| | P
x—0 E 4
2
P2 sin @
— 2 —_— .o lim =
2 (1) 4 J ° x>0 9

lim 1ZC0spx 1
x—0 2 2 p

7.5 Substitution Method :

We will consider examples of trigonometric

functions in which x—a where generally a takes
- n_ n_ — etc. In such
5> 30 4 g Ste-Insuc

a case we put x — a =t so that as x—a, t—o.

the values such as «




( SOLVED EXAMPLE j i {Sin(ﬁ é H - [sin(t/ 2)}(1)

t—0 1—0 t/2 2
1 sinf
. cosx = -2sin(a + 0).(1) = .... |~ lim =1
Ex. 1. Evaluate hnﬂl - ( (1) 2 { 9*0[ 0 j }
xaz x——
= —sina
. T T
: - =t Sx=4+
Solution : Put x > t X > t
lim l+cosmx
As 1> 72t_ 10, Ex. 3. Evaluate - (1- x)2
/s .
cos(+tj Solution : Putl —x =t .. x=1-1¢
. COS X . 2
lim = lim As x—1, t—0.
N T t—0 t
2 | X——
2

i {Hcosnx} i [1+cos[72r(1—t)]}

=l (1-x)° -0 ¢

_ lim [—sint}
120 ¢ im {1+cos(n—m)}

(1-x)*

_ lim >
- =0 t
lim | SOSX—cosa
Ex. 2. Evaluate 7, Y—q
= 12
Solution : Putx—a=t .. x=a+1 sin (mj
As x—a, t—0. ~ 2lim
= -0 t

x—a x—a t—0 t

. [mj :
Sin ? - 2
—2sin(2a+tj-sint _2lim (EJ

2 2 - t—0 ﬂt
t

hm[cosx—cosa}:hm[cos(aﬂ)—cosa} i |

_lim
— -0

=250 t

:2(1)£”—2 ] [ lim (Sinpg) =1}
. [ . ( ZJ sin(t/Z)} 4 00\ PO
lim | —sin a+5 .




Ex. 4. Evaluate x_%

. i
Solution : Put — —x=t,

lim

{\/g—tanx}

T—3x

1
3 T3

T
Asx— —,t—0

| 3 tan(r /3) —tant
= Eltl_{{]l 1+ tan(r /3)tant
t
. _V3-tant
= glgl(} 1+\/§tant
t

\/§+3tant—\/§+tant

I..
- §1t1_r)101 1++/3 tant
t
l.. 4tant
= —lim| ————
3 -0( ¢(1++/3 tan?)

4 . tant \,. 1
— —lim lim
3ot 0l (14 V3 tan 1)

—t,

|

3 9

D

)

2)

3)

4)

5)

1)

1)

2)

4 1 tan @
—(1)X—m—m———....... . lim =1
3( ) (1+\/§tan0) { -0 0 }
4
3
( EXERCISE 7.5 J

Evaluate the following

cosecx—1

. sinx-sina
lim

e x—a

) {cosx— 3sinx}
lim
x—> 71'—6)6

) 1—x?
lim | —
=1 SINwTXx

Evaluate the following

2sinx—1
| m—6x

\E—cosx—sinx}

x>t L (4x—7‘c)2

{2—\/§cosx—sinx]

(6x—7r)2




sin(\/;)—sin(\/;)

4) lim —a
. cos3x+3cosx
lim 3

7.6 LIMITS OF EXPONENTIAL AND
LOGARITHMIC FUNCTIONS :

% Let's :Learn

We use the following results without proof.

. (e -1
1) 1{1{)13( . )zlogezl

2) lim[a _ljzloga (a>0,a#0)

x—0 X

1
3) lim[l+x]§ =e

x—0

(log(1+x) |
o )
px
5) lim e’ 71 =1, (p constant)
x—0 px
tim| =1 |~ 1oga
6) = €4  (p constant)

log(1
7)  lim [Mj =1, (p constant)

x—0 px

1
8) £1£r(}(1 +px)r =e, (p constant)

: SOLVED EXAMPLESj

Ex. 1. Evaluate : lim[5 - _1}
x—0 S1nx

Solution : lin{5 - _1}
x>0 SInx
Divide Numerator and Denominator by x
5% -1

= lim| —*
x—0 S1nx

X

.1 57-1
lim
x—0 X

. Sinx
lim| ——
x—0 X

log5
1

. { lim(smej :l,lim(a _1J - loga}
00 (] x—0 x

(log5)

x—0 X

Ex. 2. Evaluate : lirn{5 -3 }

Solution : Given lim[5 -3 }

x—0 X

. '5)‘—1—3X+1}
= hm _—

x—0 X

x—0 X

e

Gl B G

x—0 X x—0 X




1

) 5x |«
Ex. 3. Evaluate : lIm|1+—
x—0 6

1

. S5x |x
Solution : !61_{13{1‘*‘?}

Ex. 4. Evaluate : lim 3x+2 |
x—0 2 _ 5X

! 1

Solution: 1M 75y 0 2 —5x

—_
W | —

=lim

x—0 T
=
2

Ex. 5. Evaluate : lim{

x—0

log4+10g(0.25+ x)}
X

Solution : lim[

x—0

log4+1log(0.25+ x)}
x

hm{ log [4(0.25 + x)]i|

x—0 X

- 1im{M}

x—0 X

= 4x lim{w}

x—0 4x

x—0 px

=4(1) ..... { mn{w} _ 1}

. [eF+e =2
Ex. 6. Evaluate ; llm| —————
=0 xsinx

Solution :
‘ ezx " €72x ) ‘ er (er + e—2x _ 2)
lim| ———— |=1lim ——
0 xsinx 0 e~ xsinx




2x 2
(e -1 y 1

2x

=0 xsinx e

(ezx _1)2

2
]
x>0  xsinx  e**

2
X

...[As x>0, x # 0, x*#0]

2x 1 2
[hm(e - H x4
x—=0 2x . 1
= xllm(—)

. (sinx 0| 2"
lim
x—0 X

e
2 Jox .
Ox4 1 [ lim & = 1, fjm 20 :1}

-0 fox 650 @

i 21" =7"-3"+1
Ex. 7. Evaluate : ;5% xlog(1+ x)

Solution :

(217 =T7"=3"+1
lim
=0 xlog(l+x)

(7R3 =TT =3 +1
= lim
x>0 xlog(1+x)

7x<sx—1>—<sx—1>}

=lim

x>0 xlog(1+ x)

_m{(?-l)(f-l)]

xlog(1+ x)

(3" —1)27’6 ~1)

_ 1 X 2
—£1_r)r01 log(11x) e 4s x = 0,x" #0]
x2
3 -1 7°-1
X
il X x
923 log(1+ x)
X
_log3.log7
1

¥ — log(1+
{ lim < 1:loga,limM:I}
x—0 X x—0 X

=log3.log7
Activity-3
| 8T =4"=-2"+1
Evaluate : lim| —————
x—0 X
[(ax0y =47 =27 41|
=lim 5
x—0 X

igfC )
x—0 X

=lim

(27 -1). (4°-1)
x—0 i xz

_im| & =D l)} x lim{—(“x — D}

x—0 X x—0 X

=L L]




Activity-4:

e’ —sinx—1

Evaluate : lim{
x—0 X

=lim
x—0 X

ol .. [sinx
=lim {—} —lim }
x—0 X x—0 L X

(EXERCBE7£)

Q.I Evaluate the following limits :

. '9X—SX}
1) lim

x>0 i 4" -1

. _5x+3x—2x—1}
2) lim| ————

x—0 X

3) lim -
x>0 sin x

.[@+y+v—rj
4) lim

x—0

sin x

1‘ Ssinx _ 2tanx
5) xli;r(} er _ 1

Q.II Evaluate the following limits :
b fim u}
=0 x.tanx

1

[ 3+x]r
2) lim }

x—>0_3_x
_ 2
3 lim 5x+3 |»
) 20| 3-2x
log(3—x)—log(3+
4) 1n%{ 0g(3-x) ~log( x)}
X—> x

1
4x+1 |«
lim
>) H‘[l—4x}
1

6) ]hn[5+7x}%

x—0 5_3x

Q.III Evaluate the following limits :

T a —-b"
1) lim|— -
0| sin (4x) —sin(2x) }

3
(2-)
2) lim -
01 (3 —1).sinx.log(l + x)

. 'ESX—SX—3X+1}
3) lim -
x—=0 i X . SInx
[ (25) —2(5) +1
4) 1m1( ) () }
x—0 X . S1Inx
[ (49)" —2(35)" +(25)"
5 tim| 42 (35)" +(25)
x>0 sin x.log(1+ 2x)




7.7 LIMIT AT INFINITY :
(FUNCTIONTENDINGTOINFINITY)

|§ %% Let's :Learn

7.7.1 Limit at infinity :

Let us consider the function f(x)= 1
X

Observe that as x approaches to o or —oo the value
of f(x) is shown below,

i) Observe the following table for f(x)= 1
X

x | 1/10] 100 | 1000
fix) | 101 0.01 0.001

10000
0.0001

100000
0.00001

We see that as x assumes larger and larger

1

values, — assumes the value nearer and nearer
x

to zero.

liml =0
¥ X
Definition : A function f'is said to tend to limit ‘/°
as x tends to o if for given € > 0, there exists a
positive number M such that |[f{x) — /| < e, V x in
the domain of f for which x > M

o lim f(x) =1

ii) Observe the following table for f(x)= 1
X

X -1{-10 | -100 | -1000 | -10000 | -100000 | ...
fix) |[-1]-0.1{-0.01]-0.001|-0.0001|-0.00001 ...

We see that as x assumes values which tend

1

to —oo, — assumes the value nearer and nearer to
X

Zero.

.. lim 1 0
X—>=%0 x

Definition : A function f'is said to tend to limit */’
as x tends to — oo if for given € > 0, there exists
a positive number M such that |[f{x) — /| < €, for
allx > M

L lim f()=1

Note : Whenever expression is of the
form %, then divide, by suitable power of
x to get finite limits of numerator as well as

denominator.

7.7.2 Infinite Limits :

Let us consider the function f(x) =

==

Observe the behavior of f(x) as x approaches ze

=

(0)

from right and from left.

i) Observe the following table for 1 (x)= 1
x

X= 1]0.1/0.01|0.001 |0.0001
f(x) 1|10 | 100 | 1000 | 10000

0.00001
100000

We see that as x assumes values nearer 0, but
greater than 0, 1 assumes the values larger and

X
larger.

lim £(x) = lim * —> o0

x—>0" x>0 x

ii) Observe the following table for f(x)= 1
x

x= -1 -0.1 -0.01-0.001-0.0001 -0.00001 ...
fx) -1/ -10  -100 | -1000 | -10000 | -100000

We see that as x assumes values nearer to
0, but less than 0, 1 assumes the values which

X
tends to — o

- lim f(x) = lim 1 — —©
x—=0" x—=>0" x




( SOLVED EXAMPLES j

. |lax+b
Ex. 1. Evaluate : lim
xo| ex+d

. +b
Solution : hm{ ax }
o ex+d

ax+b

X
xon| cx+d

X

m o+
lim| a+—
X—>00 x
mer! |
lim| c+—
X—>0 x

a+0 1
= -——asx —> o, — =0
c+0 X

SN

5x%-3x+8

X—>00

o 10x24+5x43
Ex. 2. Evaluate ; lim| ———

Solution : lim

X—>0

10x* +5x+3
5x2 —3x+8

Divide by x* to get finite limits of the
numerator as well as of the denominator,

10x*+5x+3

2
— lim 2x—
ool S5y —3x+8

2
X

lim{10+5+3}

X—>0 X xz

_ 104040 im0
5-0+0 e X
10
5
= 2

Ex. 3. Evaluate : lim [\/xz +3x —x}

X—>00

Solution : lim[\/x2 +3x —x}
{(\/ﬁ +3x —x)(\Vx* +3x +x)]

= lim

X—>0

(Vx* +3x +x)

) X +3x—x"
_ lim

22 x4+ 3x +x

lim| —

3x

- "‘m_\/x2 +3x +x |
3x

lim 3

= x| X, [1+— +Xx

lim 3
= x> 1+=
X

3
= 7= ¢ liml =0)
1+0+1 X0 x

_ 3
1+1




(EXERCISE 7.7) I
Let's Remember

I  Evaluate the following : Note : For limits of trigonometric functions,
- , angle is supposed to be in radian.
. lax’+bx"+ex+d
1) lim| —; > ) )
x| ox +]6C +gx+h 1) hng SlanI
L X—> X
2) lim X +3x+2 2) }cl_r}(} sinx =sina
X (x+4)(x—6)(x—3)
3) M cosx=cosa

S
3 lim 7x? +5x 3}

x—>°°_8x2—2x+7 4) lim fanx_

x—0 X

5) lim sin kx K

IT Evaluate the following :

x—0 X
- |
1) lim 7_23} 6 lim tanke -
—>0 4 X
PN+ x+2
i : (1
2) lim \/x2+4x+16—\/x2+16} 7y lm » sin (;j -0
I im 1—cos p’
3) Tim| vVx* + 42 _sz g) lim Leospxr_ [}
) i - P —
III Evaluate the following : 9) E}E(} cosm xx2 cosn x — >
(2.2 2 2 ]
1 tim (3x +4)(4x —6)(5x +2) 10) M a1 _1og 4 v 450
%> 4x° +2x* -1 X
- _ 3 4 11) lim 1 =e
3x—4) (4x+3 P T
2) 1im| B¥ =4 a ) } 0 (1+x)
xoxo 3x+2 ,
- ( ) 12) £1_I)I(} log (1 +x)—
- x
3) lim \/;(\/x-i-l—\/;)}

- 13) £1_r)r; (x - jZnanl fora>0
4) l (2x—1)20 (3x_1)30 X—a

1m

=5 (2x+1)”

. e —1
14) %323( . j=

1
i 1m (1) -0

5) lim \/x2+5 —\/x2 —3}

’“‘”"_\/x2 +3—\/x2 +1




X—>0 xp

k
16) lim (—j =0fork,peRandp>0
1
17) Asx — 0, ¥)—=®

X—>00

MISCELLANEOUS EXERCISE -7

I) Select the correct answer from the given

18) lim (%) =0,ifa<b

alternatives.
4_

D lim| 10|

=2 x°=5x+6

A) 23 B) 32 C)-32 D) -16
5 lim x+128 B
) 2| x'4+8

56 112 121 28
A) 3 B) 3 O 3 D) 3

. 1 1)
3 B P24 P ox—6
2 2 7 7

A)—E B)g C)Z_ D)_E
lim x+4-3 3
55| Brol1-2
-2 2 5 2
Ny B3 Oy Dy
lim tan® x—3
3) x_,, sec’ x—8
1 1 1
A) 1 B O3 Dy
lim Ssinx—xcosx |
6) ol 2tanx—3x2
A)0 B) 1 C)2 D)3

3cosx+cos3x
lim| ———— | =
i C @x-n)
3 I ! I
A5 B5  O-5 Dy
8) xl—r)lg Sil’l2 X -
A) log 15 B) log 3 +log 5
C)log3.log5 D)3 log5
1
lim 3+5x )
9) x—0 3—4x N
A B O¢ D’
i log(5+x)—log(5—x)
10) 5o sin x
3 5 1 2
A5 B O D%
1‘ 3COSX _1 _
i sz |7
“—x
2
Al B)log3 C€)3? D)3log3
.| x.log(1+3x) |
12) lim {W} B
1 1 I 1
A) I~ B) o 0 9 D) 3
(351]’1)( 1)
13) x—)O (3" -1)-tanx- 10g(1+x)
A)3log3 B)2log3
C) (log 3)? D) (log 3)°
5x—3 _4X—3
14) x—>3 {M} B
5
A) 10g5—4 B)log
log 5
) log 4 D) 4




i {(2x+3) (x— 5)} 12) lim[logx—logz}

15) oo (2x—5)"° x—2 x—2
3 1 1 1 -
A) o B) - C) — D) — Y _ag”
x~>l_ X —1
II) Evaluate the following. r (5" 1)2
=5 —1 14) lim| —
1) lim % 0| (2" =Dlog(1+ x)
=0 (l—x) -1 - , X
1s) (2x+1)"(7x-3)
. . . . im
2) £1_r)18[x] ([*] 1s a greatest integer function.) X0 (5x +2)5

3) Iff(r)=7tr2thenﬁndlim[f(r+h2_f(r)} 16) lim {xcosa aCOS)C:|

X—>0

2x*=7x-5

h—0 xl—m
X
4) lim [—} lim | (sinx—cosx)’
o |x|+x 17 g sin x —cos x
5) Find the limit of the function, if it exists, s
= 2777 =2 +1
atx=1 18) llnil |: ( 1) :|
x> sin”(x —
7—-4x for x<1
Six) = x*+2 for x=1 2" +1
= 19) lim _—+
| S ey
6) Given that 7x < flx) < 3x* — 6 for all x.
Determine the value of lim f(x) 20) lim Jx —1}
x=3 x—1 log X
7 .| seex® -1 -
) lim =
21) lin(} \/l—cost
8) lim _ﬁ} *
x—0 1 n
| xtanx 2) lxlirll (x+3x2+5x3+ ............. ~1~~+(2n—1)x _nzj
B X X x -
9) lim| — X6 =3 }
0| cos (6x) —cos(4x) 23) £IE(}
[ 3x 2x x
10)  lim @ -a —a il 1 x2 x* x* x*
0] x.tanx —5 | 1—cos —Ccos| — |+cos| — [cos| —
X 2 4 2 4
sinx — sina
1) lim| —— 4x+3
) x—>a|: xX—a :l 24) lim (8x2+5x+3]8x1
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8 CONTINUITY

A
\v
|
\

@é}’ Let's Study

e  Continuity of a function at a point.

e  Continuity of a function over an interval.

e Intermediate value theorem.

Let's Recall

e Different types of functions.

e Limits of Algebraic, Trigonometric,
Exponential and Logarithmic functions.

e  Left hand and Right hand limits of functions.

8.1 CONTINUOUSANDDISCONTINUOUS
FUNCTIONS

The dictionary meaning of the word continuity is
the unbroken and consistent existence over a
period of time. The intuitive idea of continuity is
manifested in the following examples.

(1) An unbroken road between two cities.
(i) Flow of river water.
(111) Railway tracks.

(iv) The changing temperature of a city during a
day.

In winter the temperature of Pune rises from
14°C at night to 29°C in the afternoon. This
change in the temp is continuous and all the
values between 14 and 29 are taken during 12
hours. An activity that takes place gradually,
without interruption or abrupt change is called a
continuous process. There are no jumps, breaks,

gaps or holes in the graph of the function.

8.1.1 CONTINUITYOFAFUNCTIONATA
POINT

We are going to study continuity of functions of
real variable so the domain will be an interval in
R. Before we consider a formal definition of a
function to be continuous at a point, let’s consider
various functions that fail to meet our notion of
continuity. The functions are indicated by graphs
where y = f(x)

Y Y
A

/f(x)
) (I] > X <«

5
>

T

< » X
o0 a
v v
Fig. 8.1 Fig. 8.2
Y
A
Jx)
< } »X
a
v
Fig. 8.3

The function in figure 8.1 has a hole at x = a.
In fact f(x) is not defined at x = a.

The function in figure 8.2 has a break at x = a.

For the function in figure 8.3, f{a) is not in the

continuous line.




8.1.2 DEFINITION OF CONTINUITY

A function f(x) is said to be continuous at a point
x = a, if the following three conditions are
satisfied:

i. fisdefined at every point on an open interval
containing a.

il. lim f(x) exists
xX—a

iii. lim /(x) = ().

Among the three graphs given above, decide
which conditions of continuity are not satisfied.

The condition (ii1) can be reformulated and the
continuity of f{x) at x = a, can be restated as
follows :

A function f{x) is said to be continuous
at a point x = q if it is defined in some
neighborhood of ‘@’ and if

lim [f (a + ) ~f (@)] = 0.

Ilustration 1. Let f(x) = |x| be defined on R.
f(x) = —x , for x<0

= x , for x>0
Y
A Sx) =1x]|
2
1
- » X
2 -1 0 1 2
v
Fig. 8.4

Consider, lim f(x) = lin(} (—x)=0
x—0" x>
lirg fx)= lirrg x)=0

lim f(x)= lim f(x)=7(0) = 0

Hence f(x) is continuous at x = 0.

Illustration 2 : Consider f (x) = x> and let us

discuss the continuity of f at x = 2.

S =x
s fQ)=2=4
lim f(x) = lim () =22=4

s lim f(0=7(2) =4

x—2

.. The function f'(x) is continuous at x = 2.

Observe that fix) = x°, x%, ... etc. are continuous
at every point. It follows that all polynomials are

continuous functions of x.

There are some functions, which are defined
in two different ways on either side of a point.
In such cases we have to consider the limits of
function from left as well as right of that point.

8.1.3 CONTINUITY FROM THE RIGHT
AND FROM THE LEFT
A function f (x) is said to be continuous from the

right at x =a if lim f(x) =f(a).

A function f (x) is said to be continuous from the
leftatx = aif lim f(x)=f(a).

If a function is continuous on the right and also

on the left of a then it is continuous at a because
lim f(x) =fla) = lim f(x).
x—a" x—a

[llustration 3: Consider the function f'(x) = |_ XJ
in the interval [2, 4).

Note : L X J is the greatest integer function or floor

function.




Solution :

£ = |x], forxe [2,4)
thatis f(x) = 2 , forxe [2,3)
= 3 , forxe [3,4)

The graph of which is as shown in figure 8.5

Test of continuity at x = 3.

Forx=3,/3)=3
Y
A
31 —o
2 — o0
l--
< | > X
0 1 2 3 4
v
Fig. 8.5

lim f(x)= lim |_XJ = lim (2) =2, and
x—3" x—3" x—3"
lim f(x)= lim |_x_| =lim (3)=3
x—3* x—3" x—3"
lim f(x)# lim f(x)
. f(x) is discontinuous at x = 3.
Ilustration 4 :
. 3
Consider f(x) =x*+ 5 for0<x<3
=5x—4.5 for 3<x<5;

3
Forx=3, f(3)=3"+ 7 =105

- : 3 3
fm f ) = lim (52 + J)=¥+ 3 =105

x—3" 2

N ) = lim (51— 4.5) = 15 - 4.5 = 10.5

lim f(x) = MM () =10.5

x—>3"

L lim roy=7(3)

.. f{x) is continuous at x = 3.

A

Y

4

14
12

10}

Fig. 8.6

8.1.4 Examples of Continuous Functions.

(1)

(2)

€)

(4)

()

Constant function, that is filx) = k, is
continuous at every point on R.

Power functions, that is f{x) = x", with
positive integral exponents are continuous at
every point on R.

Polynomial functions,

P(x) = ax"+ax*'+ax™+ ... +a x+a
. . n- n

are continuous at every point on R

The trigonometric functions sin x and cos x
are continuous at every point on R.

The exponential function a* (¢ > 0) and
logarithmic function log x (for x, > 0, and b,

b # 1) are continuous on R.




(6) Rational functions are of the form Px) ,
O(x)

Q(x) # 0. They are continuous at every point

aif Q(a) #0.

8.1.5 PROPERTIES OF CONTINUOUS
FUNCTIONS:

If the functions f and g are continuous at x = q,
then,
1. their sum, thatis ( f + g ) is continuous at

X =d.

2. their difference, thatis ( f — g) or (g — f) is
continuous at x = a.

3. the constant multiple of f{x), that is k.f, for
any k € R, is continuous at x = a.

4. their product, that is ( f.g ) is continuous at
x=a.

5. their quotient, that is S , if g(a) # 0, is
continuous at x=a.  ©

6. their composite function, f[g(x)] or g[f(x)],
that is fog(x) or gof(x), is continuous atx = a.
8.1.6 TYPES OF DISCONTINUITIES

We have seen that discontinuities have several
different types. Let us classify the types of
discontinuities.

8.1.7 JUMP DISCONTINUITY

As in figure 8.2, for a function, both left-hand
limit and right-hand limits may exist but they
are different. So the graph “jumps” at x = a. The

function is said to have a jump discontinuity.
A function f{x) has a Jump Discontinuity at

x = a if the left hand and right-hand limits
both exist but are different, that is

lim f()# lim f(x)

Ilustration 5: Consider
fx)=x*—x—5,for4<x<-2.
=x3—4x—3,for2<x<I1.
Forx=-2,f(-2)=(-2)}—-4(-2)-3=-3

liI_rzlif(x)z lLrElz (x*—x—5)=4+2-5=1and

lim f(x)= lim (¥’ —4x—3)=-8+8-3="-3

x—>-2"
g hrle, Sx)# li{r21+ S )
Hence lir,rzl— f(x) does not exist.

.. the function f{(x) has a jump discontinuity.

8.1.8 REMOVABLE DISCONTINUITY

Some functions have a discontinuity at some
point, but it is possible to define or redefine the
function at that point to make it continuous. These
types of functions are said to have a removable
discontinuity. Let us look at the function f(x)
represented by the graph in Figure 8.1 or Figure
8.3. The function has a limit. However, there is a
hole or gap at x = a. f{x) is not defined at x = a.

That can be corrected by defining f(x) at x = a.

A function f{x) has a discontinuity at
x=a, and lim f(x) exists, but either f{«a) is not
defined orxl—iTn f(x)# f(a). Insuch case we
define or reifeaﬁne fla) as lim f(x). Then with
new definition, the funéﬁzm f(x) becomes

continuous at x = a. Such a discontinuity is

called a Removable discontinuity.

If the original function is not defined at a and the
new definition of f makes it continuous at a, then

the new definition is called the extension of the

original function.




Illustration 6:

x> +3x-10

Consider f'(x) = ; , forx #2.
x —

Here £{(2) is not defined.

x2+3x—10j

iy - i [

i [ x-2)(x+3) ]

2 (x—2)(x2 +2x+4)

= lim
x—2

44444 12

x+5 j_ 2+5 A
X +2x+4

Here f(2) is not defined but lin; flx) exists.

Hence f{x) has a removable discontinuity.
The extension of the original function is
x’+3x-10
fx)= ——F———forx #2
x =8

= E forx=2

This is coninuous at x = 2.

8.1.9 INFINITE DISCONTINUITY

Y
3

4

1
Observe the graph of xy = 1. y = f{x) = — is the

X
function to be considered. It is easy to see that
fix) > wasx — 0" and f{x) > —oasx — 0.
A(0) is not defined. Of course, this function is
discontinuous at x = 0.

A function f{x) is said to have an infinite
discontinuity at x = a,

if lim f(x) =400 or lim f(x) = o0

x—a

Fig. 8.7 says, f(x) has an infinite discontinuity.

8.1.10 CONTINUITY OVER AN INTERVAL

So far we have explored the concept of continuity
of a function at a point. Now we will extend the

idea of continuity on an interval.
Let (a, b) be an open interval. If for every

X € (a, b), f'is continuous at x then we say that
fis continuous on (a, b) .

Consider f defined on [a, b). If f is continuous
on (a, b) and f is continuous to the right of a,

lim f(x) =f(a) then fis continuous on [a, b)

Consider f defined on (a, b]. If f is continuous
on (a, b) and f is continuous to the left of b

lim f(x) =f(b), then fis continuous on (a, b]
Consider a function f continuous on the open
interval (a, b). If lim f(x) and ll_gl f(x) exists,

then we can extend the function to [a, b] so that it

is continuous on [a, b].

: SOLVED EXAMPLES‘j

Ex. 1. : Discuss the continuity of the function
f(x)=x—3|atx=3.

Solution : By definition of a modulus function,

the given function can be rewritten as




if x<3

if x>3

Sx) —(x-3)

= x-3
Now, for x=3, fi3) = 3-3 = 0.
}L%l_f(x)Z—(3—3)=0and

lim f(x)=3-3=0

x—3"

so, lim f(x)= lim £(x)=0 = lim /(x)=0
x—3" x—3" x—>

J)=Ix-3

Fig. 8.8

and ling f)=f@3) =0
Therefore the function f{x) is continuous at x = 3.

Ex. 2

continuous on the set of real numbers

: Determine whether the function f is

where fix)=3x+1, for x<2
=7, for 2<x<4
=x>—8 for x>4.

Ifitis discontinuous, state the type of discontinuity.

Solution : The function is defined in three parts, by
polynomial functions, and all polynomial functions
are continuous on their respective domains. Any
discontinuity, if at all it exists, would be at the
points where the definition changes. That is at
x=2andx=4.

Let us check at x = 2.

f(2)=7(Given)

lim f(x)= lim Gx+1)=3Q2) +1=7.
xX—> x—2"

and lirg fx)=17,
So lim f(x)= lirgf(x)=7 = lirrzlf(x)=7
x—2" x> x>

Also, !CILI; f)=f2)="7

.. f{x) 1s continuous at x = 2.

Let us check the continuity at x = 4.
fiy=@-8)=8

}Lr? fx) = £1_r£41 (7)="7 and

lil’B fx)= linal (x*—8)=4>-8 =8
lim f(x)# lim f(x)
SO liIEl f(x) does not exist.

Since one of the three conditions does not hold at
x =4, the function. Hence f'(x) is discontinuous at
x = 4. Therefore the function f (x) is continuous
on it’s domain , except at x = 4. There exists a
jump discontinuity at x = 4.

.. f1s discontinuous at x = 4.

Ex. 3 : Test whether the function f(x) is continuous

at x = — 4, where

x> +16x+48
i —4
S () rd or x #
= g, for x = 4.

Solution : f(—4) = 8 (defined)

2
lim £ (y) = lim (MJ

x—>—4 x—>—4 x+4
lim (x+4)(x+12)
x4 x+4

lim (¥+12) oo [ X+ 42 0]

=—4+12=38
~lim f(x) =f(=4) =8

.. by definition, the function f{x) is continuous at




Ex. 4 : Discuss the continuity of /'(x) = V9—a?,
on the interval [ =3, 3 ].

Solution : The domain of f'is [-3, 3].
[Note, f{x) is defined if 9 — x> > 0]

Let x = a be any point in the interval (-3, 3 ) that
isae(-3,3).

lim f(x) = lim /9 _ x?
=\9-d’ =f(a)
s fora=3,f(3)=0and fora=-3,/-3)=0
Now, lim fix)=£3)=0
x—37

and 1ir}’31+ f(x)=f-3)=0

Thus f'(x) is continuous at every point on (-3, 3)
and also continuous to the right at x = —3 and to
the left at x = 3.

Hence, f'(x) is continuous on [—3, 3 ].

Ex. 5 : Show that the function f (x) = LXJ is not

continuous at x = 0, 1 in the interval [—1, 2)

Solution : fx)= LXJ forx e [—1,3)
thatis f(x)= —1 for x € [—1,0)

fx)=0 for xe [0,1)

fx)=1 for xe [1,2)
Y
A
3
2
1 —o
a0 1 2 3 x
.ﬂ-l
Fig. 8.9

Test of continuity of fat x = 0.
Forx=0,£0)=0

lim f(x)= lim \_xJ = lim (—-1)=-1and
x—>0" x—0" x—0"

lim f(x)= lir{} \_xJ = lim (0)=0

x—0" x—>0"

ly /9%l /9
Therefore f'(x) is discontinuous at x = 0.
Test of continuity of fat x = 1.
Forx=1,/1)=1
lim f(x)= }131 LxJ = }1_1)110 (0)=0and

x—1"
lim f(x)= lim I_xJ = lim (1)=1
x> x—-1* x—>1"
lim f(x)# lim f(x)
x—>1" x—1"
Therefore f'(x) is discontinuous at x = 1.

Hence the function f'(x) = LXJ is not continuous
atx =0, 1 in the interval [-1, 2 ).

Ex. 6 : Discuss the continuity of the following

function at x = 0, where

f(x)=xsin (éj ,forx#0
=0, for x = 0.
Solution : The function f (x) is defined for all
x e R.
Let’s check the continuity of f(x) at x = 0.
Given, forx = 0, f{0) = 0.

we know that, —1< sin (lj <1 forany x # 0
X

Multiplying throughout by x* we get

. 1
—x2<x’sin (— <x?
X

Taking limit as x — 0 throughout we get,




lim (—x?) < lim {xz sin[lﬂ < lim (x?) {Since lim [Sln@] — 1= lim (tan@ﬂ
x—0 x—0 X x—0 00 9 050 0

1 2
0< lim[x2 sin (—ﬂ <0 k= 3
x—0 X
Ex. 8 : If fis continuous at x = 1, where

sm(nx)
-1

[ (1)

£1_I)13 {x s1n(;ﬂ 0 =2n , forx=1
_ L cos(zx)
B r(1-x)

+a, forx<l

.. by squeeze theorem we get,
fx)=

lingf(x)= lirr(} {xzsin(lﬂ =0 +b, forx>1,
x—> x> X

then find the values of @ and b.

li =f(0)=0
pa J=0 Solution : Given that f'(x) is continuous at x = 1
.. f(x) is continuous at x =0 )lcl_r)}‘l fx)= )lcl_rjl fx) = f(A) e (1)
Ex. 7 : Find k if f{x) is continuous at x = 0, where ~ NOW )lg}q S = s
fy= e x40 lim (S0, Y = 2n
sin3x a1 x—1
=k , for x=0
Putx-1=1t, x =1+t asx—1,t—0
Solution : Given that f{x) is continuous at x = 0,
) lim [ sinz(l+17)
L £(0) = lim £() im | === va ] =on
* in(r + 7t
k:lif}g xe  +tanx 1}5)1 (ij:zn
' sin 3x t
&+ tan x
~im | T LA
- sin3x -0 / =2n
_lim (Sin”fj 4 lim () —op
hm(e ) n hm( tan xj t—0 ¢ t—0
x—0 x—0
sin 3x —-()n+a=2n = a = 3n
x—>0
1+1 1 {}ging (SiHQJ :1}
| gzg asx — 0,3x — 0 RN




lim [ 1+cos(zx)
x—l1" n_(l _ x)Z

+bJ =27

Putl-x=60..x=1-0,asx— 1,0 -0

. 2
60 71'9

. lim 1+cos(7r(1—9))+bj o

. lim M+bj o

00 71.02
. 1—cos O
i (S50 =
2sin’ (ﬂzej
g }gr(} T+b =2n

2 (yxZsb =2

-72c—+b=2n

3n

La=3n ,b=——

a=3m, >
Ex. 9 : Identify discontinuities for the following
functions as either a jump or a removable

discontinuity on R.

2_ J—
(1) f ()= 22218
x—6
2)gx)=3x+1, for x<3
=2-3x, for x>3

B)h(x)=13—x% for x<5
=13 -5x, for x>5

Solution :
x> =3x-18
x—6

Here f(x) is arational function, which is continuous

(Df(x)=

for all real values of x, except for x = 6. Therefore
f(6) is not defined.

Now, lim £ lim (x2—3x—18j

> x—6 x—6
x—6

_ lim

x—6

((x—6)(x+3)j
x—06

= 1 @3) [ (=62 0]

x—6

o lim £ =9

Here f(6) is not defined but £1_f)161 f(x) exists.
Hence f'(x) has a removable discontinuity.

(2) gx) =

= 2-3x,

3x+1, for x<3

for x > 3

This function is defined by different polynomials
on two intervals. So they are continuous on the

open intervals (— oo, 3) and (3, ).
We examine continuity at x = 3.
For x = 3, g(3) = 2-33) = -7

lim g (x)= lir? (Bx+1)=10and

x—3

lim g (x)= lim (2 —3x)=-7
x—3"

x—3"

lim g(x)# lim g(x) .- ling g (x) does not exist.
x—3" x>

x—3"
Hence g is not continuous at x = 3.

The function g (x) has a jump discontinuity at

x=3.

(3) 1 (x)

13 —x%,for x<5,

=13-5x ,for x>5,




but A(5) is not defined.
h(x) is continuous at any x < 5 and x > 5

lim a(x) =

x5

)}1—{? (13—x)=13-25=-12
and }Lr? h(x) = }1351 (13-5x)=13-25=-12
So, ll_gl h(x) = }1_)113 h(x) .. 1X1£151 h(x)=-12
But for x = 5, f(x) is not defined.

So the function /(x) has aremovable discontinuity.

Note :
We have proved that lim Sinx — 1,
x—0 X

Some standard limits are stated without proof.

x—0 X

lim ax;l =loga

x—0

lim (1+t); =e

x—0

1
(&

x—0

lim logl +) _
x—0 X

lim logd =) _
x—0 X

These can be proved using L' Hospital's rule, or
expressions in power series which will be studied

at advanced stage.

Ex. 10 : Show that the function

)

fx) = SToe’ , forx # ——
cotx 2

_ _ =T
log5—e , forx 7

has a removable discontinuity at x = %

Redefine the function so that it becomes

. T
continuous at x = o

Solution : f(n/2) = log5—-e

B

cotx

Now, lim f(x)=lim |3 —€

T
x> x>
2 2

Leti—th,xZL—t asx—>i,t—>0

2 2 2

> —e
n

cot| ~—t
(2 j

Ssint _ et
-0 tant

lim /() = 13

_ llm SSim—l—et-'rl
=0 tan ¢
_ lim (Ssint _ 1) _ (et _ 1)
=0 tant
Ssint _1 ~ et _1
— lim ! !
=0 tant
t
[As t—0, t = 0]
sint 5™ -1_e'-1
— lim t sin¢ t
=0 tant
t
[sint# 0]

rtogsyr [P

o 11im(—a_l) loga
im -1, -
1 pr pa - s

lim f(x)=1log5-1

x>
2

f(m/2)is defined and lim f(x) exists

x>
2

But lim /()% /(3)




..the function f{x) has removable discontinuity.
This discontinuity can be removed by redefining
f(n/2)=log5-1.

So the function can be redefined as follows

) L
cotx > for x 7 2

J)=

_ _ =T
log5—-1, forx >

1
Ex. 11:If f(x)= (3’”2)" ,forx#0,

2-5x
is continuous at x = 0 then find /'(0)

Solution : Given that f{x) is continuous at x = 0

x—0 2 5x

= lim

()
|

x—0

=5 [hm(l + k.x)ﬁ = e:|

x—0

Ex. 12 :If fix) is defined on R, discuss the

continuity of fat x = %, where

SCOSX + S—COSX _ 2

(3cotx). 10g(2+7r2—2x)

f(x)= ,forx;é%

~ 2log5s

- _T
, forx = )

Solution : Given that, for x = %,
Vi3 2log5
/ ( 2 j 3

SCOSX + S*COSX _ 2
lim = lim
e J®) PN 241 —2x
2 3(cotx)log T,

[

B llm SCOSX + S—COSX _ 2

x—)E _2
2 3(cotx)log(l+n ; x)

Let z 2% =t = x=i—tasx—>i,t—>0
2 2
lifrnl fx)
xa;
T T
COS(z—t) —COS(z—lj
— lim | 3 +5 -2
t—0 T
3cot(2—t).log(l+t)
= lim

Ssint +5—sint )
% | 3(tant).log(1+1)

ssint(ssint +5—sint _2)
= lim

t—0

3(tan7)log(1+1) ssint




(ssint)Z +1_2X55il’lt
= lim ;
~* | 3(tant)log (1+1)(5°™)

5sint 1?2
= lim ( )

=0 | 3(tan7).log (1+1).(55"")

(Ssint _ 1)2
— lim sin’ ¢
3(tan¢).log(1+¢).(5"™")

x sin? ¢

t is small but # # 0. Hence sin¢ # 0

So we can multiply and divide the numerator by

) 2
{551”—1] [sinz‘)2
. X
. sint t
= lim
t—0
3[tanzj. 10g(1+t) gsint
t t

sin’t

[Dividing Numerator and Denominator by #* as

t#0]

) 2
_ | ssmr g  (sint )
lim - xlim| ——
-0 sint =] t 1
= x lim ( ]
—0 1
31im(tantj.lim(log(l+t)j ssint

-0 t -0 t

=loga

lim(wj —1,lim
X

X—0

x—0

X

(log5)*

L lim oy = ==
. 3

. T
M f # f [5)

T
. f{x) is discontinuous at x = (—j

Activity 1 :

Discuss the continuity of f{x)

log x —log5
where f(x) = s forx#5
I
=3 orx=>5
Solution. : Given that f{5) = |:| ........... @

logx—logS}

o lim f (X)=1irrsl[
putx—5=¢t .. x=5+tAsx—5,t—0

t—)D t
Dt
_ lim | 108 [5}
t—>|:| I S |
t
t
lim 109 (l—i-j
= ] —5
t
log(1+tj 1
— lim X —
=[] t ]
. O
_ lxl {1 [log(1+px)]_1:|
x—0 px
. 1' — 1
"xli%f(x)_El ........... (I1)
.. from (I) and (II)

lim £ (x) = /(5)

". The function f{x) is continuous at x = 5.




8.1.11 THE INTERMEDIATE VALUE
THEOREM FOR CONTINUOUS
FUNCTIONS

Theorem : If f is a continuous function on a closed
interval [a, b], and if y  is any value between f(a)
and f(b) then y = f(c) for some c in [a, b].

AY

44 Six)

A

Fig. 8.10

Geometrically, the Intermediate Value Theorem
says that any horizontal line y = y, crossing the
Y-axis between the numbers f(a) and f(b) will

cross the curve y = f (x) at least once over the
interval [a, b]. The proof of the Intermediate Value
Theorem depends on the completeness property
of the real number system and can be found in
more advanced texts. The continuity of f on the
interval is essential. If f is discontinuous at even
one point of the interval, the conclusion of the
theorem may fail.

Illustration 1 : Show that there is a root for the
equation x* —x —1 = 0 between 1 and 2

Solution : Letf(x) =x*—x—1. f{x) is a polynomial
function so, it is continuous everywhere. We say
that root of f(x) exists if

f(x) =0 for some value of x.

Forx =1, f(1) = P-1-1=-1<0
so,f(1) <0

Forx = 2, fi2) = 2°-2-1= 5> 0 so,
fi2) >0

So by intermediate value theorem there has to be
a point ¢ between 1 and 2 with f(c) = 0.

Hence there is a root for the equation

x*—x—-1=0 between 1 and 2.

( EXERCISE 8.1 J

1) Examine the continuity of

(1) fx)=x*+2x*—x—2 atx=-2.

(i) f(x)=sinx, forxs%
= COS X, forx>%, txZ%
2
-9
(i) f(x) = —— , forx#3
x=3
=8 forx=3

2) Examine whether the function is continuous
at the points indicated against them.

() f)=x—2x+1, if x<2

=3x—-2, ifx>2, atx=2.
> +18x-19
i) f)= 22 for x#1
x—1
= 20 for x=1, atx =1
X
(1) f(x) = +2 , for x<0
tan3
7
=3 forx>0 , atx=0.

3) Find all the points of discontinuities of
flx)=|x] onthe interval (-3, 2).

4) Discuss the continuity of the function
fix)=12x+3|, atx=-3/2




5) Test the continuity of the following functions
at the points or interval indicated against
them.

1 f) D) , for x#2
1
==, for x=2
5
at x=2
(i) fO0= ——5 "5 for x#2
ii x)= or x
Nx+2—-+3x-2
= -24 for x=2 atx=2
(i) f(x) = 4x+1, for x<8/3.
59-9x
=73 , for x>8/3, at x=28/3.

1

(27-2x)% -3

(iv) f(x) = -, forx#0

9-3(243+5x)°

= 2 forx = 0, at x=0
x> +8x-20
v) fx) = 97210 for 0 <x < 3; x#2
=12, forx=2
2-2x-x"
= for3<x<4
x—4

at x=2

6) Identify discontinuities for the following
functions as either a jump or a removable
discontinuity.

x> —10x+21

(i /) —

(i) f(x) = x*+3x—2 , for x<4

= 5x+3 ,

for x> 4.

(i) f(x) = x*—-3x—-2, forx< -3
= 3+ 8 , for x> 3.

(iv) fix) = 4+sinx , for x<m
= 3-cosx forx>n

7) Show that following functions have
continuous extension to the point where f{x)
is not defined. Also find the extension

1—cos2x

1 fx) = Sinx , forx#0.

3sin® x + 2 cos x(1 —cos 2x)
2 (1 —cos’ x)

(i) f(x)= , for x#£0.

2
X —

(iii) £ (x) = for x # —1.

X+

8) Discuss the continuity of the following
functions at the points indicated against

them.
() f(x) = M xE- T
T —3x 3
:i for x=——  atx=—
4 7 3 7 3
el/x_l
ii = f 0
(11) f(x) el/x+1 s Orx#
=1 , forx=0,at x=0.
4 -2 41
() f(x)=——"—— , forx #0
1-cos2x
2
:@ , forx=0,atx=0.

9) Which of the following functions has
a removable discontinuity? If it has a
removable discontinuity, redefine the
function so that it becomes continuous.

eSsinx_e2x
1 x)=——— , for x #0
@ /) Stan x —3x 7
= 3/4, for x= 0, at x=0.




(1) f(x)= log(mx) (1+5x) for x>0

321
8 —1 ’

1

(i) £(x) = (3‘8’6)* for x #0.

3-2x

(iv) f()=3x+2
=2x-3 s

for 4<x<-2

for —2<x<6.

3_
V) f)= = 8 forx > 2
x" -4

= 3 R

Il
\S)

for x

42
S0

= — f 2
e orx <

10) () If £(x)= “2+Sin2x_‘/§

COS X

,forx;é%,

T
is continuous at x = % then find f (5]

cos’ x—sin*x—1
3x*+1-1

is continuous at x = 0 then find £0).

(i) Iff(x)= for x # 0,

4 4 470

(1) If f(x) = (—n)

is continuous at x = 7, then find f{r) .

forx#m,

24" -8 -3"+1
11) (G) If = ,forx#0
VOO e Ty
=k, forx=0
1s continuous at x = 0, find £.
. 5°+57 -2
(1) Iff(x)= ———5—, forx#0
x
=k forx=0

is continuous at x = 0, find £.

for x < 0,at x=0.

sin 2x
(1) Iff(x)= s -—a , forx>0
X
= 4for x=0
=x*+b-3 , for x<0

is continuous at x = 0, find @ and b.

(iv) For what values of a and b is the function
f(x) =ax+2b + 18 , forx<0
=x*+3a—-b , for0<x<2
= 8x -2 , for x > 2,

continuous for every x ?

(v) For what values of a and b is the function

x* -4

x—2 ’

for x<2

J)=

=ax*—bx+3,for 2<x<3
=2x—a+b,for x>3
continuous for every x on R?

12) Discuss the continuity of f on its domain,

where
S)=px+1], for—-3<x<2
=}x-35, for2<x<7 .

13) Discuss the continuity of f(x) at x = %
where,

_ (sinx+cosx)’ —2+2
sin2x—1

7 () , forx# %

3

=—, for x=——
\/5 X

14) Determine the values of p and ¢ such that
the following function is continuous on the

entire real number line.

f)=x+1,

=xtprtq,

for 1 <x<3

for |x—2| >1.




15) Show that there is a root for the equation
2x —x—16=0 between 2 and 3.

16) Show that there is a root for the equation

x> —=3x=0 between land 2.

17) Activity : Let f{x) = ax + b (where a and b

are unknown)

=x2+5 forxeR

Find the values of a and b, so that f(x) is

continuous at x = 1. (Fig. 8.11)

Y

A

2
=x+
21 fix)y=x+5

10+

—_————————— =

v
g

Fig. 8.11

18) Activity : Suppose f(x) =px+3 fora<x<b
= 5x*—q for b<x<c

Find the condition on p, ¢, so that f(x) is
continuous on [a,c], by filling in the boxes.

Ay =]
lim f(x) =[]

x—b*

Spb+3=[ 14

LP=Tg is the required condition.

’—WL“’S Remember

Continuity at a point

A function f (x) is continuous at a point a if and

only if the following three conditions are satisfied:
(1) f(a) is defined, (2) 11_1)13 f(x) exists, and
(3) lim f()=f(a)

Continuity from right : A function is continuous

from right at a if xll)nal fx)=f(a)

Continuity from left : A function is continuous
from left at b if linbl fx)=f(b)
x—>b"

Continuity over an interval :

Open Interval : A function is continuous over an
open interval if it is continuous at every point in

the interval.

Closed Interval : A function f (x) is continuous
over a closed interval [a,b] if it is continuous at
every point in (a,b),and it is continuous from

right at @ and from left at b.

Discontinuity at a point :
A function is discontinuous at a point or has a pont

of discontinuity if it is not continuous at that point

Infinite discontinuity :

An infinite discontinuity occurs at a point a if

lim f'(x) = =00 or lgnl f(x) =00

xX—>a—
Jump discontinuity :
A jump discontinuity occurs at a point ‘a’ if

lim f(x)and li_)m+ f(x) both exist, but
Xx—>a— X—a

lim f()# lim £(x)




Removable discontinuity :
A removable discontinuity occurs at a point a if

f(x) is discontinuous at a, but li_r)n f(x) exists and
f(a) may or may not be defined.

Intermediate Value Theorem :

Let f be continuous over a closed bounded interval

[a,b]. If z is any real number between

f(a) and f'(b), then there is a number c in [a,b]
satisfying f'(¢) = z.

MISCELLANEOUS EXERCISE-8

(I) Select the correct answer from the given

alternatives.
W rw= 2l g e
T—=2x 7
= logy2 , for x= %
(A) f'is continuous at x = %
(B) fhas a jump discontinuity at x = %

(C) fhas a removable discontinuity

(D) M f(x) =2log3

N T P CLLE W
T — 4
1S continuous at x = % , then f' (%) =
W) = ®-—4 ©-+ ol
V2 V2 4 4
(sin 2x)tan 5x
3) If f(x)= NG ,for x#0

is continuous at x = 0, then f0) is

10 10 5 5
W= B5 O O

2
@ fay=2"73+10 g v e [-6,-3]
x> +2x-8

(A) fis discontinuous at x = 2.
(B) fis discontinuous atx = —4.
(C) fis discontinuous at x = 0.

(D) f1is discontinuous at x =2 and x = —4.

(5) If fx)=ax>+bx+1, for|x—1|>3 and
=4x+5, for -2 <x <4

is continuous everywhere then,

1 1
A =—,b=3 B)a=-—-,b=-3
(A) a 5 (B)a 5
(C)a=—l b=3 (D)a=l b=-3
27 2’
(16"-1)(9"-1) )
6 = , 0
© 1= Lo o
=k, for x=0
is continuous at x =0, then ‘4’ =
8 8 8 20
A) - B) — Cc) - — D) ==
()3 ()15 ©) 15 ()3
32 -8"—4"+1
= k, for x=0,

is continuous at x = 0, then value of ‘%’ is

(A) 6 (B)4 (C)(log2)(logd) (D)3logd
24 -3 41

, for x # 0 is
1—cos2x

®) If £ ()=

continuous at x = 0 then the value of £{0) is
log12

(A) (B) log2.log3

log2.log3

©) (D) None of these.




4
4+5x)x, for x # 0 and f{0) =k, is
4-"Tx

©) Hfur=(

continuous at x = 0, then k is
3

(A) (B) &  (Oe” (D)e
(10)If fix) = LXJ for xe(—1,2) then f is
discontinuous at

(A)x=-1,0,1,2,

(C)x= 0,1

B) x=-1,0,1
(D) x=2
(IT) Discuss the continuity of the following

functions at the point(s) or on the interval
indicated against them.

*_3x-10
(1) f(x)zL, for3<x<6,x#5
=10, forx=5
*_3x-10
x—5

2) fx)=2x*2x+5,

_ 1-3x—x?

1-x

for 0 <x<2
,for 2 <x < 4

x =25
=",_5 ,for4d <x < T7andx#5

=7 forx=5
3 oy SEHmoes
® S = l—cosx > x#
68
f(O):E,atXZOon—%SxS%
2
8 foy= ST —_—
( 31-x)""

7% sin? (m)
2

j for x=1,at x=1.

3+4cos’ (nx
2

|x+1|

_, for x #-1
2x* +x-1

() fx) =

=0 for x = -1 at x = —1.

6) f(x)=[x+1]

Where [*] is greatest integer function.

for x € [-2,2)

(7) f(x)=2x*+x+1,for|x—3|>2
= x*3, forl <x<5
(IIT) Identify discontinuities if any for the
following functions as either a jump or a

removable discontinuity on their respective
domains.

(1) fx) =x*+tx-3 ,forx € [-5-2)
=x’-5 , for x € (-2,5]

2) f(x) = x*+5x+1, for0 <x <3

=x+x+5 for 3 <x<6
X +x+1
3) fx)=————, forx e [0,3)
x+1
3x+4
:x2—5 , for x € [3,6].

(IV)Discuss the continuity of the following
functions at the point or on the interval
indicated against them. If the function
is discontinuous, identify the type of
discontinuity and state whether the
discontinuity is removable. If it has a
removable discontinuity, redefine the
function so that it becomes continuous.

(x+3)(x> —6x+8)

(Df) =

xP—x—12
Q) f(x)=x*+2x+5, forx < 3
=x3-2x*—-5, for x > 3




(V) Find k if following functions are continuous
at the points indicated against them.

1) f(x)=(5x_8j2x_4, forx #2
—3x

=k , for x = 2 at x = 2.

457 -9 5" +1

(2) f(x)_ (kx_l)(3x_1) )

for x#0

W | N

, for x =0, at x =0

(VI)Find a and b if following functions are
continuous at the points or on the interval
indicated against them.

4tan x +5sin x

W) = ——

9

= log2 for x = 0

Jfor x <0

11x+7x.cosx
b* -1 ’

for x > 0.

2) fx)=ax*+bx+1, for 2x—3|>2
1 5

=3x+2, for — <x< — .
2 2

(VII) Find f{a), if fis continuous at x = a where,

~ 1+cos(mx)
D) fx)= d-x)? forx # 1and
at a = 1.
2 fx)= 1_(:5()(1[?(;):”)]’ forx #m at
a=m.

(VIII) Solve using intermediate value theorem.
(1) Show that 5* — 6x =0 has aroot in [1, 2]
(2) Show that x* — 5x?> + 3x + 6 = 0 has at

least two real roots between x = 1 and

x=15.
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9 DIFFERENTIATION

A
\
\
\

(N/% Let's :Learn

e The meaning of rate of change.

e Definition of derivative and the formula
associated with it.

e Derivatives of some standard functions.

e Relationship between Continuity and

Differentiability.

Let's Recall

e Real valued functions on R.
e  Limits of functions.

e  Continuity of a function at a point and over
an interval.

9.1.1 INTRODUCTION :

Suppose we are travelling in a car from
Mumbai to Pune. We are displacing ourselves
from the origin (Mumbai) from time to time. We
know that the average speed of the car

Total distance travelled

"~ Time taken to travel that distance

But at different times the speed of the car can be
different. It is the ratio of a very small distance
travelled, with the small time interval required to
travel that distance. The limit of this ratio as the
time interval tends to zero is the speed of the car
at that time. This process of obtaining the speed
is given by the differentiation of the distance
function with respect to time. This is an example
of derivative or differentiation. This measures
how quickly the car moves with time. Speed is
the rate of change of distance with time.

When we speak of velocity, it is the speed with
the direction of movements. In problems with
no change in direction, words speed and velocity
may be interchanged.

The rate of change in a function at a point with
respect to the variable is called the derivative of
the function at that point. The process of finding a
derivative is called differentiation

9.1.2 DEFINITION OF DERIVATIVE AND
DIFFERENTIABILITY

Let f{x) be a function defined on an open interval
containing the point ‘a’. If

(f(a +0x)— f(a)j exists, then fis said to
ox

lim
5x—0

be differentiable at x = ¢ and this limit is said to
be the derivative of fat a and is denoted by f”(a).

We can calculate derivative of ‘/” at any point x in
the domain of f.

Let y= f(x)be a function. Let there be a small

increment in the value of ‘x’, say Jx then

correspondingly there will be a small increment
in the value of y say oy .

T y+0y=f(x+0x)
L oy=f(x+0x)—y

6y=f(x+6x)-f(x) ..[ v y=f(x)]

As 0xis a small increment and 6x # 0, so dividing

o Sx)—
throughout by dx , we get oY _ S(x+6x)— f(x)
ox ox

Now, taking the limit as dx — 0 we get

ox—0 ox—0

ox ox

lim (51]: nm(f(“fsx)—f(x)j




If the above limit exists, then that limiting value

is called the derivative of the function and it is

) d
symbolically represented as, a’_y
x

SO %zf'(x)

We can consider the graph of flx) i.e.
{(x, y) / y = fix)} and write the differentiation in
terms of y and x

NOTE : (1) If y = f{x) is a differentiable function

of x then lim (5—)}] = Q and
x>0\ 5x dx

(f(x+5x)—f(x)j
ox

A%

lim
ox—0

(2) Let 0x =h, Suppose that

hm(f(ﬁh)—f(a)

j exists. It implies that
h—0 h

= lim
h—0"

lim
h—0"

h

(f(a+h)—f(a)j
h

(f(a+h)—f(a)j

lim

( fla+h)—f (a)j is called the Left Hand
h—0"

h Derivative (LHD)at x = a

lim (f ath =7 (a)j is called the Right Hand
h=0 h Derivative (RHD)at x = a

Generally LHD at x = a is represented as f'(a)
or L f'(a), and RHD at x = a is represented as

J'(@)orRf"(a)

9.1.3DERIVATIVEBYMETHOD OFFIRST
PRINCIPLE.

The process of finding the derivative of a function
from the definition of derivative is known as
derivatives from first principle. Just for the sake
of convenience dx can be replaced by h.

If f{x) is a given function on an open interval, then
the derivative of f{x) with respect to x by method
of first principle is given by

fv(x):hm(f(x—i_h)_f(x)j _ Q

h dx
The derivative of y = f{x) with respect to x at x =a

by method of first principle is given by

f(a+h)—f(a)j:(d_yj

ACN 1935( I dx

9.1.4 DERIVATIVESOFSOMESTANDARD
FUNCTIONS

(1) Find the derivative of x"w. r. t. x. for neN

Solution :

Let f(x)=x"

fx+h)=(x+h)"

By method of first principle,

f!(x):}li_g%)(f(x-'_h}z_f(x))
f'(x)z%i—%(W]

[x" +"Cx" h+"CxX" PR e+ B =X )
h

L ("qx“h +C xR 4 "Cx " 4 h”j
- h

_1 h('CX" +"Cx"2h +"Cx"h + o+ B
) h

lim (2" +"Cx" 2 h +"Cox" e ... +hn")
H

w.(ash—0,h#0)
s x) =X £(x) = nx!




(2) Find derivative of sin x w. 1. t. x.

Solution :
Let f(x)=sinx
f(x+h)=sin(x+h)
By method of first principle,
f(X+h)—f(x)j
h

110 = ,gig%[

J'(x) = lim >

(2x+hj . (hj
2cos .sin| —
) 2 2
lim

h—0 h

(sin(x +h)— sinxj

I sin(
= 2 lim cos (x + —j lim
h—0 2

- 2cosx.(1)(l ....... im [ $29 |
2 0—-0 pQ

- if f{x) = sin x, f'(x) = cosx

(3) Find the derivative of tan x w. . t. x.
Solution:
Let f(x)=tanx
f(x+h)=tan(x+h)

From the definition,

1'(x) = %ig})(

f(X+h)—f(X)j
h

)= ,1[1_%( tan(x + /) — tanxj

h

sin(x+h) sinx

cos(x+h) cosx

= lim
h—0 h
sin(x + /4).cos x —cos(x + /) sin x
~  lim cos(x +h).cosx
h—0 h

) sin A
= lim
h—>0( h.cos(x+ h).cos xj

. (sin hj . 1
= Jlim lim
h=>0\ ) h—>0\ cos(x+ h).cosx

- if fix) = tan x, f(x) = secx

(4) Find the derivative of sec x w. 1. t. x.

Solution:

Let f(x)=secx
f(x+h)=sec(x+h)

From the definition,

f,(x)zll%(f(xﬂ“hz—f(x)j

F) = }Zi_%(sec(x+izl)—secx)
R

i cos(x+#h) cosx

750 2



cos x —cos(x+ h)
= lim cos(x +h).cos x
h—0 h
. (2x+hj : (—hj
—2sin| —— |.sin| —
_ . 2 2
= lim
h—0 h.cos(x+ h).cos x

) (2x+hj
sin
2

(2]
B h—=>0| cos(x+h).cosx h—>0 h (E)
2

- 251?x.(1).(1j ....... o im [ S0 |
cos” x 2 00  po |

- if fix) = sec x, f(x) = secx , tanx

(5) Find the derivative of log x w. 1. t. x.(x > 0)
Solution:

Let f(x)=logx

f(x+h)=1log(x+h)

From the definition,

f(x) hm(f(x-i-hz_f(x)j

) = %1_r)r(1) ( log(x + h;l — log(x)j

(x+hj
log
N

>
{
=)

By

s it flx) =log x, f(x) = —

(6) Find then derivative of a® w.r.t.x. (a > 0)

Solution:
Let f(x)=a"

f(x+h)y=a""

From the definition,

= jim (f(x+ - f(X))
a(x+h) —a
f'(x)= }ZI_I}})(TJ

’ X T ax—l .
f'(x)=a"loga......... {Pg})( . j—loga}

o if fix) = a%, f'(x) = a*loga




Try the following

(1) If r(x)= Ln , for x # 0, neN, then prove that
X

, n
S(x)= —W

(2) If f(x) =cosx, then prove that
f'(x)=—sinx

(3) If f(x) =cotx, then prove that
f'(x) =—cosec’x

(4) If f(x)= cosec x, then prove that

f'(x) =—cosecx.cotx

(5) If f(x)=¢", then prove that f'(x)=¢"

: SOLVED EXAMPLES:

Ex. 1. Find the derivatives of the following from
the definition,

() ~x (i) cos (2x+3) (iii) 4° (iv) log(3x-2)
Solution :
(i) Let f(x)=+x

fx+h) =x+h

From the definition,

() = hﬁo(f(ﬁhz—f(ﬂj

/(@)= Jim [Jﬁz—ii

h—0

lim
h—0

(m s \/—hf]
h Jx+h+0x

~ lim x+h—x
S (x4 +%)

h
=1
hlg(l)Lh(\/erth\/—)]
- },Lmo(erfj [As h=>0, h £ 0]
1
2x
(i) Letf{x)=cos (2x+3)

flx+h) = cos (2(x+h)+3) =cos ((2x+3)+2h)

From the definition,

fW)lm{f@+2—fuq
£1(x) = 11_1)% [ cos[(2x+3)+ 2hh] —cos(2x+ 3)}
| emm (Wj sin(h)
- I h
. —2sin(2x+ 3+ h)sin(h)
N

= lim[-2sin(2x +3+ /)] lim (Sm hj
h—0 h—0\ }

= [22sin2x+3)](1)....... [ lim ( sin 0 j - 1}

0

_  —2sin(2x+3)

(iii) Let f(x)=4"
4x+h

f(x+h)=

From the definition




v (SR = @)
f(x)—}lg})( ; j

4x+h _ 4)6
h

X ah
— lim [M]
h—0 h

h
— 47 lim(4 _lj
h—0 h

=4"log4...... [ )1{1_%(

J'(x0)= }llgg)[

ax—lj }
=loga
X

(iv) Let f(x)=1log(3x—2)
f(x+h)=log[3(x+h)—2]=log[(3x—2)+3A]

From the definition,

f(X+h)—f(X)j
h

f(x)= hm(

P = 11310( log[(3x—2) + 3hh] —log(3x - 2))

log[(3x—2)+3hj
3x-2

) { lm[MH
2 x—0 px

o5

3
3x-2

Ex. 2. Find the derivative of f(x) = sinx, at
X=r

Solution:

f(x)=sinx
fin)=sint=0

f(m+h)=sin(r +h)=—sinh

From the definition,

f(a+h)—f(a)j

f'(a)= 11m( 5

[f(ﬂ”ﬁ-f(ﬂ)}
h

. —sinh—0 ) sin /&
= lim| —— |=1lim| —
h—0 h h—0 h

f'(r)=lim

h—0

-1 [ lim [Smgj:q
00\ @

Ex. 3. Find the derivative of x* + x+2 ,at
x=-3

Solution :
Let f(x)=x>+x+2

Forx = -3, fi-3)=(3P-3=9-3+2=8

F(=3+h)=(=3+h)*+(=3+h)+2
=h?>—6h+9-3+h+2=h>—5h+8

From the definition,




f'(a@)= }lli_r;%(f =y (“)] lim{h(f AL (a)ﬂﬂ}gg[hf'(a)]

h =0
— — f(— li — = =
f'(_3):;lzi§6[f( 3+h]z S 3)) am [fla +h) - fla)] = 0[f ()] =0
%llir(} fla+ h)=fla)
— i W . . . -
= jam ; This proves that f{x) is continuous at x = a.
Hence every differentiable function is continuous.
2
= lim ( h - Shj Note that a continuous function need not be
h=>0 h differentiable.
_ 1 h(h—-5) This can be proved by an example.
Ex.: Let f(x)= |x| be defined on R.
- }llig})(h—S) ...... [h—0,h+0] fo) = -x  for x<0
_ s = x for x>0

Consider, lim f(x)= lim (-x)=0
x—0" x—0"
9.1.5 RELATIONSHIP BETWEEN
DIFFERENTIABILITY AND lir{)l+ f(x)= lir8+(x) =0
CONTINUITY i i

Theorem : Every differentiable function is For, x =0, fi0) =0

continuous. lim f(x)= 1im+ (x)= f(0)=0

Proof : Let f{x) be differentiable at x = a. =0 =0

Then, /()= im fla+h)-f@) 1) Hence f(x) is continuous at x.= 0. | |
h—0 h Now, we have to prove that f{x) isnot differentiable

atx = 0i.e.f'(0) doesn’t exist.

we have to prove that f{x) is continuous at x = a. )
1.e. we have to prove that,

i.e. we have to prove that lim f(x)= f(a)
xX—a

hm( f(0+h)—f(0)j B lim+(f(0+h)—f(0)j
Letx =a+ h, x—>a, h—0 h—0 h h—0 h

We need to show that We have, L. H. D. atx =0, is f'(0")

li -

hl_l;ro1 f(a + h) f(a) B hm (f(o_l_h)_f(o)j

The equation (1) can also be written as h—0~ h

. (flath)—f(@)) . . — tim M) 2 tim

i LDLD | i i (5 )= fim

As h—0, h#0 floy=-1 . )
Multiplying both the sides of above equation by Now, R.H.D.atx=0, is f'(0%)

h we get




. (f(0+h)—f(0)j
h—0* h
. h ,
= (Zj = Jm. ()
f'0%) = 1........... (II)
Therefore from (1) and (II), we get
J'(07)= f'(0) that is

. (f(0+h)—f(0)j¢ . (f(0+h)—f(0)j
h—0~ h h—0" h

Though f(x) is continuous at x = 0, it is not
differentiable at x = 0.

E SOLVED EXAMPLES'j

2

Ex. 1. Test whether the function f(x)=(3x—2)3

is differentiable at x = —

Solution :
2

Given that, f(x)=(3x-2)°
Fa)= 11m(f(a+h)_f(a)j

h—0 h

2
Note that f(gj =0

For, xzz,f'[gj: lim

This limit does not exist.

.. fix) 1s not differentiable at = 2
3

Ex. 2. Examine the differentiability of
f(x)= (x—2)|x—2| at x=2

Solution : Given that f(x)=(x— 2)|x - 2|
Thatis f(x)=—(x-2)* for x<2

= (x-2)* for ¥22

h
_ l.m(—(zm—z)z—(z—z)ZJ

Lf,(2):hlir%(f(2+h)—f(2)j

llm( hzj— hm? h)
50 h h—0
Lf'2) = 0

Rf'(2) =

f(2+h) ) j

(Q+h- 2) ~(2-2)
h—>0*

- ,};na( " Hin&(h)
Rf'(2) = 0
So, Lf'(2) = Rf'(2)=0

Hence the function f{x) is differentiable at x = 2.




Ex. 3. Show the function f (x) is continuous at
x =3, but not differentiable at x = 3. if

fix) = 2x+1 for X<3
= 16-x* for x> 3.
Solution : flx) = 2x+1 for X<3

= 16-x° for x> 3.

Forx=3, fi3) = 23)+1 =7
lim /()= lim(2x+1)=2(3)+1=7
lim f(x)= lim(16-x") =16-(3)" =7
lim f(x)= lim f(x)=7(3)=7

.". fix) is continuous at x = 3.

1 iy [ LED=10)

_ lim 2(3+h)+1—7}
h—0 h

. 6+2h+1—7j
= llm _—
h—0 h

= lim %j= lim(2)
h—=0\ h h—0

Lf'(3) = 2

o g 12°0=10)

hm[m (3+h) 7j:1im[l6 9—6h—h 7)

h—0 h h—0 h

. (=h(6+h)) ..
— }115% (Tj_ }1113% (—(6+h))

Rf'(3) = -6
from (1) and (2), Lf'(3)# Rf'(3)

.. fix) is not differentiable at x = 3.

Hence f(x) is continuous at x = 3, but not
differentiable at x = 3.

Ex. 4. Show that the function f{x) is differentiable
atx=-3 where, f(x)=x"+2.

Solution :

For x = -3, f’(_3):}lli_r)%(

f(—3+h)—f(—3)j
h

2
i [(34h) +2—11J
h—0 h

(+h—0, h # 0)

f'(=3) exists so, f{x) is differentiable at x =— 3.

( EXERCISE 9.1 J

(1) Find the derivatives of the following w. 1. t. x
by using method of first principle.

(a) x*+3x-1 (b) sin (3x)
(c) ' (d) 3 (e) log(2x+5)
() tan (2x +3) (g) sec (5x —2)

(h) xJ/x

(2) Find the derivatives of the following w. r. t. x.
at the points indicated against them by using
method of first principle
(a) V2x+5atx=2 (b)tanx at x=7x/4
(c) 2*atx=2 (d) log(2x+1) atx =2

(e)e* *atx=2

(f) cosx atx = 57?




(3) Show that the function f is not differentiable
atx = -3,

where flx)=x>+2 for x<-3

=2-3x for x>-3

(4) Show that f(x)=x"is continuous and
differentiable at x = 0.

(5) Discuss the continuity and differentiability of
(i) f(x)=x|xlatx=0
(i) f(x)=(2x+3)|2x+3|atx=-23/2

(6) Discuss the continuity and differentiability of
fix)atx=2

f(x)z[x] if xe[0,4).

greatest integer ( floor ) function]

[where [*] is a

(7) Test the continuity and differentiability of
fix)y =3x+2 ifx>2

= 12-x*if x<2 at x=2.

@) If fix)y = x<rm/2
=2x—-m+1 if x>z /2. Test the continuity
and differentiability of fatx=7/2

sin x — cos x if

(9) Examine the function

X

f(x):xzcosilj,forx;to

=0, for x = 0

for continuity and differentiability at x = 0.

9.2 RULES OF DIFFERENTIATION
9.2.1. Theorem 1. Derivative of Sum of functions.

If uwand v are differentiable functions of x such

that y=u+v thend—y=@+ﬂ
> dx dx dx

Proof: Given that, y=u+v where uandvare

differentiable functions of x

Let there be a small increment in the value of
x say Ox then uchanges to(u+d6u)and v

changesto (v+dv)respectively, correspondingly
y changes to (y+6y)

" (y+5y) = (u+6u) + (v+5v)
Loy = (u+5u) + (v+5v) -y
Loy (u+5u) + (v+5v) - (u+v)

[~y =u+v]
“0y=0u+ov

As Oxis small incrementin x and ox =0,
dividing throughout by x we get,

Q_5u+5v_5_u+ﬁ
ox ox ox Ox

Taking the limit as ox — 0, we get,

) oy . ou oOv
lim | —= |= lim | —+—
6x—0 6x ox—0 5x 6x

Since u and v are differentiable function of x

- lim (5”’}:@ and lim (ﬁj—@ )
ox—0

5 dx sx-0\ §x ) dx
fim (92 )29 4V [From (1) and (11)]
ox—>0\ Sx x dx
ie. _du_dv
dx dx dx

9.2.2 Theorem 2. Derivative of Difference of

functions.

If uand v are differentiable functions of x such
dy du dv

that y=u—v then —=
’ dx dx dx

[Left for students to prove]




Corollary If wu,v,w....are finite number
of differentiable functions of x such that
y=kutkythkwt ..

then & =k, @ﬂc ﬂﬂc G

dc  dx o Cdx dx

9.2.3 Theorem 3. Derivative of Product of
functions.

If u and v are differentiable functions of x such

that y = uy. then Q—uﬂﬁtvﬂ

dx dx dx

Proof : Given thaty =uv

Let there be a small increment in the value of x,
say Ox, then u changes to(u + &u)and v changes
to  (v+6v)respectively, correspondingly y
changes to (y+6y)

Lytsy = (u+8u)(v+5v)

w8y = (u+du)(v+ov) —y

0y = uv tudv+vou+oudv — uv
0y =udv+vou+oudv

As Oxis small increment in X and 6x # 0,
dividing throughout by o6x We get,

5_y _udv+véu+oudv ov ﬁ oudv

= —tv—+
ox ox ox ox Ox

Taking the limit as ox — 0, we get,

. oy : ov  Odu oudv
Iim| —=|=lm|y—+v—+
Ox—0 6x Oox—0 6_x 6x 6x

u lim (ﬁ]w lim (5—”)+ lim (5”) lim (&)
ox—=>0\ 5x ox—=0\ Sx ox—=0\ §x /6x—0

As 0x—>0, weget ov—>0

Given that, u and v are differentiable functions of x

. ou du ; ov dv
Slim | —|=— and lim | — |=— )

lim [0 |2 @y A, du )
6x—>0{ 5x dx dx dx
[From (1) & (2)]
. lim oy :uﬂ+vﬂ
x>0\ 6x dx  dx

dy dv du
1 C. —=y—+vy—
dx dx dx
Corollary If wu,vandware differentiable

functions of x such that y = uvw then

dy aw dv du
=uv—+uw—+vw
dx dx dx dx

9.2.4 Theorem 4. Derivative of Quotient of
functions.

If u andvare differentiable functions of x
such that

du dv
dy _ ’ dx ! dx

yzzwhere v # 0then 5

\% dx %

. u
Proof : Given that, y=—, where u and v are

differentiable functions of x

Let there be a small increment in the value of x
say Oxthen u changes to(u+d6u)and vchanges

to (v+Jv)respectively, correspondingly y

changes to(y+65y)




_"(Sy:u-i_Su—z ....... |: oy = z }\
v+ov v

v(u+ou)—u(v+ov) vu+vou—uy—udv

o0y
(v+ov)y (v+ov)v
_vou—udv
4 (v+ov)w

As Oxis small increment in x and J8x#0,
dividing throughout by 6x We get,
su_, v
8y _ vou—udv _ v’gx u5x
ox ox.(v+ov)v V4O

Taking the limit as ox — 0, we get,

ou  Ov
Vi——U—
lim (5.)})_ 5x 5)(
- 2
6x—0 5x 6x—0 v +v5v

V2 +v. lim (6v)
6v—0
Since, u and v are differentiable functions of x

. ou du ) ov dv
lim | —|=—and lm | — |[=— ... ()
ox—0 5x dx ox—0 5x dx

du dav
V.——U.—
lim (QJ _ _dc dx ...[From(1)and (2)]
6x>0\ §x V2 +1.(0)
du dv
. ) Vo o—u— -
© lim (_yj _ _dx _dx
Ox—0 Sx vz
du dv
Ve —U—
Le. dy _ g dx
dx vz

E' SOLVED EXAMPLESj

Find the derivatives of the following functions

3
Ex.1.1) y= x? + logx — cosx
e -5
e +5

2) fix) =x° cosecx + Jx tanx 3)y=

4 X Sin x
)y = x+sin x

Solution :

3
1) Given, y= x*+ logx — cosx

Differentiate w.r.t.x.

dy d 3
d_y = (x* +logx — cosx)
X X
-4 (x%)+—d (logx) —d( )
dx dx o8t de O
3 e g
=5 X +x—(—s1nx)
dy 3 1
E_E \/x+;+smx

2) Given f(x) = x° cosecx + Jx tanx

Differentiate w.r.t.x.
d
fx)= = (x° cosecx + Jx tan X)
2%
d d
= — (x° cosecx) + — (\/; tan x)
dx dx
=x° % 4 (cosecx) + cosecx x 4 (%) +
dx dx
d d
Jx x— (tan x) + tan x x — Jx
dx dx

= xx (—cosecx x cotx) + cosecx x(5x*) +

Jx x (sec’x) + tan x x (ﬁ)




= —x° cosecx.cotx + 5x* cosecx +

1
J X)+ ——=t
X % (sec*x) s an x

) e -5
3) Giventhaty= ( x+5j
e

Differentiate w.r.t.x.
& _d (e
dx dex \e"+5

) (e +5)><;i(e" -5)—(e" —S)X;;(ex +5)

(e"+5)°

_(e"+5).(e") (" =5).(¢")
(e* +5)°

e +5(e")—e* +5(e")
(e +5)

B 10e”
(e +5)2

X Sin x
Y~ Y+sinx

4)

Differentiate w.r.t.x.,

dy d ( xsin x J

dx dx \ x+sinx

(x+sinx)xi(xsinx)—(xsinx)xi(x+sinx)
dx dx

(x+sin x)

(x +sinx)x (xd (sin x) +sin xi (x)) —(xsinx).(1+cosx)
dx dx

(x+sin x)*

(x+sin x).(x cos x + sin x) — (xsin x).(1+cos x)
- (x+sin x)*

_ x’cos X+ xsin x +xsin xcosx +sin’ x — xsin x — xsin x cos x

(x+sin x)?

x* cosx+sin’ x

(x+sin x)?

Ex. 2) Iff(x)=ptanx+qsinx+r,f(0)=—4\/§,

r (%): _7\/§’f’ (%)z 3 then find p, ¢

and r.
Solution :
Given that flx)=ptanx+gsinx+r (1)
f7(x) =p sec’ x + g cos x .(2)
f0) =43

putx=0in (1)
f0)=ptan0+¢gsin0O+r=r sr=—43

f(%j=—7«/§,

T T
.. from (1) p tan (?J + ¢ sin (gj +r=-743

p3+q g—ztf =73 ~2p+q=-6..03)

T
r(3)-s
T

T
.. from (2), psec{?j + gcos (gj =3

4p+%=3 L 8ptq=6 (4
(4)—3)givesbp=12 . p=2,putp=21in(3),
we get g =-10 .'.p=2,q=—10andr=—4\/§

9.2.5 Derivatives of Algebraic Functions

Sr.No. f(x) ')
01 c 0
02 G nx"™!
03 1 o

x” xn+1
04 Ne 1
2Jx




9.2.6 Derivatives of Trigonometric functions

StNo. | y=f(x) dy/dx = f"(x)
01 sin x COS X
02 COS X —sinx
03 tan x sec’x
04 cot x — cosec? x
05 sec x sec x tan x
06 cosec x — cosec x cot x

9.2.7 Derivatives of Logarithmic and
Exponential functions

StNo. | y=f(x) | dy/dx=1"(x)
01 log x 1/x
02 e &
03 a a*log a
( EXERCISE 9.2 J

() Differentiate the following w.r.t.x

1
2)

3)

4)

5)

6)

4
y=x’+e —sinx

y= Vx + tan x — 3

3
y=logx—cosecx + 5 ——%
x2
7 45
y=x+5x5 -7
x5

2
y=T+x" - Ex\/;—logx+77

ES

y =3 cotx — 5¢* + 3logx —

AW

X

(I) Differentiate the following w.r.t.x.

)
2)
3)
4)

y=Xx°tanx
y=x*logx

y=(*+2)sinx

y=e"logx
3

y=x2 elogx

(111

(V)

V)

(VD)
(1)

6) y= loge‘3log X
Differentiate the following w.r.t.x.

1)y y= x +x*logx

5
2)  y=e'secx —x3 logx

3) y=x4+x\/;cosx—x2e"
4)  y=(*-2)tanx—xcosx+ 7*x’
5) y= sinxlogx-i-e’“cosx—e"\/;

6) y=etanx + cosx logx — Jx 50

Differentiate the following w.r.t.x.
x*+3
D y= x> -5
5 3 \/;+5
) y= NP
xe*
3)  »= x+e'
xlog x
= x+logx
5 _ xX’sinx
) r= X+cosx
6 B 5S¢ —4
) y= 3ex _2

(1) If fix) is a quadratic polynomial such
that (0) =3, f'(2)=2and f'(3) = 12
then find f(x)

T
(2) Iffix)=asinx—bcosx,f" (Zj =2
and /" % —2, then find f{x).

Fill in the blanks. (Activity Problems)

y = e .tanx
diff. wrt.x.




i = 4 (e* tan x)
dx dx

d d
=|:|d—tanx+tanx—|:|

ix dx
=][]+tanx
=" [O0+0]
5 B sin x
( ) y_x2+2
diff. wrt.x.

O i(sinx)—sinxilj
dy  dx dx

dx (x? +2)?
:[H:l—sinx[l
(x> +2)°
_ -
(x* +2)°

3) y=0Bx*+5)cosx

Diff. wrt.x
dy d
s E[sz +5)cos x]
=(3x2+5)%[ 0 ]+cosx%[ 0 ]

:(3x2+5)[ O J+cosx|[ O ]
dx

d—y:(3x2+5)[ 0O ]+[ O Jeosx

4)  Differentiate tan x and sec x w.r.t.x. using

the formulae for differentiation of & and L
v v
respectively.

Brief idea of L’ Hospital Rule
Consider the functions flx) and g(x),

If limfAy)y = 0 and M gx) = 0 and if

11_{{} f'(x) = p and lim g'(x) = g where ¢ = 0

xX—a

S0 @ p
then Y0 ) "M g g

If !}g} g'(x) =0, then provided

lim £1y) =0, we can study lim &
x—a f( ) ’ y x—a g'(X)

using the same rule.

Ex.1: hm(smzxj

x—0 X

Here f{x) = sinx lim fix)=0and

> x>0
gv) =22, M g(x) =0

F'(x)=cosx, IM £1(x)=cos0=10

x—0
g(x)=2x, M ¢'(x)=2(0)=0

Since 1}23 g'(x) = 0. L” Hospital Rule cannot
be applied.

lim x> =7x+10
EX’Z:XA)Z x2+2x_8

Here f{x) =x2 — 7x + 10, M £x) =0 and g(x)

’ xo2

=x"+2x -8 Egl gx)=0

[0 =227, 1M () =22)-7=-320

x—2

g() =2x+2, M o(x) =2(2) +2=6 =0,

X

So L “‘Hospital’ s rule is applicable.

| x*=7x+10
. lim —
x +2x-8

’—%%Let's Remember

e flx)is differentiable at x = a if

Lf'(a) = Rf'(a)




D

1)

Derivative by First Principle :
i) = lim &) -Ax)
rio= tig Lt

Derivatives of standard functions :

_ day _
y _f(x) dx _f (x)
c(constant) 0
I nx"!
1 _n
I el
1
= 0
2Jx
sin x COS X
COS X —sin x
tan x sec? x
cot x —cosec? x
sec x sec x tan x
CcOsecx —cosecx cot x
1
log_ x -~
log x 1
xloga
e* e*
a* a*loga
utv u £
uy uv' +u'v
u vu'—uy'
v V2

MISCELLANEOUS EXERCISE-9

Select the appropriate option from the
given alternative.

x—4 dy
Ify= NETTR then i

1 Jx
A) 2 ® Tear
2Jx (x+2)

2)

3)

4)

S)

6)

ax+b d
Ify cx+d,thend— =
ab— ax—c
B @ray B (@ray
ac—bd ad —bc
(C) 2 ( ) d 2
(ex+d) (ex+d)
3x+5 dy
fy=rrs then 5 =
15 3 15
(A) _(3x+5)2 (B) (4x+5)°

5
(©) “ax+sy

Iy — Ssinx—2
Y= 4sinx+3’t ¢

7cosx

(A) (4sinx +3)°
7cosx
© = dsinx+3)

(4x+5)2
a
n dx
®B) 23cosx
(4sin x +3)’
15cosx
D) s
(4sinx+3)

Suppose f(x) is the derivative of g(x) and g(x)
is the derivative of A(x).
If A(x) = asin x + bcos x + ¢ then f{x) + h(x) =

(A)O0 (B)c (C)—c (D) —2(asin+ b cosx)

Iffix)y=2x+6 for0<x<2

=ax*+bx for2<x<4

is differentiable at x = 2 then the values of

a and b are.
3
(A)a=—=,b=3 (B)azg,b=8
1
(C)a=5,b=8 (D) a=—-=,b=38




7)

8)

1))

(1

2)

€)

Iffilx)=x*+sinx+1 forx<0
=x>-2x+1 for x < 0 then

(A) f is continuous at x = 0, but not
differentiable at x = 0

(B) fisneither continuous nor differentiable

atx=0

(C) f is not continuous at x = 0, but

differentiable at x = 0

(D) fis both continuous and differentiable

atx=0
xSO x49 48 x2
If, =t —t—F.+—+x+1
T RT ) YT
then f'(1) =
(A)48 (B)49  (C)50 (D)5l

Determine whether the following function is
differentiable at x = 3 where,

f=x"+2
=6x -7 |,

for x>3
for x<3.
Find the values of p and q that make

function f{x) differentiable everywhere on R

f(x)=3-x , for x<1
=px’ +qgx , for x>1.

Determine the values of p and ¢ that make
the function f{(x) differentiable on R where

for x<2

f(x)=px*,

=x"+q , for x>2.

L)

4

L)

L)

4)

()

(6)

(7)

Determine all real values of p and q that
ensure the function

f(x)=px+gqgfor, x<1

=tan (%j, for 1 <x <2 is differentiable at
=1.

Discuss whether the function

f(x)= |x + 1| + |x — 1| is differentiable Vx € R

Test whether the function
f(x)=2x-3 for x>2
= x—1,for x<2

1s differentiable at x = 2.

Test whether the function

f(x)=x"+1 for x>2
=2x+1, for x <2

1s differentiable at x = 2.

(8) Test whether the function

)

e
10) Tty =7

f(x)=5x-3x" for x>1
=3—x,for x<1

1s differentiable at x = 1.
Iff(2)=4, f'(2) =1 then find

[Xf(2)—2f(X)}
x—2

lim
x—2

X

d
find i when x = 1.
dx

o0




= - | .
ANSWERS \
\
\
1. COMPLEX NUMBER
Q.6 4+6i
( EXERCISE 1.1 J
Q7 1—i ii) 1
Ql 1) 0 i) 11i iii) i iv) 1
Q2 i) (3 ii)  (3+i) V) —i vi) —1
i) —V5+47i  iv) 5i vii) 1 viii) 0
v) —5i vi) (+f5+1) 09 i)2i i 0
vii) (V2 =43 10) viii) cos® — i sinf 010 -1
1
Q3 i) a=3, b=7 i) a=5,b=0 Q.11 1
i) a=-3,b=7 iv) a=+2,b=26 Q13 Yesitsvalue=-2¢eR
3 2 Q.14 2i
V) a:_ab__
13 13 Q.16 0
Vi) a=é b=_—1 Q24n)x=1,y=2 x=-2,y=2
2 9
2 l)x=1,y=2 iv)x+y=3
Q4 i) a=-4,b=-3 i)a=00b=1 V)x+y=9
L.~ b—l' _ib_—_l
I I TR T) (EXERCISE 1.2 )
=~1,b=0 vi)a=5g ,b=0
V) a , vi) a 29 Q1 i) +(1-3) i) + (@430
vi) a= =, b= i) -3 (520
4 4
v) ({310 i) £ (/5 +20)
11 23
Vm)a:ﬁ’b:F
)i —l+ﬁ —l—ﬁ
. 2315 Q2 1) —%—
1X) a:E’b:E

4




Q3

Q4

Q.5

Q.1

Q.2

Q.4

T+ 711

i) — - iv)2+3i,2-3i
i) =50, 2i ii) % _pY
iii) — 2 iv) - 2i
i)—1+2i,3-i i) 342, 2i
ii2+303-4i  ivl-i% 22
55

i)7 ii) 2

iii) 7 iv) 200 - 264

v) 6

( EXERCISE 1.3 )

i) 74, —tan™ (%)

J2
ii) 7 , tan'| —=
: Lﬁ
15 3
iii) 17, —tan™' (—j jV)3\/§,Tﬂ:
8
Iln

n
V) 4\/5,7 vi) g

vii) 3,0 viii) /2, %

X) 5\/3, tan~' 7

.

1X) 2, 3

0 =nm,neZ
2ni

i) 2 (coszﬂ +isin2ﬂ) es
1 - — |; 2e3
3 3 )€

3m;

. 3w .. 3¢
ii) 1 | cos—+isin— | ; ¢2
2 2

iii) 1 (cos m+isinm);e™

Q.1

Q.3

Q.6

1
! (cos7—n+isin77nj et

M B )

1 3r 3r 1 3m
V) —=| cos=—+isin ; ——e*t
3l )&

3n .
vi) ﬁ(cos%ﬂsin%j; V264

3 V3i

1) E+% i) (1-19)
=3 T 1443
1i1) > > 1v) 5
V) _1+l\/§ Vl) _\/§+i

2 2
13
N
J2 (cos O + i sin 0) where
g Y3+
an 0 =

J3-1

( EXERCISE 14 J

) 1 i) 1

ii) 1 iv) 1

) -1 i) 0

ii) —1 iv) 0

v) 1

i) x*+y*=100 i) (x-32+y*=4
iii) (x=5)* + (y+6)> =25

iv) x+2=0 V) y=-Xx

vi) 2y—-3=0

1) Cos20 +i Sin20  ii1) Cos110+iSin116

iii) 1




Q8 i)—4+4i
iii) —8 +8.3i

MISECLLANEOUS EXERCISE -1

ii) -8i

iv) 512 3+512i

D
Q. No. 1 2 3 4
Ans B D A C
Q. No. 7 8 9 10
Ans B A D D
am 1)
1) (3+8i) i) —-4+0i
15
i) (14 - 5i) 1v) ?— 10:
) 30+ 10¢ ) 1+7i
_ D =+
\% I \% 575
. =35 45 Ji5
vil) ———1 vil) —+——1
) 26 26 ) 4 4
) —i ) 40+56i
ix) — ~. -
* 25705

2) 1) x=2,y=1

G x 23
m 617 "6l
3 Q)i
4 i) 1

5) i) £ (3+50)
iii) + 3+ )
V)  (2-i)

1) x=17,y=19

v) x=4,y=-2

i) 0
i) 0

ii) + (4—i)
iv) + (3+3i)

vi) £ 2 (2+)

9)

12)

16)

17)

20)

i) 17, tan™ (1_5}
8
. 15
17(cos 6 +isin@)where tan6 = T
i) \/37, 6 =tan™ (%1),
\/ﬁ(cos 0 +isinf) wheretan0 = %1

iii) 1, E, l(cos£+isin£)
3 3 3

iv) 1, 5%, l(cos5%+isin(5%jj

vy 2, X 2(cos£+isin£j
2 2 2
vi) 3, 3—ﬂ, 3 cos3—n+isin3—n
2 2 2
vii) 1,2, 1| cosZ4isin™
4 4 4
x=1,y=2
. T . N
i) 2| cos—+isin— |;2¢e3"
) ( 37 3) ¢

i1) \/%(cose +isin0) wheretan 6 = wa
meiQ

iii) 3(cos® + i sin 0) where tan 0 = —/3 ;

3ei9




2. SEQUENCES AND SERIES

( EXERCISE 2.1 J

1) 1),ii) and iii) are G.Ps iv) and v) not G.Ps.

D203 i) (=S i) JE[%)WI

2) )h=gr W=7 di)a=-7 i)r=3
4 4 s
_ _ =+ _ _
3) 110—510 4) x——§ 5) 2‘1—2—5,1"—5
6) 3,6,12 or 12,6,3
7) L,l,3,27 or 27,3,1,L
273 327

8 1,2,4,8,16 or

6 n
12) SO[EJ ft, SO(EJ ft
4 4

i) 32)% =3 i) 32)*"; 3(=1)""

1,-2,4,-8,16
11) 800

13) i) 6,-3

14) i) 200(1.1)* ii)200(1.1)"® iii) 200(1.1)"

15) i) 10 ii) 4 iif) 4(5)"

( EXERCISE 2.2 J

Do) 3(27-1) i pz{b(%)}ifq<p

pP—q

2 n
qg—pP|\P

IR (RN

and

iii)

2 266 i 3 3)i) 5 ..)3

— 1 1) —
Ve i) 5
4) 1)635 i) 2046

S)

6)

7)

81t

81k

i) 3{1

9n—(1— ! j
- lon -
9n—(l— ! J
— 10” -

10(10"—1)—9n]

10(10"—1)—9n]

DIERER0]

8) t =4(3)!

. . 15
11) i) 6138"° i) =[3"—1
) i) ) [3°-1]
12) 20.1 Lac 15) 10 years
( EXERCISE 2.3 J
1) 11 i) 6
o9 . .
111)—2 iv) does not exist  v) 90
7 22 106 2296
2) 1) ry i1) Ky 1i1) 75 W a5
11 15 15 15
3) 4 4) —— 5) ———
) ) 6 ) 416 64
6) N4 i) —— i 8 .2
) 1) i1) 1i1) 3 1v) 3
7)) 1)2 i) ﬂ 8) 25 m
J2-1




( EXERCISE 2.4 ] 8) n’(n+1)+ §n(n+D(@2n+1) 3n(n+l)
6 2

9) 48
1) (1) and (ii1) are H.P. ; (i1) is not H.P.

2 ) 1 ;L i 1 MISCELLANEOUS EXERCISE -2
3n—1"23 2n+2°18

TR S| )
i) —;—
on 40 1234|567 ]8]|9]10
24 33 pjclalclalc|cla|D]|cC
H S HT N0 O 0
211 3
49 5
(EXERCISEZ.SJ 4) a=75 ;r=2 551020 or 20,105
1 1
6) EJ 17 3, 99 27 or 27, 9, 3, 1, g
) 2(l—nx") 2x(1—x”’1)
DY = ! : 8) 3[10(10"—1)—9;1}
—-X (l—x) 21
_ _ n _ n-1
I-x (1-x)’ 30 107 6
+1)(3n =17n+26)
on(3)-1 3o ) i 7
1ii) =T 1V)3[(n—1)2+1] 5
2) i)ﬁ ii)E iii)i 12) n(n+1)(n+2) 13) n(n+1)(2n+1)
9 16 16 18 24
14) 6[n(n+1)6(2n+1)+n(n2+1)}
( EXERCISE 2.6 J
15) 2n(n+1)(n+3)(n+4)
n(4n2+9n—1) - 16) n(4n*+ 15n+17)
1) . 2) B-@n*+2n+1) 36
3y M3 () (n+2) 17) 2364 18)9 19) 1275
7 1 2Y
4 12 205 21)—  22)- 23)2[1-|=
) ) 15 )3 ) 3
5) 5 (16n°+48n+41) S
24) 2 25) 2187 1—(§j 26) 1
2n(n+1)(2n+1)
6) 7) 2485 A 35
27) 10,20 (28) AP 32) ;= 33) -




1)
2)
3)
4)
5)
6)
7)
8)
9)
10)
11)
12)
13)
14)

1))

2)

3)

3. PERMUTIONS AND COMBINATIONS

( EXERCISE 3.1 J

50 ways

12

1) 25 i1) 20
1) 100 ii) 48
125

124

31

90

225

24

276

207

12

216

( EXERCISE 3.2 J

i) 40320
iii) 3628080

il) 3628800
iv) 24

1) 665280 i) 2
iii) 720 iv) 12
v) 84 vi) 29
vii) 57.93 viii) 20160

10!

10! ) 35 5
1) 2 i1) 3° x

.. 9!
1i1) 3

iv) 54 x 4!

4)

5)

6)

10)

)
2)
3)
S)
6)

7)

8)

i) 28 i) 1
iii) 3003 iv) 6435
i) 1848 ii) 43/14
iii) 5 iv) 6
v) 8
i) 11 i) 11
iii) 7 iv) 8
v)5
D@n+1)@n+2) i) A3
=) o ne2
111 n(n—2)! iv) (3n +2)n!
n’+1 _(*+))
V) ! AT
vii) 0 viii) (n+2)!
( EXERCISE 3.3 J
n=9
m=6, n=2
r=6
a) 2401 b) 840
a) 30240 b) 151200
c) 43200 d) 5040
12! x13!
7
a) 1440 b) 720
c) 7! d) 240
e) 120 ) 120




9)

10)
11)
12)
13)
14)
15)
16)
17)

1))

2)
3)

4)

S)

6)
7)
9

11)
13)
15)

1)
3)

144
a) 1296 b) 360
100
720 a) 120, b) 600
46800, 20800
243
i) 2880 i) 5040
i) 120 ii) 48 iii) 72
i) 720 i) 144 iii) 288 iv) 144
( EXERCISE 3.4 J

i) 120 ii) 60480
iii) 30240 iv) 5040
v) 302400
1260
a) 70 b) 37
13
514141
12t
213121

11! 8!
200 a) 405720 b) -,
210 8) 60

10!
EYEET 10) 1260, 1230
180 12) 144
36, 84 14) 180, 60
a) 1800  b) 72

( EXERCISE 3.5 J

7! = 5040 2) 20!, 2-18!
a) 2:23! b) 21-22!

5)
6)
7)

9)

1)
2)

3)
4)
5)
7)
9)
11)
12)
13)
14)
15)
16)

14!

2
2-8!
a) 5! x2!1=240 b) 2400
7! x 8P, 8) 144

% 10) 12-13!
4!

[ EXERCISE 3.6 )

a) 1365  b)3160 c)'"°C, d) "C,,
ayn=2 b)yn=7
c)n=9
r=4
a)n=10, r=3 b)n=10,r=4
r=238 6) 126
39200 8) 120
12 10) 190
"C,-n; a)35 b)9 c¢)54 d)20
190
a) 45 b) 40
a) 220 b) 216
151200
1)n=20 ii)n=4,3
i)n=1,2 v)n=r
v)n=06
x=r! 18)r=7
14161
a) 2508  b) 1646 c) 5973
16 22) 2275
36873 ; 6885 24) 425
51051
a)84 b) 126




MISCELLANEOUS EXERCISE - 3 715 g) —0
71101 13!
I
(0 9) 127 10)°C, +°C, +°C,
R N 78 19 1100 41y 4095 12) 48
cla|B|D]cC D|B|C|[D
13) 1680 14) 63
(1) 20!
15) 5 16) 896
) 45 2) 120
17) 60
3) 720 ; AINMRE 4) 990 . ) ,
18) 1) 66 i) 11 1ii) 220 iv) 55
5) 360 6) 5541965
4.METHOD OF INDUCTION AND BINOMIALTHEOREM
(EXERCISE 4-1J 6) i)970.299 ii) 0.6561
7) i) 16 i) 16
Hints : 8) 1.1262
2) pm)=3+7+11+..+@n-1)=n(2n+1) 9) 1.051
5) pn) = P+ 3+ 5+ ..+ @2n-17°=10)0.5314
n* (2n*—1)
7y p(n)=13+35+57+...+Qn—1)Q2n+1) (EXERCISE 4.3)
n
=—(@4n*+6n-1) ‘ -
3 1) i) 4032 ii) 84480
1 1
9 = —+—+ + 16
) P=3557 (2n+1)2n+3) jify 10200 iv) 229
- 3(2n+3) Be,344°
V) —a5
(EXERCISE 4.2) 2) i) 12247242 ii) 700000
iii) 48620 iv) =
1) 1)49+20+/6 ii) 1455 — 2292 105 16
V —
2) i) 16 + 96x° + 216x* + 21632 + 81 ) §192
60 12 1 1792 y
i) 645~ 1924+ 24002 — 160+ 5 ——+—  3) i) ——= i) 96096
x x' x 9
3) i) 323 ii) 1364 iii) 405 iv) 84
5) i) 108243216 i) 1.61051 v) 10500000




4)

5)
6)
7)

)

2)

3)

i) 924 ii) 35x°, 3522
iif) 1120x* iv) —252
v) —462x° and 462x>
k=5
91854
m=38
( EXERCISE 4.4 J

1) 1—4x+10x* =20x° +...

ii1) 14 3x% + 6x* +10x° + ...

) x 3x* 11X
w)l-—+—-
5 25 125

V) 1=x+x*—x"+...
i) a’|l

3b 6b° 10b°
+ =+ —

+
a az 613

2 3
iy a1, 108 _20
a a a

i) a*|l+—-—

‘[ b 3 7b

. )a‘{l+ b, 5b  15b°
1v -

1 2 3
V) a 3{1_£+£_14b

3a 94* 814’

1) 1-8x+40x>+...

2
i) 1—37’%27’6

8

1 2
i) 23] 1-2-2
2 4

+—t
4a 324 1284°

+—t
4a 324 1284°

L 2
iv) 52 [1—2%+6i+...j

25
L 2
v) 53 1+£+2i+...
5 25
4) 1) 9.9499 ii) 5.0133
ii1) 2.0025 iv) 0.9057
v) 1.0625
MISCELLANEOUS EXERCISE -4
ey
1 |23 (4|56 7 ([8]9]10

B|C|C|A|A D D D|B|D

()
4) 243x"0 + 810x% + 1080x%? + 720x%° +
240x%* + 32y°

16x*  16x° 9 8l
- +6——+

5)

81 9 x> 16x*
27 1760
6) 7x4y6 7) xs
5
8) i) —20 iy ~63%
8y’
ii1) 280x%° and 560x°%®
iv) @xéand—gf
16
9) 1) 378 i) 153
10) i) 2268 ii) 7920
12) +2 13)2
9
14) — 15)2
) 5 )
2 3
18) 1+£+x—+51+
54
15x°




1 2
20) 5 2[1—%+6i—..}

22)
24)
26)

0.2451 23) -80
a=3,b=-2,¢=57 25)n=9
n=6;k=-2

5. SETS AND RELATIONS

25
21) 9.9833

( EXERCISE 5.1
1) i) A={M,O,V,E,N, T}

ii) B {-1,0,1,2,3,4}
ii)C=1{3,5,7,..}

2) ){x|xeW,x¢eN}
1) {x|-3<x<3,xe”Z}
i) fx | x = n2n+1,n eNandn<7}
iv){x|x=(=1)""x(n—1),n € N}
3) AuUBUC = {%5,—1,_71,%,3}
4) AnBNnC={ }
6) 1) 45 i) 10 iii) 10 iv) 25
7) 1) 132 i) 63
8) 1) 1750 1ii) 250 iii) 1100
9) 42
10) i) 114 ii) 38 ii1) 188

1) P(A) = {4, {1},{2},{3},{1,2},{2,3},{1.3},

{1,2,3}}

12) 1) {x|x € R, -3<x<0}

i) {x|x € R, 6=x<12}
1) {x | x € R, x>6}
iv) {x | x € R, x<5}

) {x|x € R, 2<x<5}

iv) {x |x € R, -3<x<4}

13)
14)

15)

)
2)

3)

4)

9
1) (-8, 6] i1) (-0, —4) U (5,0)

iii) (—o0, 4) u[%, ooj iv) Bﬂ

1) (-7, 6] i1) [2, 9]
i) (-7,3] U [4,9] 1v)[2, 3]
v) [4, 6] vi) { }
vii) (3, 6] viii) (o, 2) U (9, )
ix) [2, 4) iv) (-7, 2)
EXERCISE 5.2
x=2,y=-2
1 15
x= P Y=

AXB = {(ax), (b,x), (¢,X), (@), (b.y), (1)}

BxA = {(x,a), (x,0), (x,), (v,a), (,D), (v,€)

AxA = {(a,a), (a,b), (a.c), (b.a), (b,b), (b.c),
(c,a) (¢,), (¢,0);

BxB = {(x.x), (x.), (:X), (v:y)}

PxQ = {(L,1),(1,4),(2,1),(2,4),(3,1), 3.4}
QxP = {(1,1),(1,2), (1,3), (4,1),(4,2), (4,3)}

{(0,10), (6,8), (8,6), (10,0)}




8)

i) R,=1{(2,4),(3,9),(5,25),(7,49), (11,121),
(13,169)}

Domain R, = {2,3,5,7,11,13}
Range R = {4,9,25,49,121,169}

i) R, = {(1,1 2l 3l 4l 51
ll) 2_{(9)5(’2)7(93)5(’4)3(95)

Domain R, = {1,2,3,4,5}
1 111

R R ={l,—,—,—,=
ange R, {,2,3,4,5

}

iR, = {(1,3), (2,6), (3,9)}
Domain R, = {1,2,3}
Range R, = {3,6,9}

iv)R, = {(1,4), (1,6), (2,4), (2,6)}
Domain R, = {1,2}
Range R, = {4,6}

v) R;=1{(0,3), (1,2), (2,1), (3,0)}
Domain R, = {0,1,2,3}
Range R, = {3,2,1,0}

V)R, = {(1,4), (2,4), (3.4), (4,4), (5.4)}
Domain R, = {1,2,3,4,5}
Range R, = {4}

vii) R, = {(1,5), (2,4), (3,3), (4,2), (5,1)}
Domain R, = {1,2,3,4,5}
Range R, = {5,4,3,2,1}

viii) R, = {(1,3), (2,4), (3.5), (4,6)}
Domain R, = {1,2,3,4}
Range R, = {3,4,5,6}

MISCELLANEOUS EXERCISE -5

1)
1)

2)

3)

5)

6)

8.

9)
10) Yes

1) A={x/x=10n,n € N,n<5}

i1) B= {x/x1is the vowel of English alphabet}
ii1)C ={x / x is a day of a week}

i) {1,2,4,6,7,9,11} i) { }

iii) {1,10} iv) {2,4,6,7,11}

v) {1,2,3,4,5,6,7,8,9,10,11,12}

vi) {4,7}
230

. L,1),(1,2),(1,3),(2,1),(2,2),
) A :{E23))( (3,1)),((3, ;)5(3,)3)( | }
AxB = {(1,2),(1,4),(2,2),(2,4),(3,2),(3,4)}
BxA =1{(2,1),(2,2),(2,3),(4,1),(4,2),(4,4)}
BxB=1{(2,2),(2,4),(4,2),(4,4)}
(AxB)N\(BxA) = {(2,2)}

412

1) (—1,—1,~1), (=1, =1, 1),(~1,1,—1,

Ax Ax A= (=1 1,1),(1,~1,~1),(1,~1,1),
(1,1,-1),(1,1,1)

1) Yes; D= {1}, R= {4,5,6}

i1) Yes; D= {1,2,3}, R= {4,5,6}

iii)Yes; D= {1,2,3}, R = {4,5,6}

iv) No.

i) D={123,4), R= {4}

ii)D = {-2,-1,0,1,2}, R=1{0,1,2,3}

) {}

reflexive, not symmetric and not transitive.

ii) AxA




)

2)

3)

4)

5)

6)

7)

8)

9)

T
10) a)A=mr? b)A= = A= -

6. FUNCTION

( EXERCISE 6.1 J

a) Yes b) No
¢) No

a) No b) Yes
c) No d) Yes
a) Yes b) No
c) Yes d) Yes
e) No

1
)1 b9 - dr-x-l

e)x’+3x+1 Hh+1

6 1 2

- b)£3 -, —= d)1,-2,3
a) s ) c) 573 )

17++/33
a)0,+3 b) ———
2

)a=-2,b=2

a) R; [—%,wj b)R—{2}; R—- {1}
¢) (=5, ) R"  dRR  e)[25]; [0,3]

) [3,7);[0,0]  g) [-4.4] ;[0,4]

2

P

:2 = —
a)A=s* b)A 16

2 2

11) x(30 — 2x)*; (0,15)
12) Not a function; f (0) has 2 values.

13) a) Injective but not surjective

b) neither injective nor surjective

c¢) neither injective nor surjective

d) injective but not surjective

e) injective and surjective

3
16) —
) 16
17) a) 5=log, 32 b) 0 =log,, 1
3
c) 1=1log, 23 d) 5= log, 27
1
e) —4 =log, [gj f) -2 =log,, 0.01
1
g) In7.3890=2 h) In 1.6487 = 5
1) In6 =—x

1
18) 2)2°=64 b) —= =57 ¢)0.001 = 10"

1Y’ 1
— | = 0— 1 — o A—0.693
d)8 (2) e)e’=1 fe eg)2 e

19) a) (5900) b) (_0052) U (3900)
20) a) logp +logqg —logr—logs

1
b) 5 logx + % logy
1
c) 3lna+2ln(a—2)—5 In (b>+5)
d) 2 [% In(x—2)+4mQ2x+1)—In(x+4) —%ln(2x + 4)}

5.7

21) a) log(xy J b) log(¥x— 1)

z

x4
©) In| sy

2ath Mya=2 b9
2 Jazgbhe
25a)3 b1,  ©)38 d) 1




( EXERCISE 6.2 J

1) a)%+4 Db)0 ¢)238
3x+5 {1}
d——; R — =~
)6x—1 6
2) {24),(42),(54)}
3) a)50x*—40x +11 b) 10x* + 13
c) 8x* + 24x? + 21
d)25x - 12

5) a)f!does not exist

b) /! doesn not exist

3x+7
Of ()=

d) /! does not exist

x—8
Al = 3

f) ! does not exist

6) a)22 b7 ©)3
7) a)-18 b)-14 )5  d)25
8 a)l0 b)-3

9) a)25 b) -3 c)-15 d)21
10) a)-5 b) 1.75 c)—44. d)-30
11) a)(-0,-9], [1,) b) 1-5, 4-5
of d) [-3,3]
f) 3 +r;0<r<1 2){}
h)N, Z )n+0.5, neZ
Dx=0
MISCELLANEOUS EXERCISE -6
@)

B|B|B|C|C|A|A|B|C|B
(1)
1) 1) Function ; {2,4,6,8,10,12,14};

2)
3)
4)

S)

6)
7)
8)
9)
10)
11)

12)

15)
19)
23)

26)

34)
39)

{1,2,3,4,5,6,7}
i1) Not a function
ii1) Function ; {2,3,5}; {1,2}
1) not one one i1) one one

1) not onto | i) not onto

gy = [XE8 )
£100 (Sj

5(x=2
£ =22

1,—3, does not exist

i) 2 i) 0

3x*— 1233+ 13x* = 2x + 5
a=4,f4)=16

a=3 b=-2

i) gof = {(1,6),(2,8),(3,10),(4,12)}
i) gof = {(1,1),(2,64),(3,64),(4,27)}
i) fog=x?— 16x +69, gof =x* -3
i) fog = 3x?— 2, gog = 9x* — 12x +4
ii1) fog = 256x? , gof = 16x?

f#g

8 22) log4

log 5

CA 33)2

22

3 37) -8

a) (-3,00u(2.5) b) {-2.2,4)

¢) [-3,-2]uU2.3] d) (-2,8)
9

O [127) D [59)




g) x=0 h) x=6k, keZ e) (1,0)
40) a) R—{2,-3} 42) a) fog(x) =x = gof(x)
b) [3.4) U (4,5) b) fog(x) =x = gof (x)
c) [-1,1] d W 43) a) flx)=2x—-3or—2x +2
e) {1,2,3} £) [0,1] b) fix)=x2+2
g) (_0053_\/§)U(3+\/§ 700) X
44 b
1 1 ) 2) V1+2x? ) ¥
41) a) [0,:0) b)[-—,—]
66
c) (0,1] d) (-1,0]
7. LIMITS
(EXERCISE 7.1) 1) —= 2)-8 3) HL 52
33 8f 2a 3
1 1 7 1 1
) 1)_f 215 3)- 55 m 5 21 3) 24 49— 5
23 3 2
== 2-1 Vs e NG [ EXERCISE 7.4 )
m 20D 52 s 4y m 1
) D= Vm Y ) n n= 2)2 3)2 4) 5
3Ja+2 2 1 1
5)—% 6) 24 7) C;+ 1) 1),%2 -7 3 NG
8) 29447 9) n? a-b 5 1 ~
1 1) > 2) ™o 3) 242 4)-3
( EXERCISE 7.2 J
| | | | ( EXERCISE 7.5 J
D D—p -5 N5 H-—5 98
1 4 1
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EXERCISE 7.6 J

4) log (5 ) 5)log?2.

2

1) (log3) 2)e  3)e 4)-

2

5) ¢t 6) €3

a (log2)’

1
1) > log b 2) log3 3) log 3.log 5

4) (log 5)* 5) %{log (%ﬂ

2) loglz—5 3) log(abc)
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D)
112|3[4|5[6|7|8|9/[10(11|12(13|14|15
CIB|A|D|C|C|C|C|A|D|B|D|C|B|B

1)

5 .
5 U? 2) Does not exist 3) 2nr
3

4) Does not exist 5)3 6)21 7) % 8) 1
9) %10g2 10) 2(log @) 11) cos a (12)%

b (log 5)°

ab
13) 7 log 7 14) lOg )

(2)*(7)° 1372

15) 16) asina +cos a

=
( EXERCISE 7.8 J (5) 3125
17) 24/2 18) (log 2)* 19) (log 2)* 20) 1
a 7 5
D~ 2)1 33
21) Does not exist  22) w
1)7 2)2 3)2
1
B0 51l n[2)" 5a 55 2)2
1) 15 2) 21 3) 5 4) (2J 5)4 756
8. CONTINUITY
(EXERCISE 8.1 J 5) (?.Dlscoriltmuous. (%1) Contl.nuous.
(iii) Continuous (iv) Continuous

(1) Continuous at x =—2 (ii) Continuous

(v) Discontinuous at x =2

at x = % (iii) Discontinuous at x = 3 6) (i) Removable (1) Jump

(i11) Jump (iv) Removable
(1) Discontinuous. (i1) Continuous.
(iiii) Continuous 7) (i) Extension=01.e. {0)=0 ,

(i) Extension = 7/2,i.e. f(0) = >
Discontinuous at x = -2, x = -1, x =0, ] ) 2

(ii1) Extension =-2/3,1.e. f(—1)=—+
x=1. 3
Confinuous. 8) (i) Discontinuous (ii) Discontinuous

(ii1)) Continuous




9) (i) Removable, f0)=3/2 (3) Discontinuous atx = 0

(i) Removable, f{0)=5/3 (4) Continuous atx = 1

(iii) Removable, f{0)=¢e™ (5) Discontinuous

(iv) Irremovable (6) Discontinuous atx=—1,0, 1.

(v) Irremovable (7) Continuous on R, except at x = 5.

10) (1) — % (i1) — % (ii1) 4(log2)? (II1) (1) Removable.
3 (2) Jump

1) @ 5 (i) (logSy (iii) a=-18/5, b = 7. (3) Continuous.
(iv) a = 2, b = 4.

(v) a=1/2 and b = 1/2

(IV) (1) Removable
(x+3)(x* —6x+8)

12) Continuous A= x'—x-12
13) Continuous = -5 forx=-3
[Clue : (sin x + cos x)*=[(sin x + cos x)*]*? =2 forx=4
= (1 + sin 2x)*2, Let (1 + sin 2x) = 1] (2) Irremovable
14) p=-3andgq=4 V) (1) ¢ (2) 125
VD) () a=2 b =4
MISCELLANEOUS EXERCISE -8 4 27
(2) a = -7, b = —
) 5 5

49
1] 2]3]4]5]6[7]8|9[10] vI)m/H=—"2 @/®=71,

AIDI DI B|A|B|A| B |C|C

(VIIT) (1) A1) < 0 and /{2)>0

(II) (1) Continuous on its domain except at (2) fiz) = 0; fi3)<0 and (4)>0
x=5
(2) Continuous on its domain except at
x=5
9. DIFFERENTIATION
( EXERCISE 9.1 J 5) 1) Continuous and differentiable
1) (a)2x+3 b)3cos(3x) c)2e* d)3*log3 ii) Continuous and differentiable
e) ﬁ ) 2 sec? (2x + 3) 6) Neither continuous nor differentiable at x =2
g) 5 sec (5x—2) tan (5x —2) h) %? 7)  Continuous but not differentiable
) a) % b)2 ¢)384log2 d) % 8) Continuous but not differentiable

9) Continuous and differentiable

e) 3¢? f)%




)

(an (1)

( EXERCISE 9.2 J

1
(D) §x3 +e* —cosx

(2) L +sec” x —3x’

2x

1
(3) —+cosecx.cotx+5"log5+

S
2x?

4 X+

(5) 7x10g7+7x6—\/_—l
X

(6) —Beosecix—5e" 4>+
X g

x

x*(xsec’ x +Stan x)

(2) x*(1+3logx)

(3)  (x* +2)[(x* +2)cosx+4xsin x]

(B
4) e'|—+logx

X
(5) \/;e"[l + xlog x + %log x]

6) 3x*(1+3logx)

(I11)

(1)
2)

3)
(4)
)

(6)

3

éx2 +x°(1+4logx)

2 s
e*secx(tan x+1)—x3 (1+§logx)

3
S 3
4x’ —x? smx+5 xcosx—xe (x+2)

(x’ —2)sec® x +3x” tan x + xsin x —cos.x + x°.7° (7 + xlog 7)

sin x FU o 1+2x
——+cosxlogx+e*(—sinx+cosx)—e
X

2Jx

2xlog5+1j

2Jx

COoS x

e“(sec’ x +tan x) +

—sinxlogx—SX{

avy

V) (M)

II.

2 -

e (x> +e")
(x+e°)

3)

x + (log x)
(x+logx)’

Q)

x*(1+sin x + x cos x) + xsin 2x

&)

(x+cosx)’
2¢e"
6) Ger—2y

f(x)=5x"-18x+3
() f(x)=(3+Dsinx+(3-1)cosx

MISCELLANEOUS EXERCISE -9

(nc @D ©)C (4B
(5)B ©D (MHA  (8)C
(1) Differentiable

2 p=-3, q9=5

(3) p=13, q=-43

4 p=rn/2, q=Q2-7)/2

(5) Not Differentiable

(6) Not Differentiable
(7) Not Differentiable.
(8) Differentiable

(9) 2. Hint : Add and subtract 2f(2) in
numerator.
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